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In tiffs paper we present necessary and sufficient conditions Ibr existence and 
uniqueness of ordinal Nash outcomes. These outcomes are derived from the ordinal 
Nash solution a reinterpretation and an extension of the Nash bargaining solution 
that allows bargainers to have preference relations that are more general than 
expected utility. Out  task is undertaken by the construction of a new notion called 
"induced utilities'.Journaltt/Ecommfic LiteratmeClassification Number: C78. ~!, 2000 
Academic Press 

1. INTRODUCTION 

Since its publication, the axiomatic Nash bargaining solution [ 13] has 
attracted considerable attention in the economic literature. In Nash's formula- 
tion, it is assumed that the players are expected utility (EU) maximizers. 
Recently, Rubinstein, Safra, and Thomson [ 15 ] reinterpreted Nash's bargain- 
ing problem. The ordinal Nash solution that they define is characterized by 
axioms that refer to the preference relations alone. Rather than specifying 
the Nash outcome as the one that maximizes a product of utilities, the 
ordinal Nash outcome is characterized as an outcome against which no 
player can successfully appeal. Rubinstein, Safra, and Thomson examine 
the family of preference relations for which a unique ordinal Nash solution 
exists and extend the domain of the solution beyond that of EU preference 
relations. 

Building on the above, Grant and Kajii [ 7 ] extend the family of preference 
relations over which the ordinal Nash solution is well defined. The "disagree- 
ment linear" (DL) preference relations that they define behave like EU on 
the set of elementary lotteries (lotteries whose support consists of the dis- 
agreement outcome and at most one other outcome). In a related paper, 
Grant and Kajii [8] further extend the set of preference relations for which 
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the ordinal Nash solution exists by considering a notion of marginal boldness 
(see Aumann and Kurz [1]).2 

Several other papers also deal with the ordinal Nash solution. Houba, 
Tieman, and Brinksma [11] characterize ordinal Nash outcomes for 
preference relations with separable representations over elementary lotteries; 
Hanany and Safra [ 10] extend the ordinal Nash solution to other sets of 
preference relations; Valenciano and Zarzuelo [20] analyze an asymmetric 
ordinal Nash solution; finally, Denicolo [6] applies the ordinal Nash 
solution to a different domain of bargaining problems? 

Since these papers only present sufficient conditions for the existence of 
ordinal Nash outcomes, it is as yet unclear the extent to which the ordinal 
Nash solution is well defined. In this paper we suggest a solution to this 
problem by identifying necessao' and sufficient conditions for the existence 
of ordinal Nash outcomes. Then, we present necessary and sufficient condi- 
tions for the existence of a unique ordinal Nash outcome. The conditions 
that we identify are advantageous since they refer to individual preference 
relations. This stands in contrast to existing alternative characterizations 
that are either too restrictive or that involve joint conditions, on both 
preference relations (in some works, conditions are even stated jointly on 
the preference relations and on the otttcome set). 

To begin, we develop an approach that treats every bargaining problem 
in a way that "locally" resembles the Nash EU treatment. This is achieved 
by defining new functions that are referred to as "induced utilities." The 
induced utility of a given player measures his willingness to switch from an 
existing bargaining position to an alternative, whilst considering the risk of 
disagreement. As shown in Section 2, a necessary and sufficient condition 
for an outcome to be immune to appeals is that it maximizes the Nash- 
product of the induced utilities, assuming the outcome itself is the existing 
bargaining position. In a sense, for any given bargaining position the 
induced utility approach creates two artificial EU players who agree with 
the original players in their desire to appeal against the existing outcome. 
If the original players are EU maximizers then the artificial EU players 
would be identical to them. Hence, when EU players are discussed, the 
induced utility approach is reduced to the classic Nash approach. 

We then use the induced utility approach to characterize the set of 
preference relations over which the ordinal Nash outcome is well defined. 
Since an ordinal Nash outcome is both immune to appeals and Pareto 
efficient, we start by identifying conditions that refer to the former property. 

2 Koskiev ic  [ 12] presents similar results. Burgos, Grant. and Kajii [2] use the notion of 
marginal boldness lbr analysing a sequential burguining problem. 

3 Two completely different extensions of the originul Nash solution to non-EU preli~rences 
are suggested by Safra and Zilcha [ 19]. 
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In Section 3 we identify conditions on individual preference relations that 
are both necessary and sufficient for the existence of outcomes that are 
immune to appeals. In other words, we define a set of  preference relations 
with the following property: First, an outcome that is immune to appeals 
exists for each couple of preference relations in the set; second, if a preference 
relation does not belong to the set then there exists another  preference relation 
such that the resulting bargaining problem has no appeals immune outcome. 
Other  necessary and sufficient conditions (and another  set of preference 
relations) are then identified, ensuring the existence of a unique outcome 
that is immune to appeals. 

In Section 4 we add the requirement of Pareto efficiency and identify 
conditions on individual preference relations that are both necessary and 
sufficient for the existence of ordinal Nash outcomes. This is achieved by 
adding a weak form of risk-aversion to the conditions of Section 3. Finally, 
we identify necessary and sufficient conditions lbr the existence of a unique 
ordinal Nash outcome. 

2. D E F I N I T I O N S  

We consider two-player bargaining games that are characterized by 
elements of  the tbrm (X ,  D, ~ ,  ~ , )  where X is a set of  deterministic 
outcomes, D is the disagreement outcome and ~ ;  ( i =  1, 2) are the players 
preference relations over ~:(X w {D} ), the set of simple (f ini te) lot ter ies  
over X w {D}. For  a given D, a lottery in ff"(X w {D}) is denoted by (K, p) 
= ( x  ~ ..... x", p~ ..... p ' ) ,  Y~=~ p ~  1, with the convention that p;' is the 
probabili ty of x;' E X and 1 - Z~-= ,pk is the probabil i ty of D. When n = 1 
and x ~ D ,  i =  1,2, the lottery is called an elementary lottery and is 
denoted px. We assume that X ~ E +  is compact  connected and fixed. 
Without loss of generality we consider X = { x = (-\l, -',2) ¢ R+ I.vt +-\2 ~ 1 }.4 
We also assume that D ~ X ,  where X = { x E X I . \ I + . \ 2 < I } .  Denote the 
(relative to D) efficient frontier of X by 

F(D)={x¢Xlx>~Dand(y¢X :,(y>~x)~y=x}. 5 

Since X is fixed, we do not specify it in the notat ion below. Hence, for 
example, f f : ( X u  {D}) is denoted ff '(D). We also assume that, for every 
x ~ X, the preference relation ~ z  depends only on the ith coordinate .x';. 
A lottery / ~  f fqD) can therefore be described by the pair ( /~, /2)  of its 

4 The results of Sections 2 and 3 can be easily modified to handle the more general outcome 
sets. The situation is different with respect to the rest, Its of Section 4, where the definition of 
risk aversion explicitly utilizes the specilic linear strt, cture of the boundary of X. 

