NH,

3

ELSEVIER

Pattern Recognition Letters 22 (2001) 1525-1536

Pattern Recognition
Letters

www.elsevier.com/locate/patrec

Mixture model for face-color modeling and segmentation

Hayit Greenspan **, Jacob Goldberger !, Itay Eshet *

% Department of Biomedical Engineering, Faculty of Engineering, Tel Aviv University, Tel-Aviv 69978, Israel
> The Weizmann Institute of Science, Rehovot 76100, Israel

Received 18 July 2000; received in revised form 28 March 2001

Abstract

In this paper, we propose a general methodology for face-color modeling and segmentation. One of the major
difficulties in face detection and retrieval is partial face extraction due to highlights, shadows and lighting variations. We
show that a mixture-of-Gaussians modeling of the color space, provides a robust representation that can accommodate
large color variations, as well as highlights and shadows. Our method enables to segment within-face regions, and
associate semantic meaning to them, and provides statistical analysis and evaluation of the dominant variability within
a given archive. © 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction

Automatic detection and localization of human
faces is a difficult task. In recent years, an in-
creasing body of research has addressed this field,
in developing algorithms to detect faces in ‘mug-
shot’ images, or detect faces in uncontrolled,
complex background, environments (Phillips et al.,
1998). Face detection has important applications,
as a first step in higher-level face recognition tasks,
such as personal identification for security pur-
poses, and in the field of multimedia, for face re-
trieval in video indexing applications or for
interactive human-machine interfaces.
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Existing methods may be roughly divided into
several categories: local facial feature detection,
feature-based (color, texture, shape and motion),
and template-based using pattern recognition
techniques. In the first category, algorithms are
used to detect facial features such as eyes and
mouth. Statistical models of faces are used to
verify the face hypothesis (e.g., Yang and Huang,
1994; Chang et al., 1994; Burl et al., 1995; Yow
and Cipolla, 1997; Jeng et al., 1998). Feature-
based approaches use one or a combination of
features to detect face regions in an image. In-
cluded are color-based schemes (which will be
elaborated on in this paper), texture-based meth-
ods, shape-based methods (such as edge-based
schemes and active contours), as well as motion-
based schemes that may detect the face region as a
moving object in an image sequence. These fea-
tures may be useful as a preprocessing step in
which candidate face regions are extracted, from
which facial features may be found; alternatively,
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they may serve as components in a characteristic
(learned) feature-vector for the face class. In the
third category, correlation templates are used to
detect local sub-features that can be rigid in ap-
pearance such as view-based eigenfaces (Turk and
Pentland, 1991), or deformable (deformable tem-
plates, Wiskott et al., 1997). Alternative pattern-
based approaches are based on neural-networks
(e.g., Lin et al., 1997; Rowly et al., 1998; Sung and
Poggio, 1998). The advantages are that the mod-
eling and classification rules are learned from a
given collection of representative face images, with
no human-designed rules. The drawbacks include
computational complexity and the difficulty in
characterizing the ‘non-face’ category.

In the last several years, an increasing body of
research has addressed the specific problem of
automatic face detection based on skin color (e.g.,
Dai and Nakano, 1995; Saber et al., 1996; Sob-
ottka and Pitas, 1996; Sun et al., 1998; Kim et al.,
1998; Terrillon and Akamatsu, 1998; Garcia and
Tziritas, 1999; Wu et al., 1999). Color is a powerful
fundamental feature that can be used as a first step
in the process of face detection in complex scenes.
Color image segmentation is computationally ef-
ficient. It is invariant to the viewpoint or scale of a
given face and is robust to cluttered backgrounds.
Thus, color information may be utilized to locate
candidate face regions, following which additional
face features may be used in order to validate the
face hypothesis. Shape constraints, such as ellip-
soids and symmetry constraints may be used, as
well as facial features extracted and their relative
geometrical ordering used for testing the face hy-
pothesis (e.g., Chang et al., 1994; Lee et al., 1996;
Wei and Sethi, 1999; Wang and Sung, 1999).

