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1 One-dimensional Model

Strong form:
given f(x) and consts. g & h, find u(x) such that

(S)

 −(EAu,x),x = f 0 < x < L
− (EAu,x)|x=0 = h

u(L) = g

Weak form:
given f , g, & h, find the trial sol’n u (u(L) = g) such that for all weighting ft’ns w (w(L) = 0)

(W )
∫ L

0

w,xEAu,x dx =
∫ L

0

wf dx+ w(0)h

Integration by parts (Green’s theorem):
∫ L

0

φ,xψ dx = −
∫ L

0

φψ,x dx+ (φψ)|L0
(S) =⇒ (W ):
Assume u is a sol’n of (S) =⇒ u(L) = g =⇒ u is a (admissible) trial sol’n.
u satisfies diff. eq’n in domain =⇒ 0 = −

∫ L
0
w ((EAu,x),x + f) dx =

∫ L
0
w,xEAu,x dx−(wEAu,x)|L0 −

∫ L
0
wf dx

(wEAu,x)|L0 = w(L)︸ ︷︷ ︸
0

(EAu,x)|x=L − w(0) (EAu,x)|x=0︸ ︷︷ ︸
−h

=⇒ 0 =
∫ L

0
w,xEAu,x dx− w(0)h−

∫ L
0
wf dx

Galerkin approximation:
given f , g, & h, find the approx. trial sol’n uh = vh + gh (vh(L) = 0, gh(L) = g) such that for all approx.
weighting ft’ns wh (wh(L) = 0)

(G)
∫ L

0

wh,xEAv
h
,x dx =

∫ L

0

whf dx+ wh(0)h−
∫ L

0

wh,xEAg
h
,x dx︸ ︷︷ ︸

given

Mesh: nodes at xA, A = 1, . . . , n + 1. x1 = 0, xn+1 = L. nel = n elements. typical element xA ≤ x ≤ xA+1.
Example, piecewise linear shape functions:

NA =


x−xA−1

hA−1
, xA−1 ≤ x ≤ xA

xA+1−x
hA

, xA ≤ x ≤ xA+1

0, else
A = 2, . . . , n

• Interpolation: NA(xB) = δAB =
{

1, A = B
0, A 6= B

• Local support: NA 6= 0 only in elem’s that contain node A (banded or sparse matrices)

Matrix equations:

wh(x) =
n∑

A=1

cANA(x) vh(x) =
n∑

A=1

dANA(x) gh(x) = gNn+1(x)

(M)
n∑

B=1

(∫ L

0

NA,xEANB,x dx

)
︸ ︷︷ ︸

KAB

dB =
∫ L

0

NAf dx+NA(0)h−

(∫ L

0

NA,xEANn+1,x dx

)
g︸ ︷︷ ︸

FA

, A = 1, . . . , n

• Symmetry (K = KT )

• Positive definite (bc’s) – unique inverse, real positive eigv.

• K is banded (tri-diagonal in 1-D, NA have local support)

• Well conditioned (NA “nearly orthogonal”)

Superconvergence
(only in 1-D, EA = const.):
uh(xA) = u(xA), A = 1, . . . , n+ 1

uh,x(x)− u,x(x) =
{
O(h2), x = xA+xA+1

2
O(h), Otherwise



Introduction to Finite Elements (January 2017) 2

Local description: Parent domain −1 ≤ ξ ≤ 1
Linear element: Na(ξ) = 1+ξaξ

2 , ξa = (−1)a, a = 1, 2 xe(ξ) =
∑2
a=1Na(ξ)xea, uh(ξ) =

∑2
a=1Na(ξ)dea

Derivatives:
∂

∂ξ
φ(x(ξ) ) = φ,x(x(ξ) )x,ξ(ξ) Na,x = Na,ξ (x,ξ)−1

Integration:
∫ x2

x1

φ(x) dx =
∫ ξ2

ξ1

φ(x(ξ) )x,ξ(ξ) dξ

keab =
∫ xe

2

xe
1

Na,xEANb,x dx =

∣∣∣∣∣
EA=const.

(−1)a+bEA/he, 1 ≤ a, b ≤ 2

fea =
∫ xe

2

xe
1

Naf dx+

 h, a = 1, e = 1
−kea2g, e = nel

0, Otherwise

∫ xe
2

xe
1

Naf dx ≈
he

6

{
2f(xe1) + f(xe2), a = 1
f(xe1) + 2f(xe2), a = 2

Energy norm error: ||u− uh||E =

√∫ L

0

EA
(
u,x − uh,x

)2
dx

2 Multi-dimensional Scalar Problems (membrane/heat conduction)

Integration by parts:
∫

Ω

φ,iψ dΩ = −
∫

Ω

φψ,i dΩ +
∫

Γ

φψni dΓ

Strong form:
given f(x), g(x), and h(x), find u(x) such that

(S)

 qi,i = f in Ω
u = g on Γg

−qini = h on Γh

(qi = −κiju,j)