5 We use thc Ibllowing notations: x I> y-=,.\i ~> Yi, ie I I. 21 and x > y.~.x-i> yi. ie I I, 21 . 
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marginal distributions. Let .~(D) denote the set of all preferences that 
satisfy the condition above and are complete, transitive, monotone with 
respect to the relation of first-order stochastic-dominance (with strict 
monotonicity when elementary lotteries are considered) and continuous 
(with respect to the topology of weak convergence) on the set of elemen- 
tary lotteries. The preference set ,~(DI contains the familiar set of EU 
preferences as well as more general non-EU preferences. Without loss of 
generality, preferences in .~(D) are considered to be defined over 'J'( [0, l ]) 
-- the set of lotteries over [0, I I - -and the preference set of player i denoted 
.~(D,.). As usual, ~ and >-~ denote the symmetric and asymmetric com- 
ponents of ~ ; ,  respectively. Given two preference relations ~ e.~(D~), 
and ~2 ~ ' ~ ( D 2 )  let 

Vi ~ .{ I,,2 } /~ ~ ,  D, and Vi ~ { 1, 2 } } 
F(D, ~ ,  ~ z ) =  / e ~ ( D )  ( f e ' , 7 ( D ) ) A ( ~ , / ~ ) ~ [ ~ !  

be the set of Pareto efficient lotteries (relative to D). Finally, for any set 
M ~ ~+ ,  let M; denote its projection on the ith coordinate of ~z+. 

Given a bargaining problem <D, ~ ,  ~z>,  an outcome x is an appeal 
agahTst y if there exist i~{1,2} and p ~ [ 0 , 1 ]  such that px>-~y while 
x ~j py(jvsi) (see Rubinstein, Sail'a, and Thomson). The intuition behind 
this definition is that, if both players perceive the probability of breakdown 
to be 1 - p ,  player i is willing to take the risk of a possible breakdown 
when insisting on x while player.] is unwilling to do so when insisting on y. 
An outcome that is immune to all possible appeals can be defined as: 

DEFINITION 2.1. Let <D, ~1,  ~2> ff)~ x . : ( D ~ ) x . : ( D  2) be a bargain- 
ing problem. An outcome y*~ X is immune to appeals (appeals-immune) in 
<D, ~ , ,  ~ z )  if 

VxsX, Vp6 [0, 1], Vi, jE{1,2}, i #L  px>-iy*=py*~jx  

Note that an appeals-immune outcome must belong to F(D), the efficient 
fiontier of X. Sometimes, however, an appeals-immune outcome does not 
belong to the set of Pareto efficient lotteries F(D, ~ ,  ~2). This is the 
case, for example, when the preference relations are EU while the von 
Neumann-Morgenstern (vNM) utility functions are not concave. Note that 
if y* is appeals-immune then y* > D. This is the case since y* ~< D; implies 
that any x with x ; > D i  is an appeal (made by i) against y*. 

DEFINITION 2.2. Let <D, ~ , ,  ~_ , ) e )~x . '~ (Dl )x .¢ (D 2) be a bargain- 
ing problem. An appeals-immune outcome y * e X  is an ordinal Nash 
outcome of<D,  ~ l ,  ~e> ifit belongs to F(D, ~ l ,  ~z)- 
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As was shown by Rubinstein, Safra, and Thomson, the notion of an 
ordinal Nash outcome generalizes that of a Nash outcome. More explicitly, 
whenever both ~;  are EU preference relations represented by the vNM utili- 
ties v; and [ / ~ F ( D ,  ~ l ,  ~z )  ~ 3 x s F ( D )  such that x i~;f~,  i e { l ,  2} ], the 
outcome that maximizes the product l-L( vd x;) - vi(D~)) over { x ~ X ] x ~> D } 
is also an ordinal Nash outcome. Moreover, there exist bargaining 
problems in which the preference relations are not of the EU type for 
which the ordinal Nash outcome is well defined and unique. 

Comment. Rubinstein, Safra, and Thomson introduced a convexity 
assumption on the bargaining problem (for all x, y e X and ~ e [0, 1], there 
exist zEX such that z ~ i ~ x + ( 1 - ~ ) y ,  for both i). For EU preference 
relations, this assumption guarantees F(D, ~ ,  ~ 2 ) = F ( D ) ,  hence every 
appeals-immune outcome is an ordinal Nash outcome as well. For non-EU 
preference relations, additional restrictions are required to ensure this 
property. Such is their conditional certain O' equivalent* assumption (for all 
x e X , / ' , / '  e ~ ( D )  and ~E [0, 1], x ~i/~' ~ x  +(1 --~) / ~iOLf'÷(l --0¢)/). 
Note that such conditions must involve lotteries whose total number of 
outcomes is unbounded. As is shown by Saffa and Segal [16], 
non-EU preference relations exist that nevertheless behave like EU preferences 
on the set of all lotteries with n outcomes at most. Therefore, the cardinal 
convexity assumption introduced by Grant and Kajii [7] (for all x # y  ¢ X 
there exists z e X  such that for each i : p B ~ x A q B ~ i y ~ z ~  
~(p+q)  B~, where B; is i th best outcome in X) may sometimes not be 
sufficiently strong to ensure the equality F(D, ~1,  ~ z )=F(D) .  

We now turn to the main new definition of this paper-- that  of induced 
utilities. Given a bargaining problem (D,  ~>t, ~2>,  let ¢/dDi) be the set 
of all continuous functions u~: { x s X ] x  ~>D}~x { x e X l x  >D}~--* ~+ that 
increase in their first argument, decrease in the second, satisfy udt;  t ) =  1, 
udD;; t ) = 0  and uds; t ) u i ( t ; s ) =  1. 

DEFINITION 2.3. Let D eX and let i6{1,  2}. The i th huhwed utili O, 
mapphTg is the function IUi: :~(Di) --+ ¢/,.(Di), that is defined by 

f i  if s ~ i p t  
IU d ~ ; ) ( s ; t ) =  if t ~ i p s  

The function u i=  IUd ~ )  is the induced utility of ~ ; .  

It is easy to see that the induced utilities u;, whenever they are well 
defined, satisfy: 

pxi ~i Yi <=>pudxi; xi) = ud Yi; xi) <=>pui(xi; Yi) = ui( Yi; Yi) 
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Therefore, if the second arguments are taken as reference points and only 
elementary lotteries are considered, the induced utilities locally behave like 
vNM utilities of some EU preference relations that are in agreement with 
the given preferences. 

EXAMPLE 2.4. (1) EU preference rehttions. If ~ ;  is an EU preference 
relation with a vNM utility function v~ then u~(x~; )'~)--(t,~(x~)-v~(D~))/ 
(r~(yi)-e~(D~)). It is straightforward to see that, qualitatively speaking, 
the induced utilities of an EU preference are independent of the reference 
point y and of the disagreement outcome D. 

(2) Multiplicatit~ely separahle preferences relations. According to these 
preference relations, the utility value of an elementary lottery p.v~ to a player 
with a preference relation ~ ;  is given by gi(P) v~(x~) + (1 - g~(p)) t,~(D~), 
where g/: [0, 1 ] --, [0, 1 ] is increasing and onto and t'~: [0, 1 ] ~ [~ is increas- 
ing. The probability transformation function g; is uniquely determined while 
the utility function l,~ is unique up to affine transformations. EU preference 
relations belong to this set (there, g~(p)= p). The set of DL preferences, 
introduced by Grant and Kajii [7] ,  is a subset of this set, too; it contains 
non-EU preferences for which g ~ ( p ) = p  while the independence axiom 
does not hold for some non-elementary lotteries. Another non-EU family 
that is a subset of this set is the family of rank-dependent utility (RDU)  
preference relations (see Quiggin [ 14] and Weymark [21 ] ). The value that 
an RDU preference relation ~ associates with a lottery / is given by 
I/ i(/)  = j" U i ( . V i ) d [ I - g ~ ( 1 - F , , ( x ~ ) ) ] ,  where Fr is the cumulative distribu- 
tion function o f / .  Another non-EU family that is a subset of the set of 
multiplicatively separable preferences is Gul's [9]  disappointment aversion 
(DA) family. The value that a DA preference relation ~ i  associates with 
a lottery / is given by 

where c ; ( / ) ~ /  is the certainty equivalent o f / ,  ~ is the probability that / 
yields an outcome above its certainty equivalent and 7(~)= ~/(1 +(1 -0~)[-¢t) 
for some n umber/~';. Clearly, g~( p ) = p/( 1 + ( 1 - p) [L ). 

