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1 One-dimensional Model

Strong form:
given f(z) and consts. g & h, find u(z) such that

—(FAuy), = f 0O0<z<L
(S)q — (BAug)|,_, = h
u(l) = g

Weak form:
given f, g, & h, find the trial soI'n u (u(L) = g) such that for all weighting ft'ns w (w(L) = 0)

L L
(W) / waEAu , dx = / wf dx 4+ w(0)h
0 0

L L
Integration by parts (Green’s theorem): / ¢ dr = —/ Y dx + (P)|&
0 0
Equivalence (S) = (W):
Assume u is a sol'n of (S) = u(L) =g = wu is a (admissible) trial sol’n.
u satisfies diff. eq’n in domain — 0= — fOL w(BAuy) » + f)dx = fOL w,EAu , dr—(wEAu )| —fOL wfdx
(wEAu )5 = w(L)(BAu)|oer, — w(0) (BAu)emo = 0= [i w,EAu, de —w(0)h — [i wfdz
T’ T
Galerkin approximation:
given f, g, & h, find the approx. trial sol'n u" = v" + g" (vV"(L) = 0,¢"(L) = g) such that for all approx.
weighting ft'ns w” (w"(L) = 0)

L L L
(@) / wf;EAvf; dr = / wh f de + wh(O)h — / wf;EAgZ dx
0 0 0

given
Mesh: nodes at 4, A=1,...,n+ 1. 1 = 0,241 = L. ne = n elements. typical element 24 <z < x441.
Example, piecewise linear shape functions:
T—TA—
T Ta1 ST <1Ta
NA: ZiAI;_$7 IASISJ:A—&-l A:2,...,n
0, else

1, A=B

e Interpolation: Ng(zp) = dap = { 0 A%B

e Local support: Ns # 0 only in elem’s that contain node A (banded or sparse matrices)

Matrix equations:
n

W'(@) = Y eaNa(@) v'(@) = Y daNa(w) ¢"(@) = gV (@)
A=1 A=1

n L L L
(M) > </ Na,EANg, dx) dp = / Nafdz+ Na(0)h — (/ NuoEAN, 14 dx) g, A=1,....n
B=1 \J0 0 0

KAB FA

Symmetry (K = KT

Positive definite (be’ . . 1 " ) Superconvergence
ositive definite (bc’s) — unique inverse, real positive eigv. (only in 1-D, EA = const.):

K is banded (tri-diagonal in 1-D, N4 have local support) u'(za) =u(za), A=1,...,n+1

TA+TA41

Well conditioned (N4 “nearly orthogonal”) h (@) — up(x) = {O(hz), T =
" O(h), Otherwise
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Local description: Parent domain —1 < ¢ <1
Linear element: No(§) = M58 & =(-1)%, a=1,2 25 =30 Na(&as, (&) =30 ) Na(§)ds

. 0 -
Derivatives: % (x(§)) = da(x(€)) () Now = Nag (xg)™"
T2 52
Integration: (x)dx = d(x(8) )z e(§) d§
1 fl
o= [ NeBANadz=| (C)TEAMN, 1<ab<2
zy E A=const.
e h a = 1 e = 1 ¢
. x5 ,6 ) o he 2f(x$) + f(x§), a=1
fa = / Na.f dx + _ka297 € = Nel / Naf du ~ g { f{ie;)—’_ 2?2‘7:53 a=2
z§ 0, Otherwise zy ! 20

L
Error in energy norm: |[u —u"||p = \// EA (ug — u};)Q dx
0

2 Multi-dimensional Scalar Problems (membrane/heat conduction)

Integration by parts: /éf),ﬂ/) dQ = 7/ oY ; dQ+/¢7,/mi dI’
Q Q r

Strong form:
given f(x), g(x), and h(x), find u(x) such that

(S) u = g only . B . - 0 - -
—gn; = h onTy (membrane: ngq = 2, K;j < 10;;, ¢ =T e g=0onT=T))
Weak form:

given f, g, & h, find the trial sol'n u (v = g on I'y) such that for all weighting ft'ns w (w =0 on I'y)

(W) /wa,;qidﬂ/ﬂwfd(2+/rhwhdf
(S) = (W):

Assume u is a sol'n of (S) = w=gonI; = u is a (admissible) trial sol’n.
u satisfies diff. eq’n in domain = 0= [, w(—q;; + f) dQ = [, w ;q;dQ — th wq;n;dl + [, wfdQ

Galerkin approximation:
given f, g, & h, find the approx. trial sol'n u" = v" + g" (v" = 0,¢" ~ g on I'y) such that for all approx.
weighting ft'ns w" (w" =0 on Ty)

(@) /Q(th)Tn(Vvh)dQ:/

wh dQ+/ whhdF—/(th)Tn(Vgh)dQ
Q Ty Q

Matrix equations:

w'@)= Y Na(@)ea (@)= > Na@da ¢"(@) = > Na(@)ga (9a=g(xa))

A in A in A in
active set active set g—node set
Neq
(M) > Kpodg=Fp, P=1,...,neq Bys=VN,={N4s;}, D=k
Q=1
Kpg = / B DBgd, P=ID(A) Q=1ID(B)
Q
Fp = / NafdQ+ | Nahdl - ) </ BﬁDBBdQ> g5
Q In B in Q

g—node set
e Symmetry (K = K7) e Positive definite (bc’s) — unique inverse, real positive eigenvalues

e Banded (N4 have local support) o Well conditioned (N4 “nearly orthogonal”)
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Parent domain & Local description:

Men Ten

T(€) =Y Nu(@zf (&) =D Na(€)d; di=u"(x) Ba=VN,={Na}

o = [ BIDBu2.  1<abZn,
s e
n,
e e e e 0, if LM(b,e) #0
fa - 0 Naf dQ + ‘/;2 Nah dl' — ;kabgbv 9y = { 9B, if LM(b, 6) — O7 where B = IEN(b, 6)

Data processing: ID(A) = P IEN(a,e) = A LM(a,e) = ID(IEN(a,e)) = P
——
A