(membrane: nsd = 2, κij ← Tδij , q = −T
{
θ
ψ

}
, g = 0 on Γ = Γg)

Weak form:
given f , g, & h, find the trial sol’n u (u = g on Γg) such that for all weighting ft’ns w (w = 0 on Γg)

(W ) −
∫

Ω

w,iqi dΩ =
∫

Ω

wf dΩ +
∫

Γh

whdΓ

(S) =⇒ (W ):
Assume u is a sol’n of (S) =⇒ u = g on Γg =⇒ u is a (admissible) trial sol’n.
u satisfies diff. eq’n in domain =⇒ 0 =

∫
Ω
w (−qi,i + f) dΩ =

∫
Ω
w,iqidΩ−

∫
Γh
wqinidΓ +

∫
Ω
wfdΩ

Galerkin approximation:
given f , g, & h, find the approx. trial sol’n uh = vh + gh (vh = 0, gh ≈ g on Γg) such that for all approx.
weighting ft’ns wh (wh = 0 on Γg)

(G)
∫

Ω

(∇wh)Tκ(∇vh)dΩ =
∫

Ω

whf dΩ +
∫

Γh

whh dΓ−
∫

Ω

(∇wh)Tκ(∇gh)dΩ

Matrix equations:

wh(x) =
∑
A in

active set

NA(x)cA vh(x) =
∑
A in

active set

NA(x)dA gh(x) =
∑
A in

g−node set

NA(x)gA (gA = g(xA))

(M)
neq∑
Q=1

KPQdQ = FP , P = 1, . . . , neq BA = ∇NA = {NA,i} , D = κ

KPQ =
∫

Ω

BT
ADBBdΩ, P = ID(A) Q = ID(B)

FP =
∫

Ω

NAf dΩ +
∫

Γh

NAh dΓ−
∑
B in

g−node set

(∫
Ω

BT
ADBBdΩ

)
gB

• Symmetry (K = KT )

• Banded (NA have local support)

• Positive definite (bc’s) – unique inverse, real positive eigenvalues

• Well conditioned (NA “nearly orthogonal”)



Introduction to Finite Elements (January 2017) 3

Parent domain & Local description:

x(ξ) =
nen∑
a=1

Na(ξ)xea uh(ξ) =
nen∑
a=1

Na(ξ)dea dea = uh(xea) Ba = ∇Na = {Na,i}

keab =
∫

Ωe

BT
aDBbdΩ, 1 ≤ a, b ≤ nen

fea =
∫

Ωe

Naf dΩ +
∫

Γe
h

Nah dΓ−
nen∑
b=1

keabg
e
b , geb =

{
0, if LM(b, e) 6= 0
gB , if LM(b, e) = 0, where B = IEN(b, e)

Data processing: ID(A) = P IEN(a, e) = A LM(a, e) = ID(IEN(a, e)︸ ︷︷ ︸
A

) = P

3 Multi-dimensional Vector Problems (linear elastostatics)

Strong form:
given fi(x), gi(x), and hi(x), find ui(x) such that

(S)

 −σij,j = fi in Ω
ui = gi on Γg

σijnj = hi on Γh

u(i,j) =
1
2

(ui,j + uj,i) σij = λδijuk,k + 2µu(i,j) (isotropic)

λ =
νE

(1 + ν)(1− 2ν)
, µ = G =

E

2(1 + ν)

Weak form:
given fi, gi, & hi, find the trial sol’n u (ui = gi on Γg) such that for all weighting ft’ns w (wi = 0 on Γg)

(W )
∫

Ω

w(i,j)σij dΩ =
∫

Ω

wifi dΩ +
∫

Γh

wihi dΓ

(S) =⇒ (W ):
Assume ui is a sol’n of (S) =⇒ ui = gi on Γgi

=⇒ ui is a (admissible) trial sol’n.
ui satisfies diff. eq’n in domain =⇒ 0 =

∫
Ω
wi (σij,j + fi) dΩ = −

∫
Ω
wi,jσijdΩ +

∫
Γ
wiσijnjdΓ +

∫
Ω
wifidΩ

w(i,j)σij = εT (w) D ε(u)

nsd = 3:

ε(u) =



u1,1

u2,2

u3,3

u2,3 + u3,2

u1,3 + u3,1

u1,2 + u2,1


D =


λ+ 2µ λ λ 0 0 0
λ λ+ 2µ λ 0 0 0
λ λ λ+ 2µ 0 0 0
0 0 0 µ 0 0
0 0 0 0 µ 0
0 0 0 0 0 µ


nsd = 2 – plane strain (plane stress λ← 2λµ

λ+2µ ):

ε(u) =

 u1,1

u2,2

u1,2 + u2,1

 D =

 λ+ 2µ λ 0
λ λ+ 2µ 0
0 0 µ


Galerkin approximation:
given fi, gi, & hi, find the approx. trial sol’n uhi = vhi + ghi (vhi = 0, ghi ≈ gi on Γg) such that for all approx.
weighting ft’ns whi (whi = 0 on Γg)