For multiplicatively separable preferences, if the utility ,,~ is chosen such 
that t'i(D;) = 0 then 

{'"'("')) 

.,(x,: y,)= t \"'(i 
if Yi>l xi 

if x~> 3'~ 
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The following lemma demonstrates that every function in ~76(D ~) is the 
induced utility of at least one preference in ~(D~). 

LEMMA 2.5. Let D e X  and ie{ l ,2} .  For allu~e¢/~(D~),IUf-I(ui)#~. 

Proq/i See Appendix. 

The properties of the induced utilities will now be exploited in order to 
characterize appeals-immune outcomes in a parallel manner to that of Nash 
outcomes. Consider a given bargaining problem (D, ~ ,  ~_,>. Define a 
correspondence & { x C X l x > D }  --*2 x by 

8(y)=arg  .~¢xmaX { ,l~! u~(x~; y~) ) . 

That is, d(y) is the Nash outcome of the Nash utility bargaining problem 
where the induced utilities substitute for the vNM utilities, and non- 
elementary lotteries are not considered. Note that the correspondence ~5 is 
well defined. The following proposition makes use of this analogy. 

PROPOSITION 2.6. Let <D, ~ l ,  ~_,>~Xx-~(DI)x.~(D_,) be a bargain- 
ing problem. An otttcome y*~ X is aplmals-imnmne ([~ and only i./~ y*~ 8(y* ). 

U2(x2~Y2) 

U2022~Y2)= 1 

U2(~(Y)2;Y2) 

\ 

~ 
" " " ' . . . . . . . . . . .  

v w 

ul(,,vl ;Yl)= 1 ul(~(Y)l;Yl) 

Ul(Xl;YX) 

FIG. I. The induced Nash utility problem w.r.t, y ~ X, where d(y) # y. 
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Proq/i Let y* E X. Then, 

y * e a r g  max t]-[ uAx,.; y*)  } 
D ~ < x e X  ~ i 

<:~ Vx ~ X, x >1 D ~ l l i ( .Vi;  .|'i ~ ) ~ 1 
i 

l 
<=~ Vx > ;  y* and i ~ { I, 2} u;(.v~; y* ) >~ ufl.xj; yj* ) 

1 
b ) <;:~VX ~ "  i y*, Vp~[0,  1], i6 {1, 2} P > u ; ( x ; ;  .l'i*) ~p>~t t j ( \ ) :  "'* 

¢ : , V x > - ; y * , V p e [ 0 , 1 ] , i ~ { l , 2 }  p x > - ; y * ~ p y * ~ j x .  II 

Figure 1 demonstrates a situation in which the induced utilities are drawn 
with respect to an outcome y that is not an appeals-immune outcome. 

3. EXISTENCE AND U N I Q U E N E S S  O F  A P P E A L S - I M M U N E  
O U T C O M E S  

Let D e X and restrict attention to elementary lotteries. We say that a 
preference relation ~ ~.¢(D~) is smooth if it has a utility representation 
(with the arguments p and x;) that is twice differentiable and has positive 
partial derivatives on the subset { l x ] x > D }  of degenerate elementary 
lotteries. The set of elementary lotteries for D = (0, 0) is displayed in Fig. 2. 
Let .¢'~'"(D~) be the set of all smooth preferences in .¢(D~). If ~ ~.¢'~'"(D~) 
then the partial derivatives of the induced utility u~ at (l; t) are well defined, 
as well as the second partial derivatives fi'om either the left or the right of 
(1; t). Hence, for all t~ R + + ,  (O/cOs)u,.(s;/)l,, is well defined, finite, positive, 
bounded away from 0 and differentiable. Let u'At; t) denote this partial 
derivative. Assuming t'~(D~) = 0, for EU preference relations u'i(t; t ) = v'A t)/ 
vat)  and for multiplicatively separable preference relations u 'At ; t )= 
v'~(t)/(g'~(1) v~(t)). Clearly .#~m(D,-) includes all EU preference relations with 
twice-differentiable vNM utilities that have positive derivative and hence is 
not empty. Note that the partial derivative u'(t; t) is the absolute value of 
the slope of the player's indifference curve at the degenerate lottery I t (see 
Fig. 2 ). 

The following lemma provides a necessary condition for an outcome y* 
to be an appeals-immune outcome of the bargaining problem (D,  ~ ,  ~2 ) -  

LEMMA 3.1. ConsMera bargainingprohlenl (D,  ~ l ,  ~ 2 )  ~ X,x :#" ' (Dl )x  
• ~"'"( D2 ). I./'y* is an appeals-inmuule outcome then U'l( y ?" y ~ ) = u~( I'~ ; .v~ ). 
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P 

0 

F I G .  2. 

lul'(t,'t)l 

I _ 

t 1 

• .- X 

Indifference curves  ove r  e l e m e n t a r y  lotteries, where  D = (0, 0). 

Proof According to Proposition 2.6, y* e arg m a x ~ x  l-[~ u~(.v~; y*).  
Therefore, y*~  F(D)impl ies  

o = d  
d-\l ~ u~(x~;. 

= 2 ,,*1 
. y *  

.,( y*- y.*)] =.'~(yT; y*)-u_~It_~ ;y*). I 

( i ) Existence o[ Appeals-hmmuw Outcomes 

The next theorem provides necessary and sufficient conditions for the exist- 
ence of at least one appeals-immune outcome in X. The theorem characterizes 
a set of preference relations with the property that an appeals-immune 
outcome exists for each couple of preference relations in the set. On the 
other hand, if a preference relation does not belong to the set then there 
exists another preference relation, that can even be chosen from the set, 
such that the resulting bargaining problem has no appeals-immune out- 
c o n l e .  

THEOREM 3.2. Let .¢J:(Dr) ~-.#""'(Dr) he the set o/'all preference relations 
sati.~[~t'ing the fidlowing conditions: 
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Vx i ~ FAD), 

T h e l l  

lim u ' i ( y ; ;  y ; )  = ~ (El 
,I, I ~ D i 

Vyi~Fi(D)\{Di} ,  udxi; yi)<~e";lY':Y'l~x'-Y'l (E2 

( 1 ) Everl' hargahThTg prohlem ( D, ~ i, ~ 2) ~ X x .¢E(DI ) x .¢E(D2 
has appeals-hmmme outcomes. 

(2) I f  ~ t  ~'¢'~m(Dl)\-¢e(Dt) then there exists ~_ E:¢E(D2) such 
tlutt the hargainhTg prohlem ( D, ~ l ,  ~ 2 )  has no appeals-immune outconws. 

