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Abstract

Convergence of stochastic processes with jumps to diffusion processes is investigated in the
case when the limit process has discontinuous coeflicients. An example is given in which the dif-
fusion approximation of a queueing model yields a diffusion process with discontinuous diffusion
and drift coefficients.
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1. Introduction

Suppose that we are given a sequence of semimartingales (x});>0, n=1,2,..., with
paths in the Skorokhod space Z = Z([0,00), R?) of R?-valued right-continuous func-
tions on [0,00) having left limits on (0,00). If one can prove that the sequence of
distributions @" of x” on & weakly converges to the distribution Q of a diffusion
process (x;);>0, then one says that the sequence of (x]'),>¢ admits a diffusion approxi-
mation. In this article by diffusion processes we mean solutions of Itd equations of the
form

t t
x,:xo—l—/ b(s,xs)ds—k/ v a(s,xs) dw
0 0
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with w, being a vector-valued Wiener process. Usually, to investigate the question if in
a particular situation there is a diffusion approximation, one uses the general framework
of convergence of semimartingales as developed for instance by Liptser and Shiryayev
(1986, Section 3, Chapter 8) (also see the references in this book).

The problem of diffusion approximation attracted attention of many researchers who
obtained many deep and important results. The reason for this is that diffusion ap-
proximation is a quite efficient tool in stochastic systems theory (see Kushner, 1984,
1990), in asymptotic analysis of queueing models under heavy traffic and bottleneck
regimes (see Kogan and Liptser, 1993), in finding asymptotically optimal filters (see
Kushner and Runggaldier, 1987b; Liptser and Runggaldier, 1995), in asymptotical op-
timization in stochastic control problems (see Kushner and Runggaldier, 1987a; Liptser
et al.,, 1999), and in many other issues.

In all the above-mentioned references the coefficients a(¢,x) and b(¢,x) of the limit
diffusion process are continuous in x. In part, this is dictated by the approach developed
in by Liptser and Shiryayev (1986, Section 3, Chapter 8). On the other hand, there are
quite a few situations in which the limit process should have discontinuous coefficients.
One of such situations is presented by Fleming and Simon (1999) where a queueing
model is considered. It was not possible to apply standard results and the authors
only conjectured that the diffusion approximation should be a process with natural
coefficients. Later this conjecture was rigorously proved by Chao (1999). Chao (1999)
and Fleming and Simon (1999) considered the case in which only the drift term is
discontinuous. Another example of the limit diffusion with discontinuities in both drift
and diffusion coefficients is given by Khasminskii and Krylov (2001) on averaging
principle for diffusion processes with null-recurrent fast component.

The idea to circumvent the discontinuity of a and b is to try to show that the time
spent by (z,x,) in the set G of their discontinuity in x is zero. This turns out to be
enough if outside of G the “coefficients” of x' converge “uniformly” to the coefficients
of x,. By the way, even if all these hold, still the functionals

t t
/ a(t, y,)dt, / b(t,y)dt, vy e
0 0

need not be continuous on the support of Q. This closes the route of “trivial” gener-
alizing the result by Liptser and Shiryayev (1986, Section 3, Chapter 8).
To estimate the time spent by x, we use an inequality similar to the following one:

T T 1/(d+1)
E/O f(t,x,)dt<N(/0 /Rdfd“(t,x)dxdt> , (1.1)

which is obtained by Krylov (1974) for nonnegative Borel f. Then upon assuming
that G C (0,00) x RY has d + 1-dimensional Lebesgue measure zero and substituting
I in place of f in (1.1) we get that indeed the time spent by (#,x;) in G is zero.
However, for (1.1) to hold we need the process x; to be uniformly nondegenerate
which may not be convenient in some applications. Therefore, in Section 5 we prove
a version of (1.1), which allows us to get the conclusion about the time spent in
G assuming that the process is nondegenerate only on G. In essence, our approach
to diffusion approximation with discontinuous coefficients is close to that of Chao
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(1999). However, details are quite different and we get more general results under less
restrictive assumptions. In particular, we do not impose the linear growth condition.
Neither do we assume that the second moments of x; are bounded.

The referees of the paper insisted on comparing our results also to Theorem 5.3
in Chapter 10 of Kushner and Dupuis (2001). The fact is that the weak limits of
processes with jumps appear in many other settings, in particular, in Markov chain
approximations in the theory of controlled diffusion processes, where, generally, the
coefficients of x} are not supposed to converge to anything in any sense and yet
the processes converge weakly to a process of diffusion type. The first author of the
present article is currently working on the general problem of describing all weak
limit points of a given sequence of semimartingales. Theorem 5.3 in Chapter 10 of
Kushner and Dupuis (2001) also bears on this matter in the particular case of Markov
chain approximations in the theory of controlled diffusion processes. Clearly, there is
no way to specify precisely the coefficients of all limit points in the general problem.
Still one can obtain some nontrivial information and one may wonder if one can
get anything from general results when we are additionally given that the coefficients
do converge on the major part of the space. In Remarks 2.6 and 2.7 we show that
this is not the case in what concerns Theorem 5.3 in Chapter 10 of Kushner and
Dupuis (2001).

Above we alluded to the “coefficients” of x}. By them we actually mean the local
drift and the matrix of quadratic variation. We do not use any additional structure of
x7. In particular, the quadratic variation is just the sum of two terms: one coming from
diffusion and another from jumps. Therefore, unlike Kurtz and Protter (1996) we do
not use any stochastic equations for x7. This allows us to neither introduce nor use any
assumptions on the martingales driving these equations and their (usual) coefficients
thus making the presentation simpler and more general. On the other hand, it is worth
noting that the methods of Kurtz and Protter (1996) may be more useful in other
problems. Our intention was not to cover all aspects of diffusion approximation but
rather give a new method allowing us to treat discontinuous coefficients. In particular,
we do not discuss uniqueness of solutions to the limit equation. This is a separate
issue belonging to the theory of diffusion processes and we only mention the article
by Khasminskii and Krylov (2001), where the reader can find a discussion of it.

The paper is organized as follows. In Section 2 we prove our main results, Theorems
2.1 and 2.5, about diffusion approximation. Their proofs rely on the estimate proved
in Section 5 we have been talking about above. But even if the set G is empty, the
results which we prove are the first ones of the kind.

In Theorems 2.1 and 2.5 there is no assumption about any control of /a(¢x)
and b(t,x) as |x| — oo, but instead we assume that Q" converge weakly to Q.
Therefore, in Section 3 we give a sufficient condition for precompactness of a se-
quence of distributions on Skorokhod space. Interestingly enough, this condition is
different from that of Jacod and Shiryayev (1987) and Liptser and Shiryayev (1986),
and again does not involve usual growth conditions. Section 4 contains an example
of application of our results to a queueing model close to that of Chao (1999) and
Fleming and Simon (1999). We slightly modify the model by Chao (1999) and Fleming
and Simon (1999) and get the diffusion approximation with discontinuous drift and
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diffusion coefficients. To the best of our knowledge this is the first example when the
diffusion approximation leads to discontinuous diffusion coefficients.

