13. KALMAN FILTER AND GENERALIZATIONS. Discrete time case

As in the continuous time case, the Kalman filter for the discrete time case is
adapted to a special stochastic linear model given below. Let X,,,Y,,,n =0,1..., be a
sequence of a random vectors defined by the recursion

Xn = aan,l + CLQYn,1 + b1€; + b2€721
Y, = A1 X, 1+ A)Y, |+ Biel + Bye? (13.1)

subject to Xg, Yy, where all matrices can be dependent on n: a; = a;(n),...etc.
X, is column-vector of size k;
Y,, is column-vector of size /;
the sizes of all matrices, involving in (13.1), are

ar = aigexk)y, A1 = Aiexr),
ay = Qopxe, Az= Az(zxe);
b1 = bikxk, B1= Biuxk),
by = bapxe, Ba2= B2(£><Z);

(el) is a sequence of uncorrelated random vectors (columns) of size k with Ee! =
and Ee!(el)T = I (I is the unit matrix of the size k x k, “T" designates transpose),

(¢2) is a sequence of uncorrelated random vectors (columns) of size ¢ with Ee? = 0
and Ee?(e2)T = I (I is the unit matrix of size £ x (),

sequences (g}) and (¢2) are assumed to be not correlated and both are not corre-
lated with the random vector Xj, Y, parameters of which are known

EX,, EYj,

Var(Xo, Xo) = E(Xo — EXo)(Xo — EXy),
Var(Xy, Yy) = E(Xo — EXy) (Yo — EYy),
Var(Yp, Yp) = E(Y, — EY,)(Yo — EYy)”.

For further convenience, introduce the matrices
b o b - blb{ —+ bgbg

boB = bB] +bB]
BoB = BB+ ByB!.



The vector X,, is unobservable signal while the vector Y,, is observation. As
the linear and optimal in the mean square filtering estimate of X, (given observa-
tions Yy, ..., Y,,), we take the orthogonal projection )A(n of the random vector X,, on
linear space generated by the random vectors Yy, ..., Y,,. The definition of the above-
mentioned projection is the following: X, can be represented as a linear combination
of Yy, ..., Y, and a non random vector C'

X,=C+ zn: Cotc Y,

k=0

where matrices C,;.’s are chosen such that the matrix P, = E(X,, — )A(n)(Xn — )A(n)T is

minimal, that is for any other set 5, énk’s the matrix ﬁn =E(X, - X,)(X, - X,)T
is less than P, or, what is equivalent, the matrix P, — P, is non negative definite.
The Kalman filter defines the pair X,, and P, by the following recursions

)?n = al)?nfl +azY,
+[bo B+ a1Py 1 A][Bo B+ AP, 1 AT 7N (Y, — A1 X1 — AsY, ),
P, = aP,_ial +bob
~boB+a P, 1Al[Bo B+ AP, 1AT] ' [bo B+a,P, 1AT]"  (13.2)

subject to

Xo = EX;+ Var(Xy, Yy)Var ' (Yy, Yo) (Y — EYy)
Py, = Var(Xy, X,) — Var(Xo, Yo)Var~!(Yp, Yo) Var’ (X, Yp). (13.3)

Remark. In a case of singular matrix Var(Yp, Yy) the inverse matrix Var~! (Yo, Yo)
can be replaced on the Moore-Penrouse pseudo inverse matrix Var™ (Y, Yp).

Proof of (13.3). Assume the matrix Var(Yy, Yp) is non singular. For some matrix
G, Define a random vector

0= (Xo - BXo) + (Yo — EYy).
The matrix GG can be chosen such that the vector  and Yy — EY| are orthogonal to
each other. Since n = 0, G has to taken such that
En(Y, — EY;)" =0.
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The last condition implies 0 = Var(Xy, Yy) + GVar(Yp, Yy) and so

G = —Var(Xy, Yy)Var (g, Yp).

Therefore, with chosen matrix G the vector X, can be decomposed into X, = )?0 +n,
where the vector 7 is orthogonal to any of vectors C'+C1Y; (C, C are arbitrary vector
and matrix respectively).