Proof (1) Assume ~ . ¢ e ( D ~ ) .  Condition (E2), together with the 
properties of the induced utilities, implies 

Vxi,.r,i~Fi(D)\{Di} , e"~.",:."~)~.",-y~<~ui(xi; Yi)<~e"~.v~;y,~x~-y,I 

Thus, the functions u' d y;; yg) are monotonically non-increasing with respect 
to yg in the set Fi(D)\{D~}. Adding condition (El),  continuity implies the 
existence of y * ~ F( D ) with u'~ ( y ~': y ~' ~ -- u'v.,2~ " *', v~' ). Therefore, 

VD ~< x ¢ X, 1-[ u;(.v,; y* ) ~< 1-I e";~"'*: ,,7~.,._ .,'r~ <~ 1 
i i 

which implies that y* is an appeals-immune outcome. 

(2) See Appendix. 1 

Condition (El)  is natural since it is equivalent to satisfying a form of 
first-order stochastic-dominance near the degenerate lottery that yields D; 
with certainty. It can be examined easily in a graphical representation as in 
Fig. 2, where it is satisfied if indifference curves near (0, 1 ) are almost verti- 
cal. For EU preference relations, (El)  is satisfied if v';(D;)> 0. The intuition 
behind condition (E2) is that an upper bound on the induced utility func- 
tions ensures that appeals are more difficult to conduct. As in part (1) of 
the proof above, condition (E2) guarantees that no appeals can be made 
against the point y*, where marginal utilities are equal, since the product 
of the induced utilities does not exceed one. 

Remark. Consider an EU preference relation ~ / w i t h  a twice-differen- 
tiable vNM utility function vi that has a positive derivative. It follows that 
log-concavity of vi is necessary and sufficient to ensure that ~ ;  belongs to 
.¢e(D;). Clearly, concavity of the vNM utility function is a sufficient condi- 
tion for log-concavity. For convex functions, log-concavity is satisfied as 
long as the (Arrow-Pratt)  measure of risk loving, v~'(yi)/v';(y~), is bounded 
from above by v'd)'i)/vdyi). Next consider an RDU preference relation ~ ;  
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with Ui(Xi)taxi, as in Yaari's dual theory [22]. Condition (E2)is stated for 
such a preference by 

7 ) ' i ~  x i ~  Di ,  

. . ~'Yi--Di [ e l  i ,.~;~ i , [ , . , . , _  /),1 ~ ,. _ / ) ,  i _  I ] ] .  gi [ el I.e;I I )l[ I - I ,', - I) iil.,'i - Di I] ] "---. _ _  ~ gi 
l ' i - - D i  

Therefore, the condition 

Vpe [0, I], 1 +g'~(l)ln(p)<~g~(p)<~ 
1 - g'i( 1 ) l r l ( p )  

is a necessary and sufficient condition on gi(P) that enstires ~;  E.#U(D i) 
(see Fig. 3). 

We now present an example of a bargaining problem with two well 
behaved players (one with a RDU preference relation and the other with 
an EU preference relation) for which there is no appeals-immune outcome. 
The example demonstrates the role of condition (E2) in the characteriza- 
tion of the set .#r-'(Di). 

EXAMPLE 3.3. Let D=(0,0)  and consider a RDU preference relation 
for Player l that is given by vl(xi)=x~' and g , ( p ) = p / [ l + ( l - p ) f l , ] ,  

g,(p) 

1 

/', '.., ,..., 
\..\:\.. ~:\ \ 

\ '.\\.. \. \ 

0 

~ 1 / [ l-g'/(___~l )ln(p)] 

l+g',(1)tn(p) 

P 

FIG.  3. The  range  of  the funct ion g,  tha t  is necessary  and  sufficient for a R D U  prel~:rence 
relat ion with l inear v i to be long in the  set p t .  
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where at =[31 = 3. For  this preference, the induced utility function is given 
by 

(1 +[]l) +[11 if "rl ~) '1 

and it violates condit ion ( E2 ). To  see this, take w ~ = (0.55, 0.45 ), w 2 = (0.5, 0.5 ) 
and note  that  

, , I w l  w i ) -  1 +/~, ,,w-}-/ +/ ' '  =4 [113+3]  = 1.082 

while 

e-il,'~: ,'~10,'I- ,,.~1 = e~l/(ll+11,I ,,,~ II1,,'I--'~ = e(3/21 o.o5 = 1.077. 

Thus  ~ l  q~.~E(DI). Fol lowing Case 1 in the p roo f  of  Theorem 3.2, ~ 2  e 
~ E ( D  z) is chosen for every r e ( 0 ,  1.5) with an EU preference relation, 
where the v N M  utility function is v2(xz)=x~e  IL5-z~~x~- The  unique 
candidate  for an appeals - immune ou tcome  is w z, satisfying u'~(w~; w 2) = 
u;( w2; w 2) = 1.5 Ve e (0, 1.5 ). However ,  for every ;; e (0, 0.84), u,( w I - w l) > 
u2(w~; wl2), thus player  1 can successfully appeal  against w 2 by suggesting 
w ~. Consequent ly ,  no appeals - immune ou tcome  exists. 

(ii) Uniqueness ~!/" Appeals-hmmme Outcomes 

We now present  necessary and sufficient condi t ions  for the existence 
of  a unique appea ls - immune outcome.  Similarly to Theorem 3.2, the next 
theorem character izes a set of  preference relations with the p roper ty  that a 
unique appeals-inamune ou tcome  exists for each couple of  preference rela- 
t ions in the set. Moreover ,  if a preference relation does not  belong to the 
set then there exists ano the r  preference relation, that  can even be chosen 
fi'om the closure of  the set, such that  the bargaining problem either has 
multiple appeals - immune outcomes  or none at all. 

THEOREM 3.4. 
satisJ.i,#zg the ./blh~whTg conditions: 

u'/(yA Yi) decreases in yi, V)'i ~Fi (D) \{Di}  and ( U I )  

lira u'i( Yi; Yi)= 
Yi ~ Di 

V.V i ~ Fi(D),  Vyi ~ F i (D) \ {  Di}, lli('Vi; Yi) <~ e';l*';: y;l(-,-;-.~,;) (U2) 

Let ,~ u ( D i } ~_ .~.~m( D; ) be the set o/" all pre['erence re&thins 
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(1) Eve13, hargainhlgproh/em (D, ~ l ,  ~ 2 )  eX x-~J(D1) x.~U(D2) 
has a unique appeals-inmume outconre. 

(2) / f  ~ l  6-~"(Di)\ :~U(Dl)  then there exists ~26.~E(D2)  such 
that the hargahThTg problem ( D, ~ i, ~ 2) either has multiple appeals-inmnme 

outcomes or none at all. 

Proof (1) Assume (D,  ~ l ,  ~ 2 ) ~ X x . ~ U ( D i ) x ; ~ t V ( D z )  • Condition 
(U1) implies that there exists a unique y*~F(D) with u](y*' * ) j ) =  
u2() z, Y*). It now follows fl'om part ( 1 ) of the proof of Theorem 3.2 that 
y* is the unique appeals-immune outcome of the bargaining problem. 