The color representation of a face obtained by a
camera is influenced by many factors such as
ambient light and object movement. Different
cameras may produce significantly different color
values, even for the same person under the same
lighting condition. Finally, there exists natural
variability in face color between any two people,
let alone any two ethnic groups. Several recent
works have focused on comparing skin color
modeling at a variety of color spaces (e.g., Terril-
lon and Akamatsu, 1998; Garcia and Tziritas,
1999; Wu et al., 1999). Experience shows that re-

gardless of the color space chosen and the specific
modeling scheme, there are two major problems
with available face segmentation schemes. First,
highlights and shadows on parts of a face usually
result in partial face extraction. The second issue
relates to background colors that are close in color
space to skin color, and which come through any
face-color filtering. Any such regions are treated as
candidate face regions. Shape constraints can be
incorporated to facilitate solutions to the second
problem. In this work, we focus on a solution to
the first. We suggest a model that can accommo-
date extreme variations within a face database or
face archive; specifically those variations relating
to extreme lighting situations.

A unimodal elliptical Gaussian probability
density function (p.d.f.) is most frequently used to
model skin color. The overall approach is to try
and find the better color space in which a unimo-
dal Gaussian distribution accommodates the
sample distribution. In this work, we suggest a
different approach. Rather than trying to find the
best space, lets find the right modal. Rather than
trying to use simplified, single mode p.d.f., our
approach is to utilize unsupervised, multi-mode
semi-parametric modeling, to cluster variations of
natural color, as well as variations in the lighting
conditions. It is our hypothesis that with sufficient
descriptive power, multiple variations may be
modeled, eliminating the need for major pre-pro-
cessing and/or post-processing steps. We do not
aim at color invariance, but rather we aim at un-
supervised clustering of the color space into a set
of representative clusters, with the clusters re-
flecting the variations in the space.

In a few recent works, a mixture model is sug-
gested (e.g., McKenna et al.,, 1998; Yang and
Ahuja, 1999). In these works, the mixture model is
used as a purely statistical modeling tool, with no
in-depth analysis of the actual model learned. No
semantic meaning is associated with the extracted
clusters. We have also not found any correspon-
dence made to the lighting variability problem.
Updating and evolving the color distribution
model under varying illumination, in image se-
quences, is a topic of yet another set of works (e.g.,
Yang et al., 1998; Sigal et al., 2000). It is clear that
if available and relevant to the data in hand,
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temporal information can be used to improve the
accuracy of detection and segmentation.

In this work, we are assuming a stationary do-
main in which an archive of images is provided to
the system. We are thus not including temporal
information. Our main objective is to take the
probabilistic modeling approach further, analyz-
ing the variability of the input space via the ex-
tracted model, and utilizing the suggested
methodology for more informative segmentation.
An important benefit of the proposed approach is
the ability to segment within-face regions, and
associate semantic meaning to them.

The paper is organized as follows. In Section 2,
we focus on face-color modeling via a Gaussian
mixture model. After a representative model has
been extracted, we may use it in several ways. Two
ways of utilizing the extracted information content
are presented in this paper. Face segmentation is
discussed in Section 3. A statistical analysis of the
database content is shown in Section 4. Section 5
concludes the paper with discussion and future
directions.

2. Modeling face color

We propose to use a Gaussian mixture model to
model the face-color distribution in a selected
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color space. In this paper, we choose to work with
the normalized r—g color space which is frequently
found in the face research literature. The presented
modeling scheme is a general one and may be
applied to any chosen color space (e.g., HSV, CIE-
xy, YIQ, Luv, Lab and TSL).

Face-color modeling is a one time global
learning process per given archive. A large sample
set of face-color pixels, the training set, is required
for learning the model. We generate the training
sets in a pre-processing phase, in which sample
face pixels are collected from given training data-
bases. In this work, we focus on heterogeneous
databases that include skin tone variations as well
as natural lighting variations.

In order to motivate the proposed model we
start by taking a closer look at face sample dis-
tributions in color space. We use a large set of
sample points from a heterogeneous database of
faces. Fig. 1 shows a set of 2D histograms repre-
senting face-color samples from the ARH (a) and
ARL (b) archives (see definition of archives in
Section 2.2). A unimodal distribution is present in
the ARH database. In the ARL database, faces are
lighted selectively, thus shadows and highlights are
strongly present. It is evident that a single
Gaussian cannot model the two major peaks in the
distribution. The need for multi-modal p.d.f. is
clearly motivated.
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Fig. 1. 2D histograms of face-color samples (r—g space). (a) Histogram of face-color samples in a homogeneous color dataset (ARH).
A strong unimodal distribution is evident. (b) Histogram of face-color samples with non-homogeneous lighting (ARL). The distri-

bution is a much more complex multi-modal distribution.
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2.1. Maximum likelihood face-color modeling via a
Gaussian mixture model

We propose to model the face-color distribution
using a mixture-of-Gaussians  distribution.
Gaussian mixtures are semi-parametric models.
Maximum likelihood estimation provides means
for optimizing the mixture parameters. The Ex-
pectation Maximization (EM) algorithm is used to
extract the maximum likelihood estimate of the
Gaussian mixture model (Dempster et al., 1997).