2. Main results

We use notions and notation given by Liptser and Shiryayev (1986). For each
n=12,.., let

(Qn g‘n g‘ OPn)

be a stochastic basis satisfying the “usual” assumptions. Let & be the Skorokhod space
of right-continuous R?-valued functions x;, given on [0,00) and having left limits on
(0,00). As usual we endow & with Skorokhod-Lindvall metric in which & becomes
a Polish space (see Liptser and Shiryayev, 1986, Theorem 2, Section 1, Chapter 6).

Suppose that for each n on " we are given an . /-semimartingale x}, ¢ > 0, with
trajectories in &. Let (B",C",v") be the triple of predictable characteristics of (x}, 7 )
and u” be its jump measure (see Liptser and Shiryayev, 1986, Section 1, Chapter 4).
Then

t t
X} =x5+ Bl +x/°+ / / x(u" —v")(dsdx) + / / xp"(ds dx),
0 Jix|<1 0 Jix|>1

where B} is a predictable process of locally bounded variation with Bj =0, x/° is a
continuous local martingale with (x"°); = C/", v" is the compensator of y". Define

t
v =x° / / W —v")(dsdx), j;’:/ / xp*(ds dx)
\|<1 0 Jpl>1

so that m} is a locally square-integrable martingale and

x; =xg + B} +mf + j;. (2.1)

Assumption 2.1. (i) For each n on (0,00) x & we are given an R?-valued function
b" =b"(t,y.) and a d x d matrix-valued function a" = a"(¢, y.) which is nonnegative
and symmetric for any ¢ and y. € Z. The functions " and a" are Borel measurable.

(ii) For each r €[0,00) there exists a locally integrable function L(r,¢) given on
[0,00) such that L(7,¢) increases in » and

|6"(2, y.)| + tracea"(¢,y.) < L(r,t) 2.2)
whenever ¢ > 0, y. € 9, and |y,| < r. (ili) We have

t
B;’:/O b"(s,x")ds, (m"),:2/0 a'(s,x")ds.

Remark 2.1. We have

(m"YY = (x"\7 + / /I x'x/v"(ds dx)
x| <1

and it follows from Assumption 2.1 that both summands on the right are absolutely
continuous in ¢. In particular, they are continuous, which along with the continuity
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of B} implies that x} is quasi-left continuous (see Liptser and Shiryayev, 1986,
Theorem 1, Section 1, Chapter 4).

Assumption 2.2. (i) On (0,00) x R? we are given an R?-valued function b = h(t,x)
and a d x d matrix-valued function @ = a(¢,x) which is nonnegative and symmetric for
any ¢ and x. The functions b and a are Borel measurable.

(ii) There exists a Borel set G C (0,00) x R? (perhaps empty) such that, for almost
every ¢ €(0,00), for every x lying outside of the t-section G; := {x € R’: (t,x) € G}
of G and any sequence )" € &, which converges to a continuous function y. satisfying
vy =X, it holds that

b'(t,y") — b(t,x), d"(t,y") — a(t,x).
Remark 2.2. It is easy to see that Assumption 2.2 implies that for almost any ¢, the
functions a(#,x) and b(t,x) are continuous on the set R? \ G, in the relative topology

of this set.
Also, Assumptions 2.1 and 2.2 obviously imply that

|b(,x)| + trace a(t,x) < L(r,t)

for almost every ¢ € (0,00) and all x satisfying |x| <7, x € G,.
Assumption 2.3. If G # (), then for almost each ¢

(1) the set G, has Lebesgue measure zero,
(i) for every x € G; and each sequence )" € &, which converges to a continuous func-
tion y. satisfying y, =x, we have

lim deta"(z, ") = o(t,x) > 0, (2.3)
n—oo

where ¢ is a Borel function.

Remark 2.3. Condition (2.3) is satisfied if, for instance, the processes x] are uniformly
nondegenerate in a neighborhood of G;.

Assumption 2.4. For any T,¢€ (0,00), and any o € (0, 1], it holds that
lim P"(v"((0,T] x By)) = ¢)=0,

where B, = {x e R?: |x| < a}, BS = {x e R?: |x| = a}.

Remark 2.4. Notice that for each « €(0,1] and , T €[0,0)

T T T
o= [ [ Phev@aos< [ [ w0
0 x| <1 0 x| <o 0 x| =a

T
< Of/ / X1 < v (ds dx) +v"((0, T] x BY)),
0 JxI<1
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where according to Assumption 2.1 the first term on the right is less than

T T
20 / I, <, traced"(s,x") ds < 2o / L(r,s)ds.
0 0

It follows easily that, owing to Assumptions 2.1 and 2.4, for each e>0 and r, T € [0, c0),
we have

lim P"(0"; >¢&)=0

n—oo

and since 0, <2 fOT L(r,s)ds, we also have E"0", — 0 as n — oo, where E" is the
expectation sign relative to P”".

Remark 2.5. Define
Y"=inf{¢ = 0: |j7| > 1}. 24)

Then )" is an # }-stopping time, and obviously j7 =0 for 0 < ¢ < 9". Furthermore, by
Lemma VI1.4.22 of Jacod and Shiryayev (1987), Assumption 2.4 implies that

P'(y"<T)—0
for each T €[0,00).

Theorem 2.1. In addition to Assumptions 2.1-2.4, suppose that the sequence of dis-
tributions (Q"),>1 of x" converges weakly on the Polish space & to a measure Q.
Then Q is the distribution of a solution of the It equation

t t
X =xo + / v/ 2a(s,xg) dw + / b(s,xs)ds 2.5)
0 0
defined on a probability space with w, being a d-dimensional Wiener process.

Remark 2.6. Notice that there are no conditions on the values of a(t,x) and b(z,x) on
the set G. Hence Theorem 2.1 holds if we replace a,b with any other Borel functions,
which coincide with the original ones on the complement I' of G. Of course, this can
only happen if

/t Ig(s,xs)ds =0 (as.).
0

This equality is proved in Lemma 2.4. In particular, x, satisfies

t t
x = %o+ / Ir(s,x0)v/2a(s,%,) dw, + / Ir(s,x0)b(s.%,) ds. (2.6)
0 0

Thus, the limit process satisfies (2.6). A particular feature of this equation is that gen-
erally its solutions are not unique. Indeed, let x, be a one-dimensional Wiener process
w, and x;' the process identically equal to zero. They both satisfy dx, =+/2a(t,x,) dw,,
where a(t,x) = 1/2 for (t,x) € G, a(t,x) =0 for (¢,x) € G, and G =[0,00) x {0}. Of
course, there are many more different solutions which spend some time at zero, then
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follow the trajectories of w, for a while and then again stay at zero. Therefore, the
statement that x, has the form

t t
x,:x0+/ \/Zanws—i—/ b, ds,
0 0

where a; = a(s,x;) and by = b(s,x;) whenever (s,x;) € G and a and b are not specified
otherwise (cf. the first part of Theorem 5.3 in Chapter 10 of Kushner and Dupuis,
2001), contains very little information on the process: in the above example both x;
and x;" have this form. In contrast with this always in the above example, the fact that
without changing x, one can change a,b on G in any way, and thus take a = 1/2,
leaves only one possibility: x; = w,.

