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1 One-dimensional Model

Strong form:
given f(z) and consts. g & h, find u(z) such that

—(FAug), = f O0<z<L
(5)4 — (BAug)l,_y = h
wl) = g

Weak form:
given f, g, & h, find the trial soI'n u (u(L) = g) such that for all weighting ft'ns w (w(L) = 0)

L L
(W) / woEAu , dx = / wf dx 4+ w(0)h
0 0

L L
Integration by parts (Green’s theorem): / ¢ dr = —/ Y . dx + () |&
0 0
(§) = (W):
Assume u is a sol'n of (S) = u(L) =g = wu is a (admissible) trial sol’n.
u satisfies diff. eq’n in domain — 0= — fOL w(BAuy) » + f)dx = fOL w,EAu , dr—(wEAu ,)|& —fOL wfdx
(wEAu )5 = w(L)(BAu)|oer, — w(0) (BAu)emo = 0= [i woEAu, de —w(0)h — [i wfdz
—— —_————

0 —h
Galerkin approximation:

given f, g, & h, find the approx. trial sol'n u" = v" + g" (v"(L) = 0,¢"(L) = g) such that for all approx.
weighting ft'ns w” (w"(L) = 0)

L L L
(@) / w”;EAvZ dr = / wh fdx + wh(O)h — / wf;EAgf; dx
0

0 0
given

Mesh: nodes at x4, A=1,....n+1. 1 = 0,2,41 = L. nq = n elements. typical element x4 < z < x441.
Example, piecewise linear shape functions:

T—TA—

o Ta1 ST <wa
NA: IA7ﬁ1147I7 xASxSxA+1 AZQ,...7n
0, else

1, A=B

e Interpolation: Na(xp) =dap = { 0, A#B

e Local support: N4 # 0 only in elem’s that contain node A (banded or sparse matrices)

Matrix equations:

wh(z) =Y caNa(@) v"(x) = daNa(z) ¢"(@)=gNut(2)
A=1 A=1

n L L L
Ny </ Na.EANp., dx) dp :/ Nafdz + Na(0)h — </ Na.EAN, 1. d:c) g, A=1,....n
B=1 0 0 0

KAB FA

Symmetry (K = KT

o . . . . Superconvergence
e Positive definite (bc’s) — unique inverse, real positive eigv. (only in 1-D, EA — const.):
e K is banded (tri-diagonal in 1-D, N4 have local support) u'(za) = u(ra), A=1,...,n+1

TA+TA41

Well conditioned (N4 “nearly orthogonal”) b (@) — ua(z) = {O(h2)7 x = At
Y 10(h),  Otherwise
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Local description: Parent domain —1 < ¢ <1
3 a e 2 e 2 e
Linear element: N, (&) = 1+72£a£’ & =(-1* a=1,2 (&) = > .1 Na(§)xg, ul(€) = Yoo Na(6)ds

o 0 -
Derivatives: a—g (33(5)) = ¢,m(95(f) ) 95,5(5) Ngz = a,§ (xﬁ) '
T2 52
Integration: o(x)de = d(x(&) )z e() dE
1 fl
x5
o= [ NeaBANwds=| (DUEAR, 1<ab<?
zy E A=const.
e h a = 1 e = 1 e
5 5 ’ Lo he e € =
fe = / Nofde+q —kig, €=mne / Naf dz~ - { ?{fil@ﬁ?% o ;
x§ 0, Otherwise g ! 27 N

L
Energy norm error: |ju — u"||z = \// EA (ug — uflx)2 dx
0

2 Multi-dimensional Scalar Problems (membrane/heat conduction)

Integration by parts: /d)ﬂ/} dQ = 7/ oY ; dQ+/¢7,/mi dl’
Q Q r

Strong form:
given f(x), g(x), and h(x), find u(x) such that

g, = [ inQ (@i = —kiju ;)

(S) —qmqj i Z 2?1 Ei (membrane: ng = 2, Kij < T6;5,q=-T {Z} ,g=0onT = Fg)