(2) See Appendix. II 

Note that the set .~E(D~) is the closure of .~U(D,.) (recall fi'om part (1) 
of Theorem 3.2's proof that, by (E2), u';(y;; ),~) weakly decreases with y~). 
In fact, relative to the set of preference relations that satisfy condition (E2) 
(=(U2)) ,  .~;(D~) is the interior of .~(D;) .  In this sense, "almost all" 
bargaining problems have a unique appeals-immune outcome. Also note 
that the set of preference relations that is given by the set of conditions 
{(El), strict (E2)}, where "strict (E2)" is derived from (E2) requiring a 
strict inequality, cannot replace the set .¢C'(D~) (since this set is a proper 
subset of .¢V(D~)). 

Remark. It is easy to see that the former two theorems can be imme- 
diately extended to cases in which the outcome set is given by 

X = { x = (.v,,-¥z) m I~.  I,t~ Xl + a2.v2 ~< h, ,t~, ,t2, h > 0}. 

The necessary condition for y* to be an appeals-immune outcome would 
then become ( 1/al ) u]( y ~" y* ) = ( 1/az ) u'2( y*" y* ). 

(iii) Other" Possihle Conditions 

A natural question that may arise is whether there exists other sets of 
preference relations for which results like those presented in Theorems 3.2 
and 3.4 hold. The set of EU preference relations, for example, have the 
property that an appeals-immune outcome exists for any two players in the 
set. Hence, a similar result holds for the set of DL preferences. As is shown 
in the following proposition, a result similar to Theorem 3.2 can indeed be 
achieved for the set .~°Z(D~)~_.~'"(D,.) of smooth DL preference relations 
(relative to D). Since the sets .~DL(D~ )\.~E(Di) and .~e(D;)\.~OZ(D,.) are 
both non empty, it may seem that there is no reason to justify the choice 
of .~E(D~) over that of .~DI-(D~). Nevertheless, as is shown in Proposi- 
tion 3.6, if uniqueness of appeals-immune outcomes is required then the 
most natural set to consider is .~C'(D~), the interior of .~E(D;). We think 
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this is a convincing justification for the choice of conditions that we 
previously made. 

PROPOSITION 3.5. (1) EveJ3' hargahThN problem (D, ~ l ,  ~ z )  ~ y(x 
/y~DL( D I )X  .~DL( D2 ) has appeals-hnmune outcomes. 

(2) If ~ j  ~.:'~"'(Dt)\.:Ol'(Di) then there exists ~2 E'¢DL(D2) such 
that the hargahThlg problem ( D, ~1, ~2)  has no appeals-hmnune outcomes. 

Proof (1) Let v; be the disagreement linear utility function of ~ 
.¢DZ,( Di ). Since ui(xg; .l'i) = (v~(xi) - rg(D~) )/( v~( y~) - t,~(Di)) then any 

y*~argD_<x~xmaX {l~I [c~(x~)-c~(D~)]} 

satisfies 

y * e a r g  max {l-lu~(x~;.i.,*)} 
D~<x~X i 

and is therefore an appeals-immune outcome. 

(2) See Appendix. 1 

PROPOSITION 3.6. ( I ) Eveo' hargahThN prohh, m 

(D, ~ l ,  ~ 2 )  6 ~( x (.~DL(DI) ~ . ~ U ( D i  )) x (/flDL(D2) ~ ,:V(Dz)) 

has a unique appeals-immune outcome. 

(2) If ~j6.¢DL(D I)\.¢u(D 1) then there exist.s" ~2GJfDL(D2} ('5 :¢E(D 2) 
such that the hargahling prohlem ( D, ~ n, ~2) has multiple aplwals-hmmme 
outcomes. 

Proof See Appendix. l 

(iv) Disagreement-[i'ee ComHtions 

We conclude this section with a theorem that immediately follows from 
Theorems 3.2 and 3.4. The theorem deals with sets of preference relations 
that are independent of the disagreement outcome D. Let ;¢~" = (-'1 o~X .¢s,,(D~), 
/fE-=(']DeR.~E(Di) and .¢u=(~DeR.~U(Di). These sets are non-enapty 
since they all contain EU preference relations with concave, strictly increas- 
ing and twice-differentiable vNM utility functions. 

THEOREM 3.7. (Existence). Et,eo' hargahTing problem ( D, ~ 1 ,  ~ 2 ) ~ 
x (.~E)2 has appeals-immune outcomes. 
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(Non-existence). I./" ~ ,  ~:¢~"\.¢~ then there exists (D, ~ 2 ) e  
x ,~E(D2) such that the hargainfllg problem ( D, ~ ,  ~2> has no appeals- 

hmmme outc'ome. 

(Uniqueness). Et,eD' harga#~h~g prohlent <D, ~ ,  ~_,) eS~ x (.~u)2 
has a unique al~peals-hnmune outconw. 

(Non-uniqueness). I f  ~ ,  e .~ , , , \ , :u  then there exists (D, ~ 2 > e  
X x.¢~(Dz) such that the halLgain#tg problem <D, ~ , ,  ~2> either has 
multiple apl~eals-inmlune ozttcomes or none at all. 

4. EXISTENCE AND UNIQUENESS OF ORDINAL 
NASH OUTCOMES 

As in the last part of Section 3, the conditions derived below are inde- 
pendent of the disagreement outcome. Let .',:" be defined by . ¢ " =  
{ ~> e . :  ...... {V/e ~'( [0, 1 ] ), lt(/) ~ / }  where #(/)  represents the expected 
value of the lottery/.  Every preference relation in .',:" displays a weak form 
of risk aversion. This notion is weaker than the one that is implied by aversion 
to mean preserving spreads; see Safra and Zilcha [ 18 ] for a possible taxonomy 
of risk aversion notions (together with their efficiency implications). The 
set .'~'" contains risk-averse EU preferences with twice-differentiable and 
strictly increasing vNM utility functions, hence it is not empty. The next 
two theorems provide necessary and sufficient conditions for existence 
(Theorem 4.1) and uniqueness (Theorem 4.2)of  ordinal Nash outcomes. 

THEOREM 4.1. ( 1 ) Every hatL~aining 
( .:e ~ ::,..)2 has ordinal Nash outcomes. 

(2) U 
A'IIch lhal lhe 

Proof (1 

prohlenl (D, ~ l ,  ~ 2 ) e X x  

~ l  ~.¢E\.#"' then there e.vist (D, ~'~2> E X X (. '/e(D 2) ~.#"~) 
hargaining prohlem ( D, ~ 1, ~ 2 )  has no ordimtl Nash outcome. 

) Let (D, ~ l ,  ~_, )eS~x( ; :ec~.#~q 2 be a bargaining 
problem and let y* be any appeals-immune outcome (its existence follows from 
Theorem 3.7). I f y* ¢ F( D, ~ t, ~ 2) then there exists / ~ F(D, ~ 1, ~ 2) such 
that / >-; y*, / ~ /y*( i ,  j ~  { l, 2} ). By risk aversion/t(/,) > y* and/d(/) >~ 3'7, 
which implies y*¢F(D);  a contradiction. Hence, any appeals-immune 
outcome is an ordinal Nash outcome too. 