Thus X, is the required orthogonal projection. C' + C1Yj.

To find the matrix P, note that Py = Enn’. Consequently

Py = Var(Xy, Xo) + Var(Xo, Y5)GT 4+ GVar(Yy, Xo)
+GVar(Yy, Yp)GT
= Var(Xy, Xo) — 2Var(Xy, Yy)Var(Yp, Yo) Var® (Xo, o)
+Var(Xo, Yo)Var ! (Yy, Yy) Var® (X, Yy)
= Var(Xy, Xo) — Var(Xy, Yy)Var ™! (Yp, Yy) Var” (X, Yp).

Proof of (13.2). Denote by )A(nm_l and ?n\n—l the orthogonal projections of
X, and Y,, on the linear space generated by Yy, ..., Y, 1. Since an operator of the
orthogonal projection is linear, due to (13.1), we get

Xn|n71 = u X1 +aY, 1+ blgln\nfl + 62€2n|n71

~

Yn|n71 = Al)?n—l + AZYn—l + Blgln\nfl + B2g\2n|n717 (134)

where étAln\n_l and g2n|n_1 are the orthogonal projections of ! and €2 on the linear
space generated by Yy, ..., Y,,_1. By the assumptions, the random variables ! and &2
are orthogonal to any linear combination of Yy, ..., Y, ;. Therefore their orthogonal
projections coincide with their expectations, i.e. gin‘n_l =0,7=1,2 and, in turn,

Xoppn—1 = a1 Xp_1+a2Y,

~ A~

Yn|n71 == Aan,1 + AQYnfl. (135)

As previously, define the random vector

N = Xn - )?n|n—1 + G(Yn - }/}n|n—1)7



where the matrix G is chosen such that En, (Y, — ?nln—l) = 0. The last requirement
is nothing but

-1

G = _E[Xn - )?n|n—1][yn - }/}n|n—1]T<[Yn - }/}n|n—1][Yn - ?n|n—1]T)

Using this formula, we find now other type of representation for G expressed via
P, 1= E[X 1 — Xyjn1][Xno1 — Xn|n,1]T. From (13.1) and (13.5), it follows that

Xy — )?n\n—l = [ Xpo1 — )?nfl] + biey, + boc?
Y. — i}n\n—l = A [X1 — )?n—l] + Bie), + Bae.

Hence,

E[X, — Xppn i)Yo = Yop]" = a1P, AT +b0B
EY, =Yy lYo = Yuua]” = AP Al +BoB

and consequently

G = —la1 P AT +bo B][A,P,_ AT + Bo B]™. (13.6)

Summing now all previous results, we arrive at the following decomposition

Xy = X1+ [a1Po 1 AT + b0 B][A P, 1 AT + Bo B [Y,, — Yopoi] + . (13.7)

To get the announced result for )A(n, it remains to recall (13.5) and to show that the
orthogonal projection 7, of 7,, on the linear space generated by Yy, ..., Y,, is equal zero:
N, = 0. To this end, it is sufficient to check that the random vector 7, is orthogonal
to any linear combination of Y, ...,Y,, say, Y, + ZZ;& Chi:Yr + CYy. On the other
hand, since )/}n‘n_l possesses a form Zz;é CuiYr + CYy, it is sufficient to check only
the orthogonality of vectors n,, and Y,, — S/}n‘n_l. Since the matrix G has been chosen
to satisfy this requirement we get 7, = 0.

Therefore, (13.7) and (13.5) imply the first recursion in (13.2).

The second recursion in (13.2) is derived by using the decomposition

Xn — )?n\n—l = [alpn_lA{ —|— b () B] [Alpn—lA{ —|— B @) B]_I[Yn — }/}n\n—l] —|— nn
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with orthogonal vectors [a; P, AT +bo B|[A1 P, 1 AT + Bo B]7'[Y,, — ?n\n—l] and 1,.
Due to this decomposition, we get

P, = Emnmn,
+lay P AT 4+ bo B][A1 P, AT + Bo B]™!
X E[Y, = Yo l[Yn = Yo 1) [A1 Py 1 AT + Bo Bl Vay P, 1 AT + b o B]”
= Enu,
+lay Py 1 AT 4+ bo B][A1P, AT + B o B Ya, P, AT +bo B]".