We start with the general estimation model. The
distribution of a random variable X € R? is a
mixture of & Gaussians if its density function is

k
O pr———
= Jen )
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such that the parameter set 0 = {a;, uj,Z,-}le
consists of:
e o, >0, Zj‘.:l o =1;
LIRS R? and X; is a d x d positive definite ma-
trix.
Given a set of color vectors xi,...,x,, the
maximum likelihood estimation of 0 is

OmL = arg mgle(xl, ey X, | 0). (2)

The EM algorithm is an iterative method to obtain
OmL. Given the current estimation of the parameter
set 0, each iteration of the EM algorithm reesti-
mates the parameter set according to the following
two steps:

e Expectation step:

OC/f(x, | Hjs Zj)

Zf-;l O(if(xt|:ui72i)7
j=1....k, t=1,... n (3)

=

e Maximization step:

1 n
% = E :w,j,
n t=1

n
~ Zt:] WXy
W~ = >
Zr:l Wij

s, Tl =)o = ) 5
Zt:] Wij

The first step in applying the EM algorithm to
the problem at hand is to initialize the mixture
model parameters. The K-Means algorithm is uti-
lized to extract the data-driven initialization. The
update scheme defined above allows for full co-
variance matrices; variants include restricting the
covariance to be diagonal or scalar matrix. The
updating process is repeated until the log-likeli-
hood is increased by less than a predefined
threshold from one iteration to the next. In this
work, we choose to converge based on the log-
likelihood and we use a 1% threshold. Other pos-
sibilities include converging based on the final
probabilities extracted and using more strict con-
vergence thresholds. We have found experimen-
tally that the above convergence methodology
works well for our purposes. Using EM, the pa-
rameters representing the Gaussian mixture are
found. K-Means and EM are calculated for k£ > 1,
with k corresponding to the model size.

We next wish to graphically illustrate the
learned model in the color space. The parameter
set that was estimated from the face-color training
set is 0 = {o;, u;, Zj}f,:l. Denote

Silx]o, Hj, %))
1

:o(j

ny 2,
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Eq. (6) provides a probabilistic representation
for the affiliation of each input sample, x = (r, g),
to the Gaussian components that comprise the
learned model. The probabilistic representation is
complete, in that no information is lost.

It is often desired to proceed with a decision
phase that is based on the extracted probabilities
and provides a ‘hard-decision’ map of pixel affil-
iations into the predefined categories (in this case,
face and no-face categories). Following the pa-
rameter estimation, we divide the color space into
k + 1 decision regions, k face-color regions and the
complementary non-face region. The mapping
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into decision regions is based on the following
steps:
e For each pair of x = (r,g) coordinates in the

color space, compute f;, j=1,...,k.

e Find the Gaussian with the highest probability,
I3
| =arg mjaxﬁ(x|ocj, s ) (7)

e Mapping decision is based on the following
rule:

label(x)

l if (x— #z)TZfI (x =)
= < thresh (8)
non-face else.

For a probability that is less than a pre-de-
termined, empirically defined threshold, the color-
space coordinate is identified as a non-face-color
coordinate. Otherwise, the color-space coordinate
is labeled as a member of the selected Gaussian, /.
In this work, we use a threshold of a single
standard deviation, o, throughout. This threshold
is an empirical one. It may be possible to use a
more data-driven threshold as well. In cases in
which the face-color distribution is distinct from
the background distribution (such as cases in
which the background is well-controlled envi-
ronment, e.g., a bluish screen in a portrait set-
ting), it may be possible to increase the threshold
(e.g., to 30), in which case we increase the
probability of detection with no added risk of
false alarms. In cases in which an overlap be-
tween the face color and background distribu-
tions is expected, a more conservative threshold
should be used. A trade-off exists between the
detection probability and the probability of false
alarms. In this work, we use the more conserva-
tive threshold.