Remark 2.7. From Remark 2.6 we also see that the assumption that (2.5) has a unique
(weak or strong) solution makes no sense unless the values of a(z,x) and b(z,x) are
specified everywhere. In Theorem 5.3 in Chapter 10 of Kushner and Dupuis (2001)
an attempt is presented to specify a(#,x) and b(#,x) on G consisting of requiring that
they belong to the set of all possible diffusion and drift coefficients of x, when x, € G,.
Generally, the set x; € G, has zero probability (say, for the Wiener process) and the
requirement seems to have little sense. Nevertheless, it is natural to assume that, if
X; = w; in the example from Remark 2.6, then the only possibility for a(z,0) is 1/2,
the same value as for all other x.

In that case, the equation dx, = \/2a(t,x,;)dw; (=dw,) with zero initial condition
has a unique solution, the distribution of which (by Theorem 2.1) is the weak limit of
the distributions of solutions to dx} = /2a"(x,;)dw; with zero initial condition, where
a'(x)=1/2 for |x| = 1/n and a"(x) =1/3 for |x| < 1/n.

However, this fact does not imply that the distributions of any other processes z” con-
verge to the Wiener measure, provided only that z} satisfy z{=0 and dz/=+/2c"(z}') dw,
with ¢"(x)=a"(x) for |x| = 1/n, " = 0, and sup, , c"(x) < oc. To show this, it suffices
to define ¢"(x) = n*x* for |x| < 1/n and notice that z/ = 0 for all n.

This somewhat contradicts the second part of Theorem 5.3 in Chapter 10 of Kushner
and Dupuis (2001).

The proof of Theorem 2.1 consists of several steps throughout which we assume
that the conditions of this theorem are satisfied.

The idea is to rewrite (2.5) in terms of the martingale problem of Stroock—Varadhan.
Then naturally we also want to write the information about x; in a martingale form
not involving stochastic bases and that is convenient to pass to the limit. This is done
in Lemma 2.2. After that we pass to the limit and in Lemma 2.3 derive our theorem
upon additionally assuming that the time spent by the limit process (z,x;) in the set G
of possible discontinuities of coefficients is zero. This additional assumption holds, for
instance, if G = (). Lemma 2.4 concludes the proof of the theorem.

After that in Theorem 2.5 we extend Theorem 2.1 to cases in which uniform non-
degeneracy on G, of diffusion is not required. We show the usefulness of Theorem 2.5
in Remark 4.3.

As any probability measure on &, the measure Q is the distribution on & of a process
x. having trajectories in & and defined on a probability space. By E we denote the
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expectation sign associated with that probability space. We will see that the theorem
holds for this x. up to a possible enlargement of the probability space on which x.
lives. In the following lemma, Assumptions 2.2 and 2.3 are not used.

By C$°(R*1) we denote the set of all infinitely differentiable real-valued functions
u=u(t,x) on R*! with compact support.

Lemma 2.2. For any 0 <t <--- <1, <5 <t < oo, continuous bounded function f
on R, and u e C(R!), we have

Ef(xtla cee nxtq)[u(taxt) - M(S,XS )]
t .
= nlggo E"f(x],... ,xg)/ [up( P x3) + @ (P, x" Yty (P X0

+6"(p,xNuu(p,xy)] dp. (2.7)

Furthermore, the integrand with respect to p is less than NL(r, p), where the constants
N and r depend only on u but not on ® and n.

Proof. Denote
n___n n
2y =X —Jt»

and for any process z, on Q" denote (whenever it makes sense)

t t
MGy =z~ u0.z0) — [ uz)ds = [ utsz)
0 0

7(1/2)/0 Ui (5,25 ) d(m"™) Y, (2.8)

Pz x) = u(s,zg +x) — u(s,zy) — X't (5,25) — (1/2)0'% w0 (s, 23,

R,(z.):/0 /x|<1 ps(z.,x)v"(dsdx). 2.9)

Notice that by It6’s formula (see Liptser and Shiryayev, 1986, Theorem 1, Section 3,
Chapter 2) the process M/ (z") — R}(z") is a local #}-martingale. To be more precise
Theorem 1, Section 3, Chapter 2 of Liptser and Shiryayev (1986) says that

MG = RIED = Y uls,20) — u(s,z)-) — ua(s,20_)AZ)"]

0<s<t

t
[tz 0 — a2 )]s i)
0 Jix|<1

t
+ / uxf(s,x;’_)dm;’i.
0
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Here the last term is a local martingale as is any stochastic integral with respect to a
local martingale and the sum of the remaining terms equals

/ / [u(s,2" +x) — (5,2 ) — xu(s,2")] fi(ds dx)
x| <1

which is the stochastic integral with respect to the martingale measure i = u — v and
thus also is a local martingale.
Take the #7-stopping time y” introduced in (2.4). Then

M o(2) = Rip ()

is again a local martingale. It turns out that, for each T €[0,00), the trajectories of
My, ,.(z"), t€[0,T], are bounded and even uniformly in n. Indeed, let » be such that
u(t,x) =0 for |x| > r. Notice that z; =x] for 0 <t < y”". Then we find

tIAY" tAY" )
/ wyi(s,2")dBY = / i (s, x7 )b" (s,x" ) ds,
0 0
where
i (5,2 )" (5,x1)] = 0
if |xg| = r (since u(t,x) =0 for |x| > r) and

|ty (5,5 0™ (5,57 )| < L(r, 5)sup | (s, x))|
5X

if |x;| <7 (see Assumption 2.1). Therefore,

AY"
/ uyi(s,2")dBY
0

Similarly one treats the integrals with respect to <m”>§f As far as R/(z") is concerned
we notice that, for |x| <1 and 0 < ¢ < 9", we have

t

< suplux(s,x)| [ L(r,s)ds.
0

S, X

lps(z,x)| < N|x|31\z;f|<r+l :N|x|31|xg|<r+l»

where the constant N can be expressed in terms of the third-order derivatives of u
only. Therefore,

|Rt/\ MESIES NHfH,T,

where 07 ; is introduced in Remark 2.4. By this remark for any ¢ we have E|R}, .(z")|
— 0. It follows that E"|R};,.(z")| < oo, so that the local martingale M;),..(z")—R},,.(z")
is in fact a martingale.