On the other hand, the definition of the random vector 7,, and the matrix G imply

Eﬁn?]g’ = [aan_lalT + bo b] + G[Alpn_lA{ -+ Bo B]GT
+layPo_1al +bob|[A1P,_ AT + B o B|G"
= [aan_la{ + bo b]
—[alpn,lAlT -+ bo B] [AlpnflA? -+ Bo B]*l[alpn,lAlT -+ bo B]T

Remark. If all vectors Xy, Yy, €1, €7, k > 1 are jointly Gaussian, then the sequence
X,,Y,,n=0,1,... is Gaussian as well and the orthogonal projection coincides with
the conditional expectation:

X, = E(Xn

Yk,O§k§n>.

Generalized Kalman filter. Parallel to the model given in (13.1), consider non

linear model

X, = a1 X1+ a(Yy ) + bl + boe?
Y, = A1 X1+ A (Y] + Big), + Bocl,
where the conditions from the remark above takes place and ay(Yy' ') and Ay (Y ™)

are past-dependent nonlinear functionals of the observable values Y,k =0,...,n — 1.
Denote by

X, = E(Xn Yk,nggn)




The generalized Kalman filter defines recursions ((compare (13.2) and (13.3))

a X 1+ az(Yg™)

+[bo B+ aiPa 1 A]|[B o B+ APyt AT) 7N (Y, — AiXpy + As(Ye," ),
P, = aiP,_1al +bob

—[b oB -+ aan_lAf] [B oB -+ Alpn_lA{]il[b oB -+ alpn_lAf]T

:><>
I

subject to

Xo = EX,+ Var(Xo, Yy)Var 'Yy, Yo)(Yy — EYy)
Py = Var(Xy, Xo) — Var(Xy, Yo)Var~!(Yp, Yo) Var’ (X, Yp).

Example. Consider the scalar signal X,, defined by linear recursion

X, = aX,_1 + bel,

where a and b are known constants and £}, n > 1isi.i.d. sequence of random variables
with Ee{ = 0 and E(e1)? = 1. The observation

Yn = Xn—i-é“i,

where €2,n > 0 is i.i.d. sequence of random variables with Ee? = 0 and E(¢?)? = 1
and it is independent of Xy and &}, n > 1.

Formally, we could not apply the result obtained to the filtering X,, given Yy, ..., Y,,.
So, it is shown below how this model can be adapted to the general theoretical result.
It is clear, there exists an equivalent recursion for X,,,Y,,

X, = aX,_i+be}
Y, = aX,_1+ be}l + si

for which the general filtering recursions are applicable:

~ = b2 + CL2Pn_1 o
X, = aX,_ Y, —aX,_
X ¥ T ep, O~ 0Xn)
[b2 + CL2Pn_1]2

Pn = CLZPn,1+b2—

b2+ 1+a?P,_;



Let us find now )/(\0 and Py. Obviously Yy = X + . The independence assumption
for Xy and €} implies

Var(Xy, Xo)

1 + Var(Xy, Xo)
Var?(Xo, Xo)

1 + Var(Xo, Xo)

Xo = EXo+ (Yo — EX,)

PO = Var(Xo,Xo)—

Innovation sequence. Let X, and P, be defined by the Kalman filter (13.2).
Introduce a sequence g,,n > 1, putting
g, =[BoB+ AP, 1 AT 7V2(Y,, — A1 X1 — AsY,_y). (13.8)

The sequence g,,n > 1 is named the innovation sequence by virtue of the following
properties:

kg, = 0

o I (I = Ijxy is the unite matrix), n =m
EFe, g, = .
0, otherwise.

The first property and the second for n = m are obvious since

Yn — Al)/(\rnfl — AQYn,1 = Al[Xn — )/(\'nfl] + 818711 + BQ&%.

For n > m, the second property follows due to the fact that A;[X,, — )?n_l] + Biel +
Bse? is orthogonal to any linear combination of Yy, ..., Y,,. For n < m, the proof is
similar.



