2. CONVERGENCE WITH PROBABILITY ONE, AND IN PROBABILITY.
OTHER TYPES OF CONVERGENCE. ERGODIC THEOREM

2.1. Definitions. In this Lecture, we consider different type of conver-
gence for a sequence of random variables X,,,n > 1. Since X,, = X, (w),
we may consider the convergence for fixed w®: X, (w°) — £(w°), n —
oo. That type of convergence might be not valid for all w € €.
Convergence with probability one. Let A = {w : lim, X,,(w) = X(w)}
and A°=Q\ A. If P(A°) =0, a sequence X, (w),n > 1 is said to be

obey the limit X (w) with probability one: X, ——%% X.

n—oo

Obviously, the convergence for all w’s provides the convergence with
probability one. Let X, (w) = (1 — )X (w). Then X,(w) converges to
X (w) for all w’s and so with probability one.

Convergence in probability. A sequence X, (w),n > 1 of random vari-
ables converges in probability to a random variable X (w), if for any
e>0

lim P(w : & (w) — &(w)| > ¢€) = 0.

n—oo

Convergence in L'-norm. A sequence X, (w),n > 1 of random vari-
ables, with E|¢,| < oo, n > 1, converges in L'-norm to a random
variable X (w), with E|X (w)| < oo, if

lim E|X, — X|=0.

n—oo

Convergence in L*-norm. A sequence X, (w),n > 1 of random vari-

ables, with EX? < oo, n > 1, converges in the L>n0rm to a random
variable X (w) with EX?(w) < oo, if

lim E(X, - X)*=0.

n—oo

Convergence in distribution (law). A sequence X, (w), n > 1 of ran-
dom variables converges in distribution to a random variable X (w), if
for any = € R, being the point of continuity of the distribution function
F(r) = P(X(w) < z),

lim P(X,(w) <2z) = P(X(w) < x);

n—00 -

or, equivalently, for any bounded and continuous function f

lim Ef(X,) = Ef(X).

n—o0
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2.2. List of relationships for different type of convergence.
1. Convergence with probability one provides convergence in proba-
bility and in law.

1 a>b,
0 otherwise.

Proof. Define the indicator function I(a > b) = { If

X, Lo, x , then |X,, — X| converges to zero with probability one
and I(|X,, — X| > ¢) — 0 as well. Taking the expectation we find

EI(|X, - X|>¢)=P(|X,— X| >¢) — 0.

The convergence in law follows due the definition. The convergence
in L' and L? norm is failed when first or second moments of X,, do not
exist.

g

2. Convergence in probability provides convergence in law only.

Proof. We apply here the known fact. If &,, n > 1 converges in proba-
bility to &, then for any bounded and continuous function f we have

Tim Ef(&,) = E(¢).

To convince ourselves that the convergence in probability does not
provide the convergence with probability one, we consider the following
example. Let X,,,n > 1, be a sequence of independent random variables
such that X,, = 1 with probability 1/n and X,, = 0 with probability
1—(1/n). That sequence converges to zero in probability since for any
e>0

P(X,>¢)<P(X,=1)=(1/n) -0, n — 0.
We show that at the same time this sequence does not converges to
zero with probability one. To establish that fact, we assume that the
convergence with probability one holds true and then obtain the con-

tradiction. If the convergence with probability one holds true, then for
large number m

P(maXXn = 1) — 0, m — oo.
n>m

Notice that { maxX,>m, X, = 1} = Unzm{Xn = 1}. Hence, taking
into consideration the fact that (X,,),>1 is the sequence of independent
random variables and

P(Upsn {X, =13) =1 = PN {X, = 0))

:1—HP(Xn:0):1—H(1—1)51,

n>m n>m

we arrive at announced contradiction. O
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3. Convergence on L'-norm provides convergence in probability and
in law.

Proof. 1t follows by he Chebyshev inequality:
1
P(|Xn ~X|> g> < “E|X, - X|.
€
O

4. Convergence on L2-norm provides convergence in L'-norm, in
probability and in law.

Proof. The use of the Cauchy-Schwartz inequality

E|X, - X| < VE|X, — X?

and the Chebyshev inequality that
1
P<|Xn ~X|> g> < < E|X, - X
€

provides the result.
O

5. Convergence in law does not provide convergence of any other
types.

Proof. The convergence in law does not guarantee that X,, and X are
“comparable”, that is X,, — X is well defined. O

Different types of convergence have different types of limits for the
same sequence (X, )p>1. Assume (X,,),>1 converges simultaneously P-
a.s., in probability, and in L!- |, L?-norms. Denote for a definiteness by
X, XP, X', and X” the limits respectively. A remarkable fact is given
below.

