9. STOCHASTIC FEEDBACK CONTROL. BELLMAN EQUATION

9.1. Scalar model. We consider now a controlled process X; is defined by a linear
Ito equation with respect to Wiener process W, :

dX, = [aX, + u(t)]dt + bdWW; (9.1)

subject to the fixed initial point Xy = x. Here u(t) is the control affecting the drift
(b% is Gaussian white noise with intensity ). The process X; is assumed to be
observable, so that the control u(t) at every time value ¢ might be chosen as a function
of t, X{, i.e. control

u(t) = u(t; Xs, s < t)(= ult, X)), (9.2)

is of a feedback type.
As for the deterministic setting (b = 0), we consider here the quadratic cost func-
tional (recall Xy = x)

J(z,u) = E{X% + /0 ' (X2 + (u(t))Q)dt}. (9.3)

The abbreviation LQG is used for this controlled model:
L - linear ((9.1) is linear equation);
Q - quadratic cost functional;
G - Gaussian noise.

As for deterministic model, we apply here Dynamic Programming Method. The main
difference from the deterministic case consists in the using of the It6 stochastic cal-
culus.

Introduce the family of cost functionals parametrized by t, x:

V(t,x) = inf E{X% + /tT (X2 + (u(s, X[t’s})y)ds},

u(svx[t,s])vtSSST

where X, t < s < T is the solution of (9.1)

dX, = aXds + u(s, Xy.q)ds + bdW,

subject at the time value ¢ by the initial condition X; = z, and note that V' (0, ) is
the value of the optimal cost for the original problem. As in the deterministic case, we
derive for V (¢, x) the Bellman equation, being the partial differential equation of the
second order (recall that for the deterministic case the Bellman equation is partial
differential equation of the first order) which is main tool for creating the optimal

control.
1



9.1.1. Principle of optimality. Heuristic method.

As in the deterministic case, we use the principle of optimality which says: if
(s, Xji40,4), t +0 < s < T is the optimal control for the time interval [t + 0,7
corresponding to the initial point X;,s, then the optimal control for the interval [t, T
minimizes the functional

t+4
E{/ (X2 + (uls, Xp.q))?)ds + V(E+0, Xt+5)}.
t
In other words, for § > 0 and ¢t < T — ¢, we have

T

Vit,z) = inf E{X%+/ (XS2 + (u(s,X[H(;,S}))?)ds
¢

u('s’X[t,s]):tSSST +6

+ /tt+5 (X2 + (U(S,X[tvsl))Q)ds}

t+5
— inf E{ / (XS2 + (u(s, X[t,s]))2)ds
t

u(s,X[¢,5))t<s<t+0
T

+ inf {X2 +/ X2+ (u(s, Xjgss))? ds}
(8, X[t45,5]) st +O<s<T r t+6 ( ( ( [+, })> )

t+0
= inf E{ / (X2 + (u(s, Xj9))?)ds + V(t +6, Xt+5)}
t

(8, X[, 5]) st <<+

which implies

V(t,z) — V(t+5,2) [F(X2 4 (uls, Xpg))?)ds

) - u(s,x[t,sl]r)l,fgsgwaE )
V(t+96, Xis) = V(t+0,2)
+ j
)
and, in turn, we find
IV (t,x)
t
+%(az +u(t,z))o
10°V(t,x
3 PEViss = W
and with 6 — 0 we arrive at the partial differential equation
ov(t,x) . 5 o OV(t,x) b?> O*V (¢, x)
—T—lrulf{l’ +u +—[CLIB+U] +§W} (94)

ox
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subject to the boundary condition condition V(T,x) = z?. Equation (9.4) and the

function V (¢, z) are named the Bellman equation and function respectively.

Write

oV (t

u*(t, z) = argmin {x2 +u? + % [az + u] } (9.5)
u X

and create the control of the feedback type u*(¢, X;), where X/ is the solution of

differential equation (9.1) corresponding to the control u*(¢, X;), that is

dX; = aX;dt +u(t, X )dt + bdW,. (9.6)

9.1.2. u*(t, X}) is the optimal control.

To show that u*(¢, X;) is the optimal control, let consider the random process
V(t, X[). Since the function V(¢,x) is continuously differentiable one in ¢ and twice
in z, the It6 formula is applicable to V (¢, X;):

dv(t, X;) = V/(t.X7) + V(. X]) [aXy +u'(t, X)) dt
+V(t, X[ )bdW,
1
+§V;;(t, X[ )b3dt. (9.7)
The use of (9.4) provides identity
b2
~V/(t,z) = 2 + (u*(t, 2))* + V,(t, 2) [ax + u*(t,2)] + =

VA1)

and so, for x = X; we have

“V/(t, X)) = (X)) + (Wt X))+ V(t, X)) [aX] +u(t, X))
b2
5 Va8, X7) (9-8)

Combining now (9.7) and (9.8) we find

AV (t, X;) = —[(X])? + (u(t, X]))?*]dt + V/(t, X[ )bdW;

or, in the integral form, taking into account V (T, z) = 22,

T T

[(X:)2+(u*(t,X;))2]dt+/ VI(t, X;)bdW,.