Weak form:
given f, g, & h, find the trial sol'n u (v = g on I'y) such that for all weighting ft'ns w (w =0 on I'y)

(W) —/Qw,iqidﬂ_/ﬂwfdﬂ+/rhwhdr
(S) = (W):

Assume u is a sol'n of (S) = w=gonT, = u is a (admissible) trial sol'n.
u satisfies diff. eq’n in domain = 0= [, w(—q;; + f) dQ = [, w ;q:dQ — frh wq;n;dl + [, w fdS

Galerkin approximation:
given f, g, & h, find the approx. trial sol'n u® = v + g" (v" = 0,¢" ~ g on I'y) such that for all approx.
weighting ft'ns w” (w" =0 on Ty)

T mMaa = [ wh wh B WM T (Vo
@) /Q(W) K(Vo )dQ_/Q fdQ+/Ph hdr /Q(v )1 (Vg")

Matrix equations:

w'@)= Y Na(@)ea (@)= > Na@da ¢"(®) = >  Na(@)ga (9a=g(xa))

A in A in A in
active set active set g—node set
Meq
(M) > Kpodg=Fp, P=1,...,nq Bys=VN,={N4s;}, D=k
Q=1
Kpg = / B, DBgd, P=1ID(4) Q=ID(B)
Q
Fp = / NafdQ+ | Nahdl - ) </ BﬁDBBdQ> 95
Q I'n B in Q

g—node set
e Symmetry (K = K7) e Positive definite (bc’s) — unique inverse, real positive eigenvalues

e Banded (N4 have local support) o Well conditioned (N4 “nearly orthogonal”)
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Parent domain & Local description:

Nen Nen

o(€) =) No(@)z, u"(€)=> Na(&)d, d;=u"(@)) Bo=VN,={Na;}
a=1 a=1
¢, = B DB,d, 1<a,b< nen
QE
. _ e e o [0, ifLM(be)#0
fa = 0 Naf dQ) + /;5 Nghdl' — ;kabgba 9y = { 9B, if LM(b,e) =0, where B = IEN(b, 6)

Data processing: ID(A) = P IEN(a,e) = A LM(a,e) = ID(IEN(a,e)) = P
A

3 Multi-dimensional Vector Problems (linear elastostatics)

Strong form:
given f;(x), gi(x), and h;(x), find u;(x) such that

*O—ij,j = f1 iIl Q
(S) u; = g; only
0Ny = hi on Fh

1 . .
U(i,5) = §(ui,j + Uj@) O35 = Mz‘j“hk + 2uu(i,j) (ISOtI‘Oplc)

vE E
A:— = = —-——-
1+v)(1-2v)" n=_0

Weak form:
given f;, gi, & h;, find the trial sol'n u (u; = g; on I'y) such that for all weighting ft'ns w (w; =0 on I'y)

Q Q Tn
(5) = (W):
Assume u; is a sol'n of (S) = u; =g¢; onI'y, = wu; is a (admissible) trial sol'n.

u; satisfies diff. eq'n in domain = 0= [, w; (0455 + fi) dQ = — [, wi ;0i;dQ+ [ wioin;dD + [ w; f;d

w(; j0i; = € (w)De(u)

Nsd — 3:
Ui A+ QM A A 0 0 O
u2,2 A A+ 2,u A 0 0 O
. u3,3 o A A A + 2/J 0 0 O
€W =9 uss+ ugs D= 0 0 0 u 0 0
u1,3 + uz;1 0 0 0 0 uw O
Ui,2 + U2,1 0 0 0 0 O 1%
Neg = 2 — plane strain (plane stress A «— )\2‘5‘“):
U1,1 A+2p A 0
e(u) = Ug.2 D= A A+2u 0
u1,2 + U1 0 0 n

Galerkin approximation:

h _
P =

given f;, gi, & h;, find the approx. trial sol'n ul' = v? + gl (v
weighting ft'ns wl (w! =0 on Ty)

0,9" ~ g; on I'y) such that for all approx.