(2) Let ~ s/:e\/,o,.,,. There exists /~ e 2 ' ( [ 0 ,  1]) with /~ >-l/t(/~). 
Let el(/,) satisfy /l ~ lC,( / i )  and choose D eX that satisfies # ( / ~ ) < D t  < 
c1(/~ ) and O 2 > 1 - -  e l ( / !  ). Consider the bargaining problem (D,  ~ i, ~,_) 
where player 2 is an expected value maximizer. Clearly ~z  e ( .¢En .¢ ' a )  
and any appeals-immune outcome y*, if it exists, satisfies /t(/i)<3,~ < 
cl(/t) and I - c l ( / i )  < Y* < I --it(/ll. Define/2 by/2(x2)=/1(1 -x2) .  Then 
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/ = (/~, /2) ~ ~:(D) and/ t ( /2 )  = 1 -/~(/~ ). It follows that /~  >-~ y* ,  for both 
i, which implies that y* cannot be an ordinal Nash outcome. Hence, no 
ordinal Nash outcome exists. II 

Note that a result analogous to Proposition 3.5 is of no interest here 
since, for .~OL=Oo~X.~OL{D~), (.'/OLn.~r")~(.~E¢~.':"~). This is yet 
another  justification for the choice of the sets .~E(D~) and .:U(D~) that we 
previously made. 

The proof  of the next theorem follows directly from Theorems 3.7 and 4.1. 

THEOREM 4.2. (1) Et'erv hargahThTg problem (D, ~ l ,  ~ 2 ) ¢ X x  
(.~u~.~,.,,)2 has a ztnique ordinal Nash otttcome. 

(2) / f  ~ l  ~.~u\.~, . ,  then there exists (D, ~ z ) ~ k x ( . ' / e ( D 2 ) ¢ ~ . ' :  ~') 
such that the bargaining problem ( D, ~ l ,  ~2) has no or~#nal Nash ottt- 
COIH{:'. 

Theorem 4.2 characterizes the maximal domain of individual preference 
relations for which the ordinal Nash solution is always well defined. That 
is, whenever a pair of preference relations belongs to the set ( . ' :~¢~.:")- ' ,  
a unique ordinal Nash outcome exists. On the other hand, if one of the 
preference relations does not belong to this set then two different scenarios, 
both lead to non-existence of ordinal Nash outcomes, may hold. More 
explicitly, assume that ~ does not belong to .:~¢~.:~". If ~ ~.:~\.':"' 
then, by Theorem 4.1, there exists another player with whom every appeals- 
immune outcome is not Pareto efficient. If, however, ~ ~ ¢.']'E, then Theorem 
3.7 implies the existence of another player with whom the bargaining problem 
has no appeals-immune outcomes at all. 

We conclude this section with a detailed example that characterizes the 
intersections of familiar sets of preference relations with the set .~uc~/J '".  

EXAMPLE 4.3. ( l )  EU preferences relations. As noted above, the inter- 
section of .,:u¢~//,.~ with this set consists of all EU preference relations 
with concave, strictly increasing and twice-differentiable vNM utility 
functions. 

(2) RDU pr~/'erence rekttions. We restrict attention to preference 
relations with twice differentiable utility function l' that has a positive 
derivative and with strictly increasing g satisfying g'( 1 ) 4 = 0. These preference 
relations belong to .~u if l' is strictly log-concave and if 

V), >~.r ~> D;, 

v(x) - v(D i) g[ e ~ Im'~ i )~,,'~., v~ ,,~-, ~ - ,,i z)~))[.,-- .,.] ] ~< 
v(3 ' )  - e ( D i )  

<~ g[e ~ t/g'l i ~l,,'l.,.v~,,~.,.~ ,,~D, ~)[.,--.,.] ]. 
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For RDU preference relations to display risk-aversion with respect to 
mean-preserving spreads, it is necessary and sufficient that both v and - g  
are concave (see Chew, Karni, and Safra [5]).  Our weaker notion of risk- 
aversion does not require the concavity of v (see Chateauneuf and Cohen 
I-3]). A characterization of a set of preference relations that displays an 
intermediate notion of risk-aversion (monotone risk-aversion) appears in 
Chateauneuf, Cohen, and Meilijson [4].  Hence, adding the conditions of 
this paper to those required for : : u  gives a set of RDU preference relations 
that is included in .~uc~,¢"~. 

Detecting the inclusion in the set . : u  becomes easier for RDU preference 
relations with a function g of the form g ( p ) =  p~, • > 0. This is the case 
since these preference relations belong to the class DL and hence they 
belong to ~:u if, and only if, t, is strictly log-concave. 

A complete characterization of the set : : u ~ . : , ,  for the set of RDU 
preference relations with linear utility (Yaari's model) is presented now. 
The remark following Theorem 3.2 immediately implies 

6; :u  <~vp6[O, 1], 1 + g ' ( l  ln(p) <~g(p) <~ 
1 - g ' ( 1 )  I n ( p ) "  

By Yaari, our notion of risk-aversion is equivalent to g(p)<~p. Hence, 

~ .¢ u n .:/" <=> VI~ ~ [ O, 1], I+g ' ( l ) l n (p )< .g (p )< .p .  

Interestingly, the same characterization holds for RDU preference relations 
with utility functions of the form v ( x ) = x  ~, 0 < ~ <  1. Deriving the condi- 
tions on .¢u is rather complicated and hence omitted. Risk-aversion, on the 
other hand, is easy to detect. Since all utility functions are concave, our 
notion of risk-aversion is still characterized by the equation g(p)~< p. 

(3) DA pre[erence relations. As before, we restrict attention to 
preference relations with twice differentiable utility function v that has 
positive derivative. By monotonicity with respect to the relation of first- 
order stochastic-dominance, fl > - 1 .  These preference relations belong to 
.¢u if r is strictly log-concave and if 

V )' >~ x >~ D i, 

g[  e( l /g ' l  I }l(,,'l.,:WI v(.~-)- o[ D# ) ) I x -  y] ] v ( x ) -  v(Di) 

v ( y ) -  v(Di) 

~< g [ e I ~/~'l ~ I~'l .,, I/~,,~.,,I- ~l D~ liE-,-- .,q ]. 
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where g( p) = p/( 1 + ( 1 - p) fl). Following Gul, risk-aversion with respect 
to mean-preserving spreads is satisfied if, and only if, v is concave and 
[~'> 0. Hence, adding the conditions gives a set of DA preference relations 
that is included ill .j/un.jflru. 

We now present a complete characterization of the set ,¢uc~ .~"~ for the 
set of DA preference relations with linear utility. This class of preference 
relations is characterized by Safi'a and Segal F 17]. It can be shown that 
our notion of risk-aversion is satisfied if, and only if, fl > 0. Applying the 
condition presented for R DU preference relations with linear utility and 
using the special lbrm of the g function gives 

6 . ~ U n . ~ a c ~ f l > O  and Vp ~ [0, 1], 

l + ( l + f l ) l n ( p ) ~ <  P 
1 + ( 1 - - p ) f l  

which is equivalent to 

~.:U c~.:~",=~ fl > O. 