Hence,

Enf(x;ll xt,,,)[ t/\,”(zfl) - R:l/\y”(zfl) - (Msn/\y"(zfl) - R’;’/\y”(zn))] =0.
Since E"|R};..(z")] — 0, we also have

T B £ X )M (1) = Ml (2] =
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Furthermore, due to Remark 2.5, P(y" < T) — 0 as n — oo for each T €[0,00). In
the light of this fact and by virtue of the uniform boundedness of M’,..(z"), we obtain

Tim B (M, (1) = M (2| <0 =0, (2.10)

so that
lim E”f(x;’],...,xzi)[Mt”(z_”) — M (z");<» =0.
n—oo

In addition, obviously, M/ (z") = M/ (x") for ¢t <" and in the same way as above
one can prove that the trajectories of M/ (x"), t €[0,T], are uniformly bounded in n
for each 7. It follows that (2.10) holds with ¢s5,x" in the place of t Ay", s Ay, 27,
respectively. Thus,

’11ingo E"f(xZ,...,xZ’l)[Mt”(x,”) —M!'(x")]=0
which is rewritten as (2.7). The asserted boundedness of the integrand in (2.7) follows
easily from the above argument. The lemma is proved. [

After we have exploited the stochastic bases (", #",#},t > 0,P"), we will pass
to processes defined on the same probability space. We are going to rely upon two facts.
First we know from Liptser and Shiryayev (1986, Theorem 1, Section 35,
Chapter 6) that, owing to Assumption 2.4, Q is concentrated on the space of con-
tinuous R?-valued functions defined on [0,00). Second, remember that if " — y. in
2 and y. is continuous, then |y” — y.|; — 0 for any ¢ < co, where

yi = sup|y|.
r<t
Owing to these facts and Skorokhod’s embedding theorem (see Skorokhod, 1961,
Section 6, Chapter 1), we may assume that all the processes x”, n=1,2,..., are given
on the same probability space and there is a continuous process x, such that (a.s.)
lim sup |x} — x| =0 VT €[0,00). (2.11)

n—00 ;T

Lemma 2.3. Assume that for any T
T
E / I6(t,x,)dt =0, (2.12)
0

which is certainly true if G =10. Then the assertion of Theorem 2.1 holds.

Proof. As explained before the lemma we can write E in place of E” in (2.7). Then we
insert I,,¢G,, which is harmless due to (2.12), in the integral in (2.7) (notice x, and not
xy). Furthermore, we remember the last assertion of Lemma 2.2 and use Assumption
2.2, (2.11), and the dominated convergence theorem to conclude that the limit in (2.7)
equals

t
Ef (.5, / 1y 6, [ (poey s (o)
s

+5'(p,3xp i (p,xp) + up( poxp)1dp. (2.13)
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By using (2.12) again, we obtain that
Ef(xll PR :xtq )[u(taxt) - u(s,xs )]

t
—Ef(xsn. 1) / [ P %) + @,y Y (213
N

+b'(p,xp )i ( p,xp)] dp

for any bounded continuous f and ¢; < s < ¢. The latter just amounts to saying that
the process

t
u(t,x;) — / [us(s, xs) + aij(SaXS)”x"xf(Saxs) + bi(s>xs i (s, x5)] ds
0

is an Z7-martingale, where 7 is the o-field generated by x,, s <t¢. It only re-
mains to remember the Lévy—Doob—Stroock—Varadhan characterization theorem (see,
for instance, Stroock and Varadhan (1979, Section 4.5) or Ikeda and Watanabe (1981,
Sections 2.6 and 2.7). The lemma is proved. [J

Remark 2.8. In the general case the above proof and Fatou’s theorem show that, if f
is nonnegative, then

Ef(xtls cee :xtq)[u(t5xt) - M(S:xs )]
t
< Ef(xtla cee axtq)/ prngp [up(paxp) + al'](paxp)ux’x/(paxp)

+bi(p,xp)uxf(p,xp)] dp +1, (2.14)

where

t
I=Ef ety [ Ty, T [ (pox e ()
N

+ " (X ( pxy) + up( p,xy)1dp. (2.15)

In the following lemma we complete proving Theorem 2.1. At this moment we take
Theorem 5.1 for granted.

Lemma 2.4. Eq. (2.12) holds and hence, by Lemma 2.3, Theorem 2.1 holds true as
well.

Proof. First, we estimate the lim in (2.15). Fix w and almost any p for which (2.3)
holds with p in the place of ¢ and x,(w) € G,. Then we can replace lim,_ ., with
lim,/_,~,, where n’ is an appropriate sequence tending to infinity. By extracting further
subsequences when necessary we may assume that a”/( D, xf’/) and 5" ( p,xf") converge
to some & and b. Since x, € G, and |x" —x.[5, — 0, (2.3) implies that detd@ > o( p,x,).
In addition,

|b| + traced < L(|x,| + 1, p)
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due to Assumption 2.1. Combined with deta > 6(p,x,) this yields

@il = 8(p,x, )L™ (x| + 1, PP =2 3(poxp) |2 = 0(pox,)| )

for all 1€ RY, where § = I55. Now by replacing 6 with 5 and both K(r,t) and L(r,t)
with L(r + 1,¢) in Section 5, we conclude that

n@[amj(paxfl )“xix/(pst) + bni(p’xfl )”x"(p7xz) + up(paxZ)]

< up(Pyxp) -‘rF(p,Xp,uxx(p,Xp)) +L(|xp| +1, p)|”X(p,xp)"

Furthermore, Remark 2.2 shows that the same estimate holds for the expression in
brackets in (2.13), so that according to (2.14)

Ef(xtlﬂ s 9xtq)[u(t’xt) - u(s,xs)]
<Ef(xt],...,xtq)/ [up(p,xp)

+ F(p,xp, tex(p,xp)) + L(|xp‘ +1, P)\ux(lﬁ’xp)l] dp

if f > 0. Hence the process
t
u(t,x;) — / [u5(5,x5) + F (5,55, e (8,X5)) + LJxs| 4 1,9)[ux(s, x,)[ 1 ds
0

is a supermartingale and by Theorem 5.1 estimate (5.2) holds. If we take there f =/¢
and remember that the Lebesgue measure of G is zero and d(¢,x) > 0 on G; for almost
all ¢, then we come to (2.12) with T A1, in place of 7. Upon letting » — oo we finally
obtain (2.12) as is. The lemma is proved. [J

The following theorem is used in Remark 4.3. Its proof is obtained by changing
variables. We introduce an assumption different from Assumption 2.3.

Assumption 2.5. If G # (), then G:U;O:l G", where G™ are Borel sets. For each m, we
are given an integer d,, > 1, a nonnegative Borel function J,, defined on (0,00) x Rdm,
and a continuous R%-valued function v"(z,x) = (v"'(t,x),...,v"(t,x)) defined on
[0,00) x R? and having there continuous in (#,x) derivatives v, v v". For each m
and almost every ¢ € (0,00),

(1) the set v™(#,G/") has d,-dimensional Lebesgue measure zero,
(i1) for every x € v™(¢,G)") and each sequence )" € &, which converges to a continuous
function y. satisfying v”'(¢, y;) = x, we have

lim det V™ (£, ") = Sp(t,x) > 0, (2.16)

n—oo

where the matrix V™ (¢,y.) is defined according to

VI, ) = vyl (6 y)a™ (), i =1, d
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Remark 2.9. Assumption 2.3 is stronger than Assumption 2.5. Indeed, if the former is
satisfied, one can take G” = G, d,,(t,x) = 6(t,x), dy =d, and v =x/, i=1,...,d, in
which case det V™" =deta".