T (o h Mo = [ whf, W' dl — | €T (w"\ D e(a”
(G) /Qe (w")De(v )dQ—/Q Zfde—i—/Fh " hy dT /Q (w")De(g")dS2
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Matrix equations:

wi(@)= Y Na@ecia vf(@) = >  Nal@dia gi® = > Na@®@)gia (gia=gi(wa))

A in A in A in
active set i active set i g;—node set
(M) ZKPQdQ = Fp, P=1,..., 7N
Q=1
Nai 0 0
Nap 0 8 NS : NO
(nsd = 2) B,y = 0 NA72 (nsd = 3) B,y = 0 N NA’3
Nao2 Na A3 A2
' ’ Nas 0  Ng
Nao2 Nan 0
Kpg = eZ/ B iDBgd e;, P =1D(i, A) Q =1D(j, B)
Q
Ndof
Fp = / Naf; d +/ Nyh;dl — Z Z eiT/ B DBRdQ ejg;5
Q th j=1 B in Q

gj—mode set

Parent domain & Local description:

MNen MNen

o(€) =) Na(§)z, W€ =D Nu(§)d; dg={d5,}  df, =ul(=)
a=1 a=1

Nei 0 0
N 1 0 0 Na,2 0
(74 =2) Ba=| 0 Nap (na=3) Bo=| 0 0 N
N, N. 0 Na,3 Na72
a,2 a,l Na73 0 le
Na,2 N(L,l 0
kpg = ez'T/ B! DB,d2 €j, P =ndot(a—1)+1 qg=nar(b—1)+7
- 0, if LM(q,e) #0
e __ . . _ e e e _ e _ ) )
fp = e Nafl dQ + 1—\;3 Nahz dF Zlkpng7 gq ng { ng, lf LM(q’ 6) — 0, Where B — IEN(b, 6)
i q=

Data processing: 1D (i, A) = P IEN(a,e) = A LM(p,e) = ID(4,IEN(a,e)) = P

———
A
Post-processing:  e(u”) =Y "" B,dS, o = De
011
contracted notation for stress, for example ngg =2 o = 099
J12
1
Energy perspective: potential energy m(u) = 3 / ;045 d§Y — fQ w; f; d) — fl“h u;h; dI°
Q
—_——
U

Solve (S) or (W) <= min. potential energy = 7(u”) > 7(u)
Strain energy is underestimated  U(u") < U(u)
Best approximation, for any admissible trial solution w”  U(u" —u) < U(a" — u)
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4 Isoparametric elements

Convergence criteria:

e Compatibility: smoothness in element Q¢ (C1) & continuity across elements I'® (C°) = no gaps or overlaps

e Completeness: represent arbitrary lin. polynomial in & (¢o + c1 + coy in 2-D)

MNen Nen Nen Nen
h
di = coterzeteays = u't = g No(co+arzb+eays) = co g Ny+eq g Noxé+co g Ny = cotcrztcay
a=1 a=1 a=1 a=1

Bilinear quad.: ne, =4 Ny(&,n) = %(1 + &) (L +nm)
Degenerate quad. — triangle: Ti=x§ — N3 = N3 + Ny
Isoparametric lin. triangle: Ni(r,s)=r No(r,s)=s  Na(r,s)=t=1—-r—s

_ 1 —
Derivatives: Te = { Te L ] j=det(ze) €, = [ Lo S ] = (z¢) t_ - [ Yn —Tm }
Ye Yn ’ Na Ty J L 7Y Tg

_ 1 Yn —Toy ]
(Vo Nog) =3 (Nag No) | Y7 720
1 1 MNint
tegration: [ o(epa@= [ [ olalenalem) i n) dsinm Yol n)w
¢ - - =1

g(&m)

Gaussian rules: 5
nint points with optimal locations & and weights W;, 1 <[ < nju, such that order of accuracy = 2njus.

Triangle integration formula:

1 xe ye

1 31~ 1 1

/ resPtY dQ = _opt 2A here, 2A=det | 1 x§ y5
. (a+8+~+2)! : e

L 25 ys