A P P E N D I X  

Proof o f  Lenu,a 2.5. First, we construct the preference relation over 
elementary lotteries on { x ~ X lx ~> D} ~. Consider the elementary lottery px. 
By continuity of tt~ and by its strict monotonicity with respect to its first 
argument, there exists a unique t~(px)~[Dg,.vi] such that u~(tg(px);.v;) 
= p .  The preference ~ ;  is defined to satisfy px~ ~ ti(px). Consequently, 

p'Vi ~ i  fifi'i ¢~ li( p x )  >1 li( fiX)" 
Finally, for any lottery (if, p)~ J:(D) (.v~ 4: D~), ~ is defined by 

( , ~ , p ) i ~ / (  y" p k / ( n l a x { x  ~ ...... v':,D~}) 
.x'~ 7> D i 

Proo.f o f  Theorem 3.2. (2) Assume that ~ l  ~.:s'"(DI)\.¢E(DI). If 
(El)  is not satisfied then, clearly, l imy~_t~Ku](yl;yt)<~, .  Below we 
construct a second player with an EU preference relation such that ~ 2  
.~E(D2) and V y > D  in F(D), I.I](.l'l'.|'l)<llt2(.l'2;l'2). According to 
Lemma 3.1, no appeals-immune outcome would exist. 
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Choose a differentiable function h: ( 0 2 ,  1 - D ~  ]--* ~+  + that is decreas- 
ing with respect to )'2 such that J o", h(z2) dz2 is well defined, limy 2+ 02 h(Y2) 
= ~  and V y > D  in F(D), u ' , (y~ ;y , )<h(y2) .  Assume further that, for 
some k > 0  and 6 > 0  sufficiently small, h ( y 2 ) = k / ( y 2 - D  2) for all 
.1'2 < D2 + 6. Let 

3'2 ~ 6ke[o,_+,~ #'lz'-Idzz if l'-. >~ D~ + 
U 2 ( | ' 2 )  = + - - 

" ( ( y 2 - - 0 2 )  k if .v2 < D2 + 6  

be a vNM utility function. Then / ' 2 ( 0 2 ) = 0 ,  1.12(X2;.l'2)=U2(X2)/t'2(Y2) 
and u:,(y2; Y2) = v~,(y2)/v2(Y2) = h(y2). By construction, (El)  is satisfied. 
Clearly, u2(x2; 3'2) is log-concave and therefore, (E2) is satisfied. 6 Thus, 
player 2 satisfies all the required properties, ~2 e.¢E(D2) and the bargain- 
ing problem (D,  ~ , ,  ~ 2 )  has no appeals-immune outcomes. 

Now assume that (El) is satisfied while (E2) is not. Consider two possible 
cases: (Case 1) the function u't(y,; y t) is monotonically non-increasing in 
l'l on F , ( D ) \ { D I }  and (Case2) the function u ' l ( y l ; y  I) is somewhere 
increasing in y~. 

Case I. Since (E2) is violated, there must exist w~=(it'll,w~), w2= 
e't( -i ' 7 ) (wl - - '~ )  (w~,w72)6F(D)such  t h a t w i > D ,  w14~w2andul(u,l l" ~u,7)> + , 

Note that w ~ need not be close to w 2 and that their order need not be 
given. For every e > 0  choose a function h~: ( D 2 ,  1 - 0 1 ] - - *  itS++ that is 
monotonically decreasing with respect to 3'2 such that ~.~2 2 he(z2)dz  2 is well 

defined, lina.,. 2 ~ o+ IF(.1'2) = ,7.~, h*( ,t '2) = u',(w2; ,,~ ), h~(Y2) :~ ll'l( Y l' Y i) Vy 5 d= w 2 
and Ibm(y2)- l;*(w22)1 < e for all Y2 that satisfies min(wzt; w22) < Y2 < 
max(it'~' w{). As above, construct v2 and u2 such that the second player has 
EU preferences in .~E(D 2) (where 6 < min(u'~; w 2) should hold). Then, 

~n , , ,( . '  I : .',~ ~ > .',( .'~; .'~)(." I -  .'~ I +  = h':( ",r; .';_ ' - ,,'~_' ) 

s: = h"(z2) dz2+4~(e)=ln u2(w2; u'~) + q~(e) 
i ¢  

where lim~._04J(r)=0. Hence, for a small enough e > 0 ,  u l ( i r l 'w~)>  
u2(w]; w~). Thus I-I; u;(w~" ,t '2) > 1, w I may be suggested as an appeal against 
w 2 and according to Lemma 3.1, no appeals-immune outcome exists. 

61 E2 ) is implied by the property (u'/I x;; .l';Wu;I x;; .viii sign( .v; - .l';I ~< u';( 3'i; .l'i) sign(x; - yl), 
Vx E F(D) and Vy > D in F(D). This can be obtained by integrating I'rom .v; to x; each side of 
tile inequality. Furthermore, tile property is implied by the log-concavity of u; on FID), 
V y > D  in FID). 
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Case2. I n t h i s c a s e t h e r e m u s t e x i s t w 2 e F ( D ) w i t h O < ( d / d y t ) u ' | ( Y | "  )h) .~ 
< co. Thus u~( .; w~) is log-convex at one side of w]. 7 Note that if w~t belongs 

to tiffs side and is sufficiently close to w 2, then tq(w~t'w 2) > e '',(w;; ',)(', .... ;). 
Choose a monotonically decreasing and continuously differentiable function 
h: (D 2, I - D ~ ]  --* ~ + +  that satisfies l i m 3 . , _ n h ( y 2 )  = co, h( n,2) = t/t(I t 2  t ,2.1, II'T )"~ 
and h(y2) #u ' , (y~;  y~) Vy 4:w 2. 

First assume that tq( ." w z) is log-convex to the left of n']. Define a preference 
relation ~2  over elementary lotteries px as follows: px  ~2 D i fp(x2 - D2) = 0: 
otherwise, px ~2 Y for the unique 3'2 ~<-v2 that satisfies p = e~'(."2)(."2-~'-). 8 Note 
that ~2 is monotone with respect to first-order stochastic-dominance since, for 
any given y with )'2 > D2, p decreases with x2. By definition, the induced utility 
u 2 satisfies 

~e/'~~'-)(x'-- -"-') if x2 ~ Y2 
u2(x2; Y2) = ~eh(y,)(,,.,_ ~,,) if N2 > Y2 

and ' ' "  ,_ u2(.r_,, Y2) =h(v~). By Lemma 2.5, ~2  can be extended to Y~(D). Now, by 
construction, 

Inui(wl,;w T) ' ~ ~ ' ~ wi)(wl--wT) _ _ -  " >. ,(w~; =h(w~)(w 2, ,t,~)=In ,,2(w;; w~) 

hence u.(w'.; w])>Uz(W2z; w~) and w-', the unique candidate for being an 
appeals-immune outcome, lZails to satisfy its requirements. 

Next assume that ut(.; w~) is log-convex to the right of w~ and choose 
z~F(D)  such that Ul(.;w~) is log-convex in [w],_-,]. Define a contin- 
uous function 4): (D2, I - D I ) - * ( D 2 ,  1 - D ~ )  such that q~[ . l '2)>) '  2 and 
( d / d x  2 ) h(x2)() '2--N2)<0 for any x2 ~ [Y2, (/~(Y2)] -9 Choose 5_, that satisfies 
(b(Y2) > w2_, for all :'z ~ [52, w2]. Assume, without loss of generality, that z2 >~-2. 

2 . . 