Lemma 2.1.
P(X=X"=X=X")=1.
Proof. 1t suffices to show that P(X # X?) = 0. Write
P(X # X?)=P(|X — X?| > 0)
and notice that P(|X — X?| > 0) = lim._o P(|X — X?| > ¢). On the
other hand, since |X,, — X| L2220, also I(| X, = X[ > %) L2220 and
so, by taking the expectation we, find that P(|X,, — X| > 5) — 0. The
use now the triangular inequality |X — X?| < |X — X,,| + |X,, — X?|
for any € > 0 provides
P(IX=X"| > ¢) < P(|X—Xn| > §)+P<|Xn—X”| > g) 0

and, thus, lim. o P(|]X — X?| > ¢) =0. O
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Theorem 2.2. [Cauchy criteria] A sequence of random variables (X,,)n>1
(EX? < o0) converges to a random variable X (EX?* < oo) in L*-
norm, iff

lim E(X, - X,,)*=0. (2.1)

n,Mm—00

Proof. The implication that L?-norm convergence provides (2.1) is ob-
vious by the inequality E(X,,— X,,)? < 2(E(X,—X)?*+ E(X,,— X)?).

To establish the inverse implication, we choose a subsequence n;
such that E(X,, , — X,,)? < (1/2%). Since by the Cauchy-Schwarz

Nk+1
inequality we have E|X,, , — X, | < (1/2%) it holds

k+1

Y E[X,,,, — X,,| <.
k

Hence ) [X,,,, — Xy,| < oo with probability one. Therefore the ran-
k

dom variable X = X, + > (X — X,,) is well defined and is a
k

Ng41
candidate to be the limit, in L?*norm, for the sequence (X,,),>1. Write
(X — X)? <2(X, — Xp,)* +2(X,,, — X)?

and notice that lim,, E(X, — X,,)* = 0 by (2.1). Further, we have
that

[ee]

2
(X, — X)? = ( Z (Xpyr — Xnk))
k=j+1
and so
E(an - X>2 < Z E|X”k+1 - Xnk||X”k+1 - Xnk|
k=j+1,6=i+1
< Z E‘X"k+1 - Xnk ‘2E|Xnk+1 - Xnk |2
k=j+1,6=i+1
< ( Z 2j+1) — 0, k — oo.
k=j+1

g

Corollary 2.3. Let &,,n > 1 be a sequence of random variables with
E¢, =0, EE = 02, and E&.E,, = 0,n # m. The series Y. &, con-

o 2
et Oy < O0.

verges in L*-norm, iff >



Lemma 2.4. If lim E(§, —&)? =0, then lim EE, = E¢, lim EE2 =
E¢&.

Proof. Since |E¢, — E¢| < E|§, — £)| and by the Cauchy-Schwarz
inequality E¢, — &)| < v/ E|&, — £J?, the first statement holds true.

Further, |EE—E¢?| < E|¢,—¢[|6,+€)| < VBl — £V E(&, +€)?
Recall that the first term in the right side of the above inequality con-
verges to zero while the second one is evaluated above as follows:

EE +8? = E(& —£+20)*<2E(¢, — €)* + 8E¢?

— 8E&, n — oo.

2.4. Sufficient condition for the convergence with probability
one. (Not included in test).

A sequence of random variables (X,,)n>1 converges with probability
one to a random variable X := X1+ 7, (Xn+1 — Xn), if there exists
a decreasing to zero sequence of positive numbers (,,)n>1 such that

o
E Ep < OO
n=1

D P(|Xpi1 — Xn| > &) < 0.

n=1

(2.2)

2.5. Law of large numbers for stationary process.

2.5.1.  Let (X,)n>1 be a stationary process in the wide sense, (EX,, =
0) with a correlation function K. The following result is readily verified:

11£nnZK (1--) :O:>li£nE<%zn:Xj>2:O. (2.3)
j=1

Write

n

BAN) = ATk

=1 /=1
9 n k-1 9 n n
= 50 > K== I(k > q+1)K(q)
k=1 q=0 k=1 q=0
2 — _ 2 _ q
= K(q)[n — N K (1= 2).
Z Jin—q)="> 2 (Q)< n)



2.5.2. The Birkhoff-Khinchin Theorem. (Not included in test) Let (X,,)n>1

be a strictly stationary process with E|X;| < oco. Then % Y X;,n>1,
j=1
converges with probability one to E Xy, if the process is ergodic, and

to E(X1|§), where E(X,|§) is the conditional expectation given the
o-algebra of the invariant sets, in a general case.