2.2. Experimental results in color modeling

In this section, we introduce the datasets that
we are working with and present results of the
database modeling via representative Gaussian
mixtures.

A variety of databases were collected and ex-
perimented with. Two were downloaded from the
website: http://rvll.ecn.purdue.edu/aleix/aleix_fa-
ce_DB.html. The first set of people is normally
lighted (ambient light) (designated ‘“ARH’, which
stands for Aleix, Robert, Homogeneous) while the
second is with people lighted from left to right
(designated ‘ARL’, which stands for Aleix, Rob-
ert, Light). An additional database (Video) is a
batch of images taken from TV shows and movies.
The last database (Mix) is composed as a set of
images from both ARL and Essex. The Essex
database was downloaded from the Essex Uni-
versity Vision Group at http://cswww.essex.ac.uk.
The two databases are combined in order to syn-
thetically generate a database of extreme color-
ings, with the ARL images being more yellowish
and the faces in the Essex images having a more
pinkish complexion. In Fig. 2, we show two images
from the MIX database, demonstrating its vari-
ability. Table 1 presents a summary of the number
of images and pixels in each of the above-described
databases. Note that the model extraction (learn-
ing) is performed on a set of training images and a
second, independent set of images in each dat-
abase, serves as a testing set.

Fig. 2. Examples of faces present in the MIX database.

Table 1

Face databases
Database # training # test # skin

images images pixels

ARH 51 51 382K
ARL 42 128 267K
Video 82 82 8.2M
MIX 90 156 712K
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We focus on the ARL database, in which strong of extreme skin color variations. Decision maps for
lighting variations are present, and the MIX dat- the ARL database are shown in Fig. 3 for
abase, in which we artificially generated a database k=1-3, top down, respectively. On the left are
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Fig. 3. Decision maps for differing values of k: k£ = 1,2, 3 top bottom, respectively; ARL database used. On the left are the contour
maps of the model for the corresponding k value, ¢ = 1. On the right are the support maps of the Gaussians in the model, shown with
the respective mean color and size; a zoomed in view.
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Fig. 4. Decision (support) maps for the MIX database, for k = 1,2, 3 left to right, respectively.

the contour maps of the model for the corre-
sponding k value, displayed in the color space. On
the right, are the support maps of the Gaussians in
the model, shown with the respective mean color
and size. We note that for k£ = 1, the single Gauss-
ian has a mean that represents the pinkish color,
and a large overall support. In the £ = 2 case, the
support of the first Gaussian decreases as a second
Gaussian models the more yellowish skin colors.
The model changes further in the £ = 3 case. Ex-
ample of modeling the MIX database is shown in
Fig. 4. The two main color distributions are ex-
tracted, with a yellowish source (the representative
color in the ARL database) and a more pinkish
source (representative color of the Essex database).

3. Face-color segmentation

An important benefit of the proposed approach
is the ability to segment face regions with robust-

(b)

Fig. 5. Robustness to lighting variations. (a) The right side of the input face is illuminated while the left side remains with normal
lighting conditions. (b) Single Gaussian modeling is used. With a unimodal Gaussian only the normal face half is extracted; half of the
face is found to be a non-face region (shown as white pixels). (c) With Gaussian mixture modeling, the left half of the face is found to

be associated with one Gaussian, while the right part of the face is found to be associated with a second Gaussian of the multi-modal
mixture model. Each Gaussian is displayed with its mean color.

ness to varying illumination conditions. Using the
Gaussian mixture representation we are moreover
able to segment within-face regions. We may au-
tomatically extract information that the left side of
face is shadowed, the right part is highlighted and
the face is of yellowish color. Such information
may prove useful for a variety of follow-up image
analysis objectives.

The labeling of individual pixels in the input
image is accomplished via similar steps as used in
the color space labeling process [Egs. (7) and (8)].
Each pixel, x = (r,g), in the image plane, is affili-
ated with the most probable Gaussian (closest in
color space). If the probability of affiliation is be-
low a decision threshold, the pixel is labeled as a
non-face pixel.