Remark 2.10. Another case is when again everything is independent of m, but d,, =1
and v(z,x) = x'. Then condition (2.16) becomes

lim a""'(z,y") = 6(t,x) > 0,
which is much weaker than (2.3). However, typically in this case in order to satisfy
requirement (i) of Assumption 2.5 we need to assume that G; lies in a hyperplane
orthogonal to the first coordinate axis.

Remark 2.11. Assume that G = |J,-, G”, where G are independent of ¢ and are
hyperplanes G = {x: (x, %, )=f,} with certain &, € R? and f3,, € R satisfying |o,|=1.
Assume that we have a Borel nonnegative function (z,x). Finally, assume that for
every m > 1, t >0, x€ R’ such that

(x> am) = ﬂ"’b
and each sequence )" € &, which converges to a continuous function y. satisfying
vy =x, we have

lim a"(t, y")en,0, = (8, f) > 0.

n—oo
Then it turns out that Assumption 2.5 is satisfied. To show this, it suffices to take
dny =1 and v"(¢,x) = (x,0,) and notice that the image of G;* under the mapping
v™(t,-): G" — R is just one point f,,. We will use this fact in Section 4.

Remark 2.12. Generally, condition (2.16) is aimed at situations in which x} in the
limit may degenerate in some directions but not along all those which are transversal
to G;.

Theorem 2.5. Suppose that Assumptions 2.1, 2.2, 2.4, and 2.5 are satisfied and the
sequence of distributions (Q"),>1 of x" converges weakly on & to a measure Q. Then
the assertion of Theorem 2.1 holds true again.

Proof. We mimic the argument from the proof of Lemma 2.4 to show that (2.12)
holds if Assumption 2.5 rather than Assumption 2.3 is satisfied. The main idea is to
change variables according to the mappings v”.

It suffices to prove that, for each m, Eq. (2.12) holds with G™ in place of G.
Furthermore, without losing generality we may assume that each set G” is bounded;
otherwise we could split each of them into the union of bounded sets and consider
them as new G™’s. We fix m, T, and R and assume that G™ C [0,7] x Bg. Then
the behavior of v™(z,x) for large |x| becomes irrelevant and, changing v™ outside of
[0, T] x Bg if necessary, we assume that

v"(t,x) = e x| (2.17)
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for (¢,x) & [0,2T] x Bag, where e; is the first basis vector in R%. It follows that there
is a constant Ny < oo such that

[0 (1,00)| + [0 (6.2)] + |07 (6x)| < No - Vi (2.18)
It also follows that, for any r > 0,

[0"(Lx)| <r = |x| <2R+r (2.19)
After that we go back to Lemma 2.2 and take there

u(t,x) = w(t,v™(t,x)),

with w being a function of class C§® (R%+1). By the way, our stipulation (2.17) about
the behavior of v™ for large |x| yields that u € C;°(R?" ). We also take the function
f in the form

f(yln“'nyq) = g(um(tlayl):"':vm(tqayq))n

where y; € R? and ¢ is a continuous bounded nonnegative function on R?~. Finally,
we define

)E:l = Um(t,x;l)s ft = Um(t’xl)'
Notice that
anlj(paxfl)uxixf(pax]r;) + bni(paxfl)uxi(p’x;) + Mp(p,x;)

- - ~nk - -
= 3" (P W (P.F) + B (P XMW (p.F5) + Wy p 55,

where, for y. € 9,

A (p,y.)=d""(p, y W (p, vy ) (P, ),

ik nij i
b (p,y.) =" (p,y )i (p, yp) + b (. )P, 1) + V(. yp)-

Then on the basis of Fatou’s theorem and Lemma 2.2 we get

Ef(xeys .- x,)[u(t, x) — u(s, x5)]
< Ef ) [T o) + @ ()
+ 6" (p.x"u( p.xp)]dp
=Bty [ T D) + (o W (p.)

~nk ~n
+b (p,x")wu(p,x)]dp.

Also notice that owing to (2.18), 4 and b satisfy (2.2) with L(r,¢) replaced with
NoL(r,t). In the light of (2.19) this implies

6" (£,x")| + trace @"(1,x") < NoL(2R + ||, 1).
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In addition, according to (2.16), for almost any ¢, for every x € v™(¢,G/") and each
sequence )" € &, which converges to a continuous function y. satisfying v™(z, y;) =X,
we have

lim det & (4, ") = Sp(t,%) > 0,

n—oo

lim @ (8, y")2* 2" = Om(t,%)| 21

for all A€ R where
Om(t,%) = Op(t, )L™ DQ2R + |Z] + 1, 0)Lyn(m) (8, X).
Then as in the proof of Lemma 2.4 we find that

Eg(xeys- . X )w(t,X1) — w(s, Xs)]

t
< Eg(in,... 51) / Wy (Do5) + F(pratu( p))

+L2R + [%p| + 1, p)lw(p. Xp)l1 dp,

where the operator F is constructed on the basis of Sm and NyL(2R+r,t) in place of §
and both L,K from Section 5, respectively, on the space of functions on R% in place
of R?. Again as in the proof of Lemma 2.4 we conclude that, for any S we have

S
E / ]bm(GM)(t,ft)dl‘ = 0
0

Since, obviously, Ign(t,x) < Iymgn)(t,v™(t,x)) we get that (2.12) holds with G™ in
place of G. As we have pointed out in the beginning of the proof, this is exactly what
we need. The theorem is proved. [

3. A sufficient condition for precompactness

One of the conditions of Theorem 2.1 is that the sequence of distributions (Q"), >
of X" on & converge. One can always extract a convergent subsequence from a se-
quence which is precompact and here we want to give a simple sufficient condition for
precompactness to hold. The assumptions of this section are somewhat different from
those of Section 2 and this was the reason to treat the issue in a separate section.
We take the objects introduced in Section 2 before Assumption 2.1 and instead of that
assumption we require the following.