Choose w l ~ F ( D )  for which w ~ ( z 2 ,  w ~) and let p=e/ '° '- ')° '- '-" '~)<l. 
Now define a preference relation ~ z  over clementary lotteries px as follows: 
(1) for all .v 2 ~ [w~, w_, z] and p E [p, 1 ], px ~2 wt "*>P = eh('-')("'~-"-'k (2) if 

7 Since ul( .vl; Yl) = u l ( x l ;  )h)  ul( .vl; x 2 ) =  I. it then Ibllows that  0 = [ (c?2/(c~.v j )2)+ (g"-/(Oz~)2) 
+21h2,/Sxl c~-i )] u G v l :  zl )ll.,., :.,., i + [(O2/(c~xl )'-)+(c?2/(c~zl )'-) + 2(c~2/8-vl ,azj)] ttl(.v~ ; zl )h,.( : ,.,' ~ 
= 4 [ u ] ( y l ; y l ) ]  2 + 2(h2/?x~Ozllu1(xl;za)Ic.,. : . , . ,  + 2(h-'/c~xl 8:l)tq(xl:zl)h.,.::.,., 'v 

Consequen t l y .  ( d 2 / ( d . ~ - l ) 2 } [ I n u ~ ( x j : y i - ) ] l .  + d 2 / ( d x ~ ) - ' ) [ I n u t ( . v t ;  v~) ] [ : . , .  = :)-'..'{Oxj) -~) 

t / l (A ' l  ; : I  ) f l y  i ; v  i ) + ( h21((3"\ ' I  )2 )  / I I ( .V I ; _ -  I ) l i.,,, ' : .,.,' ) - 2 [  1/ ' I ( . I ' I ;  .I'I ) ] 2  = [ ( ~21{ (GA. I )2 ) + 

(c321"O.vl c~zl ) ]  u l i x l ;  zl)li.,.~ ;,., I + [(:')21(:Gxl)2) + (i~2/c3xl c~zl)] u i l x l ;  z i ) ] l i . v , '  :J',') = 2 ( d / d x l  ) 

. ' l ( - v l  : .vl) l . , . , .  
s Un iqueness  a n d  ex is tence f o l l ow  f rom:  ( i )  ( d / d y  2 ) h( Y2)( v2 - x2 ) = h'( .v2 }( Y2 - x2 ) + h( )'2 ) 

> 0 fo r  .v2 ~< x2,  ( i i )  h(.v2 )(x_, - x2)  = 0 and  ( i i i  ) lhe b o u n d a r y  c o n d i t i o n  on  h. 
9 Ex is tence  is guaran! .eed by:  ( i )  (d/dyz)hl.v2)ly2-x2}=h'{y2)ly2-x2)+h{y2), 

( i i )  ( d / d y  2 ) h( )'2)( .vz - x2) l  .,.: = h( x 2 } > 0 and  ( i i i )  c o n t i n u i t y  o f  h'( 3'2 }. 
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p(x 2 - - D 2 ) = 0  then px ~2 D and (3) for all other lotteries ~ 2  is defined as 
an extension satisfying all the properties required from preference relations 
in .¢(D) and such that the slopes of its indifference curves at lotteries of the 
form ly are equal to -h (y2) .  Monotonicity with respect to first-order 
stochastic-donainance is assured by the way the function 4~ was constructed. 
By construction, the induced utility /.i 2 satisfies u2(w2; w ~ ) = e  h~"'~)"'~ .... 9 
and t4(w2; w 2) =h(w2). The proof  concludes similarly to the proof  of the 
former case. 

Proof  o f  Theorem 3.4. (2) Assume ~ l  E.¢'~"(DI)\.#V(DI) • In order 
for appeals-immune outcomes to exist, conditions (El)  and (E2) must hold 
for both players. Suppose, therefore, that condition (UI)  is violated in such 
a way that u',(yt; y l )  is monotonically non-increasing with respect to y l ,  
but is not strictly decreasing at some point of FI(D) \{DI} .  Thus, there 
exist wL w- 'eF(D) ,  w'->-i w ~ and w ; > D  such that ~ ? ' W 2 ~ l  X ,  Y ~ I  WI, 
tt'l(.vl; .vl) = tt'l(),'l; )'j ). As in the proof  of Theorem 3.2, construct player 2 
with EU preferences for whom h(y2) = u'l( 3'1; )'~), Vw2 ~ ,  Y >~l w'. Since 
both preferences satisfy conditions (E l l  and (E2), all y e F(D) between w' 
and w 2 are appeals-immune outcomes of the problem, violating uniqueness. 

Proq['o[" Proposition 3.5. (2) Assume that ~ l  ~.~'~'"(D~)\-#nL(D~) • If 
vl , . 

V-\h, )'l ~ FI(D)\{ DI }" lll('\'l" .1 '1} = eI"i" ,61,:,),n then t,l(.\- I ) = ell-;,2 ",¢'''~a' 
=u~(x~; I - D  2) can be taken to be a disagreement linear utility function 
and hence ~ e :#DL(D, ): a contradiction. Thus, there must exist wl:# w 2 

e F(D) such that wi>Dttl(n'll; It "2) >e'I,',i} ''iu;na'. Similarly to the proof of 

Theorem 3.2, constrt, ct player 2 with an EU preference, such that tbr 
every e > 0 ,  I f : ( D >  I - D , ) - - + 0 ~ + +  satisfies hqw2)=u'~(w2;w2), h~(.r2):/: 
u](),~; )h)VY=~ w-~ and ] h q y z ) - u ' ( y ~ ;  Y~)I < e  for all y e F ( D )  that satisfies 
min{ w~, u,~} < 3'2 < max{ ,,'~, w2}. Then 

lnu , (w I" w~)> '] 

-it'-] =j; 
I I '  

= u'~(t;t)dt a , h q l - t ) d t + ~ k ( e )  
1 - -  wg 

h~-(s) ds + 4,{.) = In u._l .'~,; w ' )  + ,/,le) 

where lim~_ o 4~(e) = 0. Hence, for small e > 0, u,(w l" w~) > u=( w2: w~) and 
w' is as an appeal against w 2. According to Lemma 3.1, no appeals-immune 
outcome exists. 

Proof o f  Proposition 3.6. ( 1 ) This follows immediately fl'om Theorem 3.4. 

(2) Assume that ~ I e , ~ D L ( D , ) \ - ~ V ( D I )  . Thus there exist w ' ,wZe  
FID), wZ>-~w I and w i > D  such that u'~(yl:y~) is non-decreasing 
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Vw2~t y ~  wL Similarly to the proof of Theorem3.2, construct ~2  
.¢DL(D) n ,¢e (D)  to be an EU preference for which h(yz)=u'~(y~; Jh)Vw2 
~1 Y ~ w~ and h(y2) #u'l(Jh; Jh) elsewhere. Under Proposition 3.5 the 

problem ( D, ~ 1, ~ 2) has an appeals-immune outcome y* E F(D) and under 
Lemma 3.1 w 2 ~ l  Y* ~ l  wl. Then, 'v'w 2 ~ s  x ~lWl,  

I -x-~ 
u~(x~ ; >'? ) = e~i,~'r "~ (': ,)a, = el, -.,~* , . t  -1)a, 

=e~;;  h(.,.)ds_~, , , , * .  
- -  ~ 2 ~ . ) 2  , X 2 ) ,  

thus l - L u ~ ( x ~ ; j ' * ) = l .  Therefore, every w 2 ~ l  y ~ l w  1 satisfies ye  
argmaxo~,,~x{1-LvAxA}, where v; are the disagreement linear utility 
functions of ~ .  Hence, the problem (D,  ~ ,  ~ 2 )  has multiple appeals- 
immune outcomes. 
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