(X7 = VIT.Xp) = V(0.2) - [ 0

0

Now, taking the expectation from both parts of the latter equality and taking into

account F fOT VI(t, X;)bdW,; = 0 and V(0,z) is non random, we find
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T

Vo0 = B{OGR + [ 007 + (6. X0t . (9.9)

0

Now, let u(t, X[p4) be any admissible control, where X, is the corresponding con-
trolled process. By the It6 formula we find

V(X)) = V/(t X))+ V/(t, X)) [aX, + ult, Xp.)]dt
+VI(t, X,)bdW;

1
+§Vx’;(t, X,)b%dt. (9.10)

On the other hand, for any = (9.4) implies
—V/(t2) < 2+ (ut, Xpa)® + Vit 2)[az + u(t, Xppg)]
AT
and so, for x = X; we get
=Vt X)) < (X)) +u(t X)) + Vit @) [aXy + u(t, Xpog)]
2

b
5 Vaa(l: X0) (9.11)

Combining now (9.10) and (9.11) we arrive at

+

AV (t, X;) > —[(X,)? + u?(t, Xjo.0)]dt + VI (t, X;)bdW,

or, in the integral form, taking into account V (T, ) = 2,
T T
(X)? =V(T,Xr) >V (0,2) — / [(Xt)2 + uQ(t,X[07t}))}dt —1—/ VI(t, X;)bdW,.
0 0
Taking the expectation from both parts of the last equality and taking into account
E fOT VI(t, X¢)bdW; = 0 and V (0, z) is non random, we obtain
T
V(0.2) < B{X? 1 / (X7 4 (1 Xp)]dt} = I, (9.12)
0

(9.12) gives the lower bound for any cost J(x,u). Consequently

uw*(t, X;) is the optimal control. (9.13)
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Also note that that the optimal control is the Markov control, i.e. the control de-
pending only on the time value ¢ and the value of the controlled process at the time
t.

9.1.3. Creating of the optimal control.
Due to (9.5)

_1ov(t,x)
2 Or

Substituting (9.14) in (9.8) we arrive at the non linear partial differential equation

u*(t,x) =

(9.14)

) M), L@VnyE BIVED g )

ot or A\ ow 2 02
As for the deterministic case, we will find the solution of (9.15) in a special form of
a quadratic function

V(t,z) =T(t)z* + B(t)z + Q(1),
where T'(t), B(t), and Q(t) are assumed to be continuously differentiable functions.
Since V (T, z) = z? it is clear that T'(T) = 1 and B(T) = Q(T) = 0. Also note that

OVa(l;:ﬂf) = 2(t)z + B(t)
>PV(t,x)
—m = 2I(t).

Substituting V (¢, z) = T'(t)x? + B(t)z + Q(t) in (9.15) we find

— (f(t)a:Q + B(t)z + Q(t)) =2+ az(2T'(t)z + B(t)) — 3(21“(15):1: + B(1))” + 0°T'(t)
or, what is equivalent due to an arbitrariness of x,

~D(t) = 1+ 2al'(t) - T?(¢)

—B(t) = aB(t)—2I'(t)B(t)

_O) = —232 T,

The above-mentioned boundary conditions imply B(t) = 0 and Q(t) = b? ftT ['(s)ds.
Hence

V(tz) = D(t)a? + b? / " T(s)ds,

where I'(t) is a solution of Riccati’s equation

—I'(t) =14 2aT(t) = T?(t), 0<t < T (9.16)
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subject to the boundary condition I'(7") = 1.
Now, we have

u*(t,x) = —I(t)x.

Thus, the optimal controlled model is described by the differential equation:
dX; = (a —T(t)) X[ dt + bdW,.

9.2. Remark.

The function (u*(¢,x)) is independent of b (the intensity of white noise). So for the
stochastic case (b # 0) this function is the same as for the deterministic case (b = 0).
The value of the optimal cost functional is larger for the stochastic case.

9.3. The Bellman equation for non linear model.
Now, we consider a non linear stochastic controlled model

dX; = [a(t, X;) + A(t, Xe)u(t, Xjog)]dt + bdW,

subject to the initial point Xy = z. The Bellman equation, corresponding to the cost
functional

J(z) = E{F(Xt) + /0 ' (h(Xy) +u2(t, X[O,t]))dt},

is the following:

V() oV (t,x)
ot Oz
subject to the boundary condition X (7', z) = F(x). Therefore,

[a(t, x) + Alt, x)u] + —

v? O*V (¢, x)}
2 Oz '

= inf {h(m) + u? +

. oV (t,z)
* o 2 )
u*(t,xr) = argmlnu{u + o A(t,x)u}

1
= _évxl(ta :L')A(t, 33')

and u*(t, X;) can be used as the optimal control provided that the It6 equation

AX; = [alt, X7) + A(t, X)) (t, X;)]dt + bW,

obeys solution.
Home work.

Let Xi,k=0,1,..., N be a controlled sequence defined by linear recursion

X1 = aXy + cuy, + b,
6



where ug, k = 0,1..., N — 1 is the control, &,k = 1,2... is i.i.d. sequence of random
variables with E¢; = 0, E€? = 1. For each k, a control uy is chosen such that to
minimize the cost (functional)

N-1
J(z,u) = E<7"X]2V + 3 (X7 + qu§)>, (9.17)
k=1

and where r > 0, p > 0, and ¢ > 0. The initial value Xy = z is fixed.
1. Find the optimal control.