Assumption 3.1. Assumption 2.1 is satisfied with condition (ii) replaced by the fol-
lowing weaker condition: For each » € [0,00) there exists a locally integrable function
L(r,t) given on [0,00) such that L(r,¢) increases in » and

|b" (2, y.)| + tracea"(t, y.) < L(r,1)

whenever ¢ > 0, y. € 7, and sup, _, |ys| <.
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Lemma 3.1. Under Assumptions 2.4 and 3.1 suppose that we are given F stopping
times !, n=1,2,...,r > 0, and a finite function o(r) defined on (0,00) such that we
have (1) for all n and r,

W <ou(r) if 0<t<t! (3.1
and (i1)
lim lim P"(7} <T)=0 VT €[0,00). (3.2)

F—00 n— 00

Then the sequence (Q"),> is precompact.
Proof. Define

t
G" :/ [16"(s,x")| + trace a”(s,x")] ds,
0

t
F =G+ / / v"(ds dx).
0 Jix|>1

Owing to Assumption 2.4, by Theorem VI.4.18 and Remark VI.4.20 of Jacod and
Shiryayev (1987) to prove the theorem it suffices to check that the sequence of distri-
butions on & of F” is C-tight, that is precompact and each limit point of this sequence
is the distribution of a continuous process. In turn, due to Theorem VI.4.5 and Remark
V1.4.6 (3) of Jacod and Shiryayev (1987), to prove the C-tightness it suffices to show
that, for any T €[0,00) and ¢ > 0,

lim lim P" (sup || ZN) =0,

N—oo n

t<T

010 n t+s<T0<s <O

lim lim P" ( sup |Fl,—F/| > 8) =0. (3.3)

In view of Assumption 2.4 we need only prove (3.3) for G” in place of F”. We do
this replacement and after that notice that, for any r, the left-hand side of the first
equation in (3.3) is less than

lim 1imP”< sup |GV >N> + lim P"(z! < 7).
n—o0

N—oo n t<TAT

Here the first term is zero for each r since G/ is continuous in ¢ and
t
Gl < [ eerwd
0

for ¢ < 1 when by our assumptions |x”| < r. In addition, the second term can be made
as small as we wish by choosing a sufficiently large r. This proves the first equation
in (3.3).

Similarly, the left-hand side of the second equation in (3.3) with G” in place of F”
is less than

lim lim P" ( sup |Gy — GY| = 8) + lim P'(z} < T),

010 »n +s<STAT0<s <0
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where again the first term vanishes since

t+s
G, -al< [ L
t
The lemma is proved. [J

Remark 3.1. It may be worth noticing that the combination of assumptions (i) and
(ii) of Lemma 3.1 is equivalent to the following: for any T € (0,00), the sequence of
distributions of sup,_; [x]| is tight or put otherwise

lim lim P" (sup x| = r) =0.
r—00 n—oo t<T

Lemma 3.1 reduces the investigation of precompactness to estimating |x"|*. Here the
following coercivity assumption turns out to be useful.

Assumption 3.2. For any n, there exists a nonnegative  /-predictable function L,(¢)
such that

B (£, x")x" + trace a"(t,x") < L(¢)(1 + |x![*) (3.4)

for almost all (w,?). Furthermore, for any T € [0, o),

T
lim lim P" </ L,(t)dt > c> =0.
cC—00 n—0o0 0

Remark 3.2. Quite often one imposes a linear growth assumption on the coefficients
a" and b", which of course implies (3.4). However, say in one dimension, if " =0
and b"(t,y.) = b"(t,y;) and b*(t, ;) = 0 for y, <0 and b'(¢,y,) < 0 for y; > 0, then
(3.4) is satisfied with L = 0. Therefore generally (3.4) does not provide any control
on the behavior of |b"(¢, ;)| for large |y;|.

For that reason, Theorem 3.2 does not follow from the results of Jacod and Shiryayev
(1987) and Liptser and Shiryayev (1986).

Theorem 3.2. Let

lim Tim P"(|x}| >N)=0 (3.5)

N—o00 n—o00

and let Assumptions 2.4, 3.1, and 3.2 be satisfied. Then the sequence (Q"),>1 is
precompact. Furthermore, let k be an integer and f"(t,x) be Borel R*-valued functions
defined on (0,00) x R? such that | f"(t,x)| < L(|x|,t) for all t,x,n. Define

t
V= / (s, ds.
0

Then the sequence of distributions of (x",y") on %([0,00), R***) is precompact as
well.
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Proof. We are going to use a method introduced by Krylov and Rozovsky (1979,
Section 4, Chapter II). Define

Ztn fo _]77 (t)n(t) = €Xp (_2/ Ly(s) dS) , o up(tx)=(1+ |x|2)¢n(t)-
0

Also as in the proof of Lemma 2.2, use notation (2.8) and (2.9) and notice that due
to special choice of u, we have R}(z.) = 0.
Then by using It6’s formula, we get that the process

M= (1+ [2])dat) — (1 + [x5)

- /[ [22" " (s,x") + 2 trace a"(s,x") — 2L, (s)(1 + |z"*)]pn(s)ds  (3.6)
0

is a local martingale.
Now take 9" again from (2.4) and remember that z] = x] for s <", so that the
expression in brackets in (3.6) is negative due to Assumption 3.2. Then we see that

HY' = (14 |z Dbalt A ") = (14 x5

is a local supermartingale. For any constant N > 0, the process H;'lju<y also is a
local supermartingale and, since it is bounded from below by the constant —(1 + N?),
it is a supermartingale. Therefore, upon defining

K’,’:inf{t > 0: suplx;| > r}, T =9"AK,

st

we get that, for any T € [0, 00),
E"(1+ |27 (T A T g <n < 1+ N2,
En(1+

Then we notice that on the interval [0,7") the process j; is identically zero. Hence,
for 7! < T < 9" we have

n
Zon
o

2 2
YT ) <N <T < < 1+ N7

n n
|22 | = |2,
T T

— |y
- |x1cf =7

and we obtain
T
e (1 +r*)pP" (/ L(t)dt <c|xi| <N"<T < y") <1+N?,
0

lim lim P"(|xj| < N,«" < T <y")=0.

F—00 n— 00

This holds for any N and along with assumption (3.5) and Remark 2.5 leads first to

lim lim P'(<" < T <y")=0
and then to (3.2).
Finally, observe that (3.1) is obviously satisfied even if 0 <¢ < ! rather than
0 <t < . Hence, by referring to Lemma 3.1 we finish proving the assertion of our
theorem regarding the distributions of x”.
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Lemma 3.1 yields the result for (x”, ") as well since, obviously, for 0 <¢ <r A7),
we have

[V </ L(r,s)ds.
0

The theorem is proved. [

4. An example of queueing model

We consider a particular queueing system with d service stations and d + 1 incoming
streams of customers. We refer the reader to Fleming and Simon (1999) for relations
of this system to practical problems. The first d streams are composed of customers
“having appointments”, meaning that the customers from the ith stream only go to the
ith service station. The last stream, to which we assign number 0, is that of “free”
customers who, upon “checking in”, are routed to the service stations according to
a certain rule to be described later. We assume that each service station consists of
infinitely many servers, so that infinitely many customers can be served at each station
simultaneously. Denote by Q! the number of customers being served at the ith station
at time ¢.

With station i, i =1,...,d, we associate a “cost” o; > 0 and suppose that a “free”
customer arriving at time ¢ is directed to the ith station if i is the smallest integer
satisfying

%Q; < %’Q{_ for all j # i.

Such a routing policy is called load balancing (Fleming and Simon, 1999). Here and
below in this section the summation convention over repeated indices is not enforced.

We take some numbers Ay,...,As > 0 and assume that the ith stream of customers
forms a Poisson process with parameter A;. To describe the service times we fix
some “thresholds” N',...,N? which are positive integers, and assume that, given
0 < Q! < N', each of Q' customers at the ith station

(i) has its own server,
(ii) spends with its server a random time having exponential distribution with param-
eter 1,
(iii) after having been served leaves the system.