A smoothing process follows the pixel-based
classification, to provide contiguous label image
regions. We use local neighborhood filtering (3 x 3
majority vote) and morphological operations of
filling holes and removing isolated pixels to gen-
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erate smooth regions in the final segmented image.
More advanced smoothing methodologies may be
used, including Markov-random fields (MRF) and
Gibbs random field (GRF) model-based smooth-
ing, in which the a posteriori probability of the
segmentation labels is maximized, given the ob-
served data along with spatial continuity con-
straints (Marchand-Maillet and Merialdo, 1999;
Saber and Tekalp, 1998). We find the morpho-
logical filtering suffices to demonstrate the con-
cepts we are presenting in this work.

The following examples demonstrate the possi-
bility of achieving meaningful segmentation results
that relate to lighting conditions. An example from
the ARL database is presented in Fig. 5. The right
side of the face is illuminated while the left side
remains with normal lighting conditions (left im-
age). This introduces a problem when a single
Gaussian is used (center image). With a unimodal
Gaussian only the normal face half is extracted;
half of the face is found to be a non-face region
(shown as white pixels). Using the Gaussian mix-
ture model, the left half of the face is found to be
affiliated with one Gaussian, while the right part of
the face is found to be affiliated with a second
Gaussian of the multi-modal mixture model (right
image). In the pseudo-color result presented, each
face-color pixel is displayed as belonging to one of
the two Gaussians in the mixture. Each Gaussian
is displayed with its mean color (the Gaussian that
captures the more normal lighting face color is
shown as a pinkish pseudo-color and the Gaussian
that captures the more highlighted regions is dis-
played with a yellowish pseudo-color). A sub-
stantial part of the face is detected as a face region,
which is the desired face segmentation result. Se-
mantic meaning may be associated with the with-
in-face segmented regions, according to their
probabilistic affiliation with the varying Gaussian
supports.

Additional examples of image segmentation
into face-color regions are shown in Fig. 6. We see
typical problematic cases with the single Gaussian
case that are solved with the proposed mixture
model. In Fig. 6(a) we see an instance from the
ARL database in which highlights are present on
both sides of the face. The highlighted regions are
not extracted as face-color regions with the uni-

(a) (b)

Fig. 6. Segmentation examples. In (a), we see an instance from
the ARL database in which highlights are present on both sides
of the face. The highlighted regions are not extracted as face-
color regions with the unimodal Gaussian model (shown as
white pixels, center row). Using the proposed modeling scheme,
the entire face region is extracted (bottom row), as desired. In
(b), we see an image from the Video database. Here many
shadows exist. Using the unimodal Gaussian model (center
row) we see a large portion of the pixels detected as non-face-
color pixels (in white). This problem is solved using the pre-
sented model (bottom row).

modal Gaussian model (shown as white pixels,
center row). Thus, the remaining pixels that are
extracted as face-color pixels do not form an oval
shape. This may cause the face region as a whole
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not to be identified as a face in later processing.
Using the proposed modeling scheme, the entire
face region is extracted (bottom row), as desired.
In Fig. 6(b), we see an image from the Video
database. This image is a very challenging one in
which many shadows exist across the face region.
Using the unimodal Gaussian model (center row)
we see a large portion of the pixels detected as non
face-color pixels (in white), such that the overall
number of extracted face-color pixels may not be
sufficient for a face decision. The presented model
provides a better solution to this very difficult task
(bottom row).

Face detection examples with more complex
backgrounds are presented in Fig. 7. In Fig. 7(I),
we see a comparison between unimodal Gaussian
modeling, Fig. 7(I)(b), and Gaussian mixture
modeling, Fig. 7(I)(c). An additional face seg-
mentation result using a Gaussian mixture model
is shown in example Fig. 7(II)b. In all these ex-
amples skin-colored regions are extracted with

II
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minimal false detects of similar-color background
regions.

4. Face archive statistical analysis

A second objective of this work is to show that
the probabilistic Gaussian mixture model provides
information about the variability present in the
color space and the corresponding variability in a
given input archive. A differentiation of interest
may be the answer to the question: “What is a
more important differentiating characteristic in the
given archive: variations in color or variations in
lighting?”.

A statistical analysis of the pixel membership
distribution per face, across all the images of the
archive, enables to draw global conclusions about
the dominant variability within a given archive.
Each test image is segmented via the extracted
model. For each face region we compute the

(b)

Fig. 7. More complex background examples. (I): (a) input image; (b) unimodal Gaussian model; (¢) Gaussian mixture modeling.