(G)
∫

Ω

εT (wh) D ε(vh)dΩ =
∫

Ω

whi fi dΩ +
∫

Γh

whi hi dΓ−
∫

Ω

εT (wh) D ε(gh)dΩ
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Matrix equations:

whi (x) =
∑
A in

active set i

NA(x)ciA vhi (x) =
∑
A in

active set i

NA(x)diA ghi (x) =
∑
A in

gi−node set

NA(x)giA (giA = gi(xA))

(M)
neq∑
Q=1

KPQdQ = FP , P = 1, . . . , neq

(nsd = 2) BA =

 NA,1 0
0 NA,2

NA,2 NA,1

 (nsd = 3) BA =


NA,1 0 0

0 NA,2 0
0 0 NA,3
0 NA,3 NA,2

NA,3 0 NA,1
NA,2 NA,1 0



KPQ = eTi

∫
Ω

BT
ADBBdΩ ej , P = ID(i, A) Q = ID(j, B)

FP =
∫

Ω

NAfi dΩ +
∫

Γhi

NAhi dΓ−
ndof∑
j=1

 ∑
B in

gj−node set

eTi

∫
Ω

BT
ADBBdΩ ejgjB


Parent domain & Local description:

x(ξ) =
nen∑
a=1

Na(ξ)xea uh(ξ) =
nen∑
a=1

Na(ξ)dea dea =
{
deia
}

deia = uhi (xea)

(nsd = 2) Ba =

 Na,1 0
0 Na,2

Na,2 Na,1

 (nsd = 3) Ba =


Na,1 0 0

0 Na,2 0
0 0 Na,3
0 Na,3 Na,2

Na,3 0 Na,1
Na,2 Na,1 0



kepq = eTi

∫
Ωe

BT
aDBbdΩ ej , p = ndof(a− 1) + i q = ndof(b− 1) + j

fep =
∫

Ωe

Nafi dΩ +
∫

Γe
hi

Nahi dΓ−
nee∑
q=1

kepqg
e
q , geq = gejB =

{
0, if LM(q, e) 6= 0
gjB , if LM(q, e) = 0, where B = IEN(b, e)

Data processing: ID(i, A) = P IEN(a, e) = A LM(p, e) = ID(i, IEN(a, e)︸ ︷︷ ︸
A

) = P

Post-processing: ε(uh) =
∑nen
a=1 Badea, σ = Dε

contracted notation for stress, for example nsd = 2 σ =

 σ11

σ22

σ12


Energy perspective: potential energy π(u) =

1
2

∫
Ω

ui,jσij dΩ︸ ︷︷ ︸
U

−
∫

Ω
uifi dΩ−

∫
Γh
uihi dΓ

Solve (S) or (W ) ⇐⇒ min. potential energy =⇒ π(uh) ≥ π(u)
Strain energy is underestimated U(uh) ≤ U(u)
Best approximation, for any admissible trial solution ūh U(uh − u) ≤ U(ūh − u)
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4 Isoparametric elements

Convergence criteria:

• Compatibility: smoothness in element Ωe (C1) & continuity across elements Γe (C0)⇒ no gaps or overlaps

• Completeness: represent arbitrary lin. polynomial in x (c0 + c1x+ c2y in 2-D)

dea = c0+c1xea+c2yea =⇒ uh =
nen∑
a=1

Na(c0+c1xea+c2yea) = c0

nen∑
a=1

Na+c1
nen∑
a=1

Nax
e
a+c2

nen∑
a=1

Nay
e
a = c0+c1x+c2y

Bilinear quad.: nen = 4 Na(ξ, η) = 1
4 (1 + ξaξ)(1 + ηaη)

Degenerate quad. → triangle: xe4 = xe3 → N̂3 = N3 +N4

Isoparametric lin. triangle: N1(r, s) = r N2(r, s) = s N3(r, s) = t = 1− r − s

Derivatives: x,ξ =
[
x,ξ x,η
y,ξ y,η

]
j = det(x,ξ) ξ,x =

[
ξ,x ξ,y
η,x η,y

]
= (x,ξ)

−1 =
1
j

[
y,η −x,η
−y,ξ x,ξ

]

〈Na,x Na,y〉 =
1
j
〈Na,ξ Na,η〉

[
y,η −x,η
−y,ξ x,ξ

]

Integration:
∫

Ωe

φ(x, y) dΩ =
∫ 1

−1

∫ 1

−1

φ(x(ξ, η), y(ξ, η) ) j(ξ, η)︸ ︷︷ ︸
g(ξ,η)

dξ dη ≈
nint∑
l=1

g(ξ̃l, η̃l)Wl

Gaussian rules:
nint points with optimal locations ξ̃l and weights Wl, 1 ≤ l ≤ nint, such that order of accuracy = 2nint.

Triangle integration formula:

∫
Ωe

rαsβtγ dΩ =
α!β! γ!

(α+ β + γ + 2)!
2A here, 2A = det

 1 xe1 ye1
1 xe2 ye2
1 xe3 ye3