However, given Q! > N', the service is organized differently. All Q! customers are
divided into disjoint groups each consisting of two persons apart from at most one
group having only one member. Then each of those groups is supposed to get service
according to rules (i)—(iii) above. By the way, it is not hard to understand that on
average both disciplines of servicing yield the same number of customers having been
served during one unit of time.

Finally, we assume that all service times and arrival processes are as independent
as they can possibly be.
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Now we describe the model in rigorous terms. For any numbers y',..., ¢ define

argmin y* =i
k=1,..d

if i is the least of 1,...,d such that y' < y* for k #i. Forx€R? and i =1,...,d, let

1 if i=argmin ockxk,
5l(x) — k=1,...d
0 otherwise.

Also take independent Poisson processes H?, .. .,H;” with parameters Ao, ..., 44, respec-
tively. Then we think of the number of arrivals at the ith station as given by

t
4i = / 5(0,)dII? + T,
0

where Qs = (Ql,...,0%) and Q! are some integer-valued right continuous processes
having left limits. To model the number of departures D! from the ith station up to
time ¢ we take Poisson processes I/ and AY, i=1,...,d, j=1,2,..., having parameter
1 and mutually independent and independent of (I1%,...,11¢). Then we define

t
D)= / Iysg > lo =4I
0

=1

t
* / Ivicg Y gz +1g 11227 dAY.
0

=1

To be consistent with the description, Q, should satisfy the balance equations Q! =
O} + A} — D!. Thus, we are going to investigate the system of equations

dQ! = 3'(Q, ) AT +dIL, — Iy g Y Iy 5, dII

j>1

~Iyicg Y (g 5o+ 1g 150 dA], i=1,....d. 4.1)

=1

Needless to say that we assume that all the Poisson processes we are dealing with are
given on a probability basis satisfying the “usual” assumptions. We also assume that
the initial condition Q, is independent of the Poisson processes.

Notice that for any initial condition Qy there is a unique solution of (4.1). Indeed
obviously, for any solution we have Q! < Q) + II° + II}, so that, while solving (4.1)
for 1 €[0,7], one can safely replace the infinite sums in (4.1) with the sums over
J < O) + 1% + II,.. After that one solves (4.1) on each o noticing that between the
jumps of the Poisson processes O, is constant and the jumps of O, themselves are
given by (4.1).

For obvious reasons we rewrite (4.1) in terms of representation (2.1). First, for
k=0,....d, i=1,...,d, j =1, we define

_k -1i .. -77 ..
O, =105 — e, 10/ =1Y -1, A/ =AY -2
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These processes are square integrable martingales with
—k , —ij ~ij
M@y =t @)=t A" =t
Next, for i =1,...,d, define
t t
i l _0 _i _i.
wi= [doat v~ [ heg Yap il
0 0

j=1
t _ij
= [ dvicg Y (g s+l s1s)dAl.
0 ;
Jj=1

which are at least locally square integrable martingales. Then after observing that, for
any integer ¢ = 0,

Zlq?i =49 2(1422/‘ +1g11221) = ¢

j=1 j=1
we turn Eq. (4.1) into the equation
dQ! = (200'(Q)) + 7 — O} dt + dM]. (4.2)

In order to explain what follows (in no way is this explanation used in the proof of
Theorem 4.1 below), notice that (4.2) seems to imply that

(EQp) = 20Ed(Qr) + 4 — EQ. (4.3)

We are interested in the behavior of O, when A;’s are large but 4y is much smaller
than Zi,...,44. Then, on the one hand, EQ; should be large for moderate ¢ and, on
the other hand, the first term on the right in (4.3) can be neglected. In that situation
Eq. (4.3) turns out to have a stable point EQ! = /;. This means that, if for the initial
condition we have EQ} = /;, then EQ! = J; for all ¢. Notice that since Z;’s are large,
so should EQ} be.
Therefore, we write A; = A; + A/A;, where AA; will be assumed to have order of A,
denote
0,=0-7
and rewrite (4.2) in terms of Q,. At this moment we introduce the assumption that
iy =n, i=1,....d, (4.4)

with n being an integer (independent of i) to be sent to infinity. This is convenient
due to the simple fact that then

d(x)=0d(x — 2).
In this notation (4.2) becomes

40, = (200'(0,) + A2y — 0 dt + dM;.
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To understand what kind of normalization is natural we compute the quadratic charac-
teristics of M. Notice that, for any integer ¢ > 0, we have

Z(lqul‘ +Ip152) = Z(quzj +2ly50 + 1g1225)
j>1 j=1
=3[g/2]+ (¢ + 1)/2]=:q/(q),

where [a] is the integer part of a. By the way, we can only define f(q) by the above
formula for all real ¢ > 0. If ¢ < 0, we let f(g)=0. Then

0< /<2 lim f(g)=2. (4.5)
q—00
It follows that
d(M)] = [208'(Q,) + % + Qilgi < + O f(OD]gi=ni] dr.
Also due to independence of our Poisson processes and the fact that '8/ =0 for i # j,
we get
(MY =0 for i}
If we believe that, in a sense, Q! ~ 4;, then .Qi/i,- should converge as well as M///7;,

and we see that it is natural to expect Qﬁ/ﬂi to converge to a certain limit. To
make the model more meaningful we also assume that the thresholds N'’s are large
and roughly speaking proportional to 4;. In this way we convince ourselves that the
following result seems natural.

Theorem 4.1. Let oy,...,09 >0 and po,...,0q =0 and vy,...,vg€R be fixed
parameters. For n=1,2,... define

Ji=no 4 u/n, i=1,....d, Jo= poVn,

N =no ' +viv/n, i=1,....d.

Let O, = Q] be the solution of (4.1) with certain initial condition independent of the
Poisson processes and introduce

- —1 —1
K =n 2O —nat, ' — no ).

Let Q" be the distribution of x" on &. Finally, assume that the distribution of x|
weakly converges to a distribution Fy as n — oo.

Then, as n — oo, Q" converges weakly to the distribution of a solution of the
following system:

Aot = (uod'(x,) + i — x}) dt + o 22 + Lisy)' P dwl, i=1,...d (4.6)
considered on some probability space with w, being a d-dimensional Wiener process

and xq distributed according to F.

Proof. First of all notice that (4.6) has solutions on appropriate probability spaces and
any solution has the same distribution on the space of R?-valued continuous functions.
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This follows from the fact that an obvious change of probability measure allows us
to consider the case with no drift terms in (4.6). In that case, (4.6) becomes just a
collection of unrelated one-dimensional equations with uniformly nondegenerate and
bounded diffusion. Weak unique solvability of such equations is a very well-known
fact (see, for instance, Krylov, 1969, Theorems 2 and 3).

In the proof of convergence we will be using Theorems 3.2 and 2.1. Observe that
Assumption 2.4 is satisfied since x/ has no jumps bigger than 272~"/2 and v"((0,00) x
B;)=0if n> 4d/a*. Furthermore, if in the argument before the theorem we take
Ai :nocl-_l so that (4.4) holds, and let AZ;=p;+/n, then after noticing that, by definition,

Qm — 7’11/2)(?;” + I’lO(l-_l,

we easily obtain
t
dx! =b"(x})dt + dmy, (m"), = / a"(xy)ds, 4.7
0

where

b (x) = pod'(x) + pi — X',
a"(x) =Y (n*I/Z,uoéi(x) + oti_l + ul-nfl/z

+(x'n 1?2 + ocfl)+[lx;<vf + f(n'?x" + nocfl)[xf%,f]) .

Upon remembering (4.5) we see that, for a constant N and all » and x, we have
|b"(x)|+trace a”(x) < N(1+]x|), which shows that Assumptions 2.1 and 3.1, equivalent
in our present situation, and Assumption 3.2 are satisfied. By Theorem 3.2 the sequence
(@Q") is precompact.

Next, obviously Assumption 2.2 is satisfied if we take

d
G=3 (tx) t>0,J[(ax' =)' —vi)=07,

ij=1
b(x) = uod'(x) + i —x',  a¥(x) = 06" (1 + Lo cyi + 2L y).

Finally, Assumption 2.3 is satisfied since deta”(x) = ocl_l ---ogl everywhere.

By Theorem 2.1, every convergent subsequence of (Q") converges to the distribution
of a solution of (4.6) with the above specified initial distribution. Since all such solu-
tions have the same distribution, the whole sequence (Q") converges to the distribution
of any solution of (4.6). The theorem is proved. [l

Remark 4.1. In Theorem 4.1 we assume that Q) goes to infinity with certain rate,
namely Of ~ noci_l. Interestingly enough, if we change the rate, the diffusion ap-
proximation changes. Indeed, keep all the assumption of Theorem 4.1 apart from the
assumption that x;j converges in distribution and instead assume that, for a y €[0,00)
say for y=0,

—1/2 1 —1 —1
n /(Qg _nwxl seees gd_ny“d )



258  N.V. Krylov, R. Liptser | Stochastic Processes and their Applications 102 (2002) 235-264

converges in law to a random vector. Notice that the case y = 1 is covered by
Theorem 4.1. We claim that, for y > 1, the processes

v =0T QN = gL O = g,
where ¢, =1+ (y — 1)e™, weakly converge to a solution of the system

dy} = (o' (y) + @ — ¥y de + 47 (14 g) P dwi,  i=1,....d,
and for y€[0,1) weakly converge to a solution of

dy) = (o8 (y) + wr — yp) de + o (1 +2¢)' P dwj,  i=1,....d.
Indeed, we have

0" =n"2y" 4 ngo,  dgo=(1—gq,)ds,

t
dy/ =b"(y/)dr +dmy, <m">,:/ a'(yg)ds,
0
where

b (x) = pod'(x) + pi — X',

a"i(x) =Y (nfl/zuoéi(x) + ocl-_l + /linfl/z

—1/2

1 —1
+ (x'n + 4.9 )+[I(~,~71)e—’<a,v(v’éx')n—‘ 2

12 i —1
+ f(n / x' + ngq:o; )1(771)6*‘Zoz,-(v’fx’)nfl/z]) .

As in the proof of Theorem 4.1 one checks that the sequence of distributions of " is
precompact. Furthermore, obviously, for any x

) Su(1+q) ify<l,
a(x) = q
a1 +2q) if y>1,

and this yields our claim in the same way as in the proof of Theorem 4.1.

Remark 4.2. We tried to explain before the proof of Theorem 4.1 why its statement
looks natural. Now we can also explain how the function ¢, from Remark 4.1 was
found. The explanation is based on a kind of law of large numbers which in queueing
theory is associated with the so-called “fluid approximations”. Generally, “fluid approx-
imations” can also be derived from Theorems 3.2 and 2.1. For instance, if ; = Ax(n)
and Ag(n)/n — Py as n — oo, and Py = 0, then under the condition that Op/n con-
verges in probability to a constant vector, the processes Q7/n converge in probability
uniformly on each finite time interval to the deterministic solution of the system

dgi =i —¢Hdt, i=1,....d.

This fact obviously follows from Theorems 3.2 and 2.1 applied to (4.2) written in
terms of z}! := Qf/n:

dz’ = () dr + dM]",
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with d(M™)/ = a’(z") dt,
bU(x) = &' (x)o/n + Jifn —x,  |d"(x)] < Nn~'(1 + |x|),

where the constant NV is independent of x,n, .

The following observation can be generalized so as to be used in various control
problems in which optimal controls are discontinuous with respect to space variables.

Remark 4.3. It turns out that many discontinuous functionals of x” converge in law
to corresponding functionals of x.. For instance take a Borel vector-valued function
f(x) on R? such that the set of its discontinuities lies in a closed set J C R? having
Lebesgue measure zero. Also assume that f is locally bounded, that is bounded on
any ball in R? but may behave in any way at infinity. As an example, one can take
f(x)=(6"(x),...,0%(x)). Then, for

= /0 Creds, e /0 ' fG)ds

we have that the distributions of (x”, y") converge weakly to the distribution of (x., y.).

Indeed, append (4.7) with one more equation: dy}= f(x}) d¢ and consider the couple
2" = (x",y") as a process in R?*!. Obviously, Assumptions 2.1 and 2.4 are satisfied
for thus obtained couple.

Furthermore, define

d
H={(tx,y):t>0, yeR, xeJ or [] (o' =/ )x' = v;) =0
ij=1
Since J is closed, for any # > 0 and (x,y) ¢ H,, the function f (independent of y)
is continuous in a neighborhood of x, which along with the argument in the proof of
Theorem 4.1 shows that Assumption 2.2 is satisfied for z/'. Finally, for

H"=H, d,=d, o"(tx,y)=x', i=1,...,d,
we have
d
vV™(H))= < x: x€J or H(ocix’ — o )(x' —v;)=0
ij=1
which has d-dimensional Lebesgue measure zero and
det V"™ (4,x",y") = deta"(x") = oy ' - a2t > 0.

Hence Assumption 2.5 is satisfied as well. This along with precompactness of distri-
butions of (x”, y") guaranteed by Theorem 3.2 and along with Theorem 2.5 shows that
any convergent subsequence of distributions of (x”, y") converges to the distribution
of a process (x.,y.), whose first component satisfies (4.6) and the second one obeys
dy, = f(x)dt.

Thus, we get our assertion for a subsequence instead of the whole sequence. How-
ever, as we have noticed above, solutions of (4.6) are weakly unique and this obviously
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implies that solutions of the system (4.6) appended with dy, = f(x,)dt are also weakly
unique. Therefore, the whole sequence of distributions of (x”, y") converges.

5. An L, estimate

Let d > 1 be an integer, (2,4 ,P) be a complete probability space, and (% ,,t > 0)
be an increasing filtration of o-fields &, C & with % being complete with respect
to P,%. Let K(r,t) and L(r,t) be two nonnegative deterministic functions defined for
r,t > 0. Assume that they increase in » and are locally integrable in ¢