(ID): (a) input image; (b) Gaussian mixture model output.
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relative number of pixels affiliated with each
Gaussian in the model. In the £ = 2 scenario, e.g.,
for each image we extract the ratio number of
pixels that have a color within the support of
Gaussian number 1 to the number of pixels with a
color belonging to the support of Gaussian
number 2.

Fig. 8 presents a set of analysis graphs, for two
different databases, the MIX database and the
ARH database (k = 2). In Figs. 8(a) and (b), each
sample point indicates the percentage of a face
region that is affiliated to Gaussian number 1
(x-axis) and the percentage of the face region that
is affiliated with Gaussian number 2 (y-axis). The
ratio between the number of pixels that are asso-
ciated with Gaussian number 1, to the total
number of pixels in a single face is shown in the
histograms of Figs. 8(c) and (d).

In Figs. 8(a) and (c) we see the results for the
MIX database. The samples are seen to cluster in
two main clusters, at the two extremes of the plot
(0 and 1 in the histogram). Approximately, half of
the face samples are affiliated with Gaussian
number 1 and half are affiliated with Gaussian

(e)

number 2. Each face region is uniformly associated
with a single Gaussian in the mixture model, with
no in-face segmentation. The distribution of the
face samples matches with the fact that we have a
mix of two distinct databases.

Figs. 8(b) and (d) display the results for the
more homogeneous database, ARH. In this case,
the samples are clustered in a single cluster in the
center of the plot Fig. 8(b), and are spread around
the 0.5 bin in the corresponding histogram. In this
case, all the faces exhibit in-face splitting between
the two Gaussians in the mixture.

The above results demonstrate that the more
homogeneous archives, in which the variability
within a face is greater than the variability across
faces (such as the case with lighting variations),
will exhibit splitting of the face regions, resulting
in support for multiple Gaussians in the model.
Alternatively, archives that have strong variations
in color space (e.g., combine several ethnic
groups), such that the variability between faces is
more dominant than the in-face variability, will
tend to result in face regions that are mostly ho-
mogeneous in the pixel memberships to one

(b)

(d)

Fig. 8. Statistical analysis for the MIX database ((a), (c)) and the ARH database ((b), (d)). In (a) and (b), each sample point indicates
the percentage of a face region that is affiliated with Gaussian number 1 (x-axis) and the percentage of the face region that is affiliated
with Gaussian number 2 (y-axis). The ratio between the number of pixels that are associated with Gaussian number 1, to the total
number of pixels in a single face is shown in the histograms (c) and (d).
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particular Gaussian (the Gaussian in the model
that best fits the persons face color).

5. Discussion

We present a general methodology for color
modeling within a given archive, that allows for
face-color modeling and segmentation. The pro-
posed shift from a unimodal p.d.f. to a multi-
modal p.d.f., allows for better modeling and aug-
ments analysis capabilities.

In this work, we demonstrated that via the
multi-mode semi-parametric modeling, we have
sufficient descriptive power to capture multiple
variations within the given image archive, such as
variations of natural color, as well as variations in
the lighting conditions. We have demonstrated the
ability to provide better overall face segmentation
results, as well as the ability to analyze the different
regions within a face as belonging to different color
and lighting categories. These characteristics are
helpful in further higher-level processing, such as
facial feature extraction (e.g., eyes, nose, mouth),
and complete face detection systems. We have
shown a statistical analysis of a set of images
passing thru the model and have demonstrated
that global conclusions about the dominant vari-
ability within the archive can be extracted.

In this work, we focused on the case of k = 2.
We intend to explore the added value in increasing
the number of components further. We are also
investigating means of automatically determining
the most appropriate number of model compo-
nents per given archive. The probabilistic frame-
work used in this work gives a probabilistic
affiliation of the image pixels to the learned model
Gaussians. In segmentation systems in which a
hard-decision (face, no-face) is desired, thresholds
need to be utilized. In this work, we use empirically
defined thresholds. A shift to more data-driven
thresholds is desired. The proposed modeling
scheme is not limited to face content. The meth-
odology presented is a general one and can be
extended to additional image archive modeling.
Future work entails testing on larger face archives,
with a large number of variability sources.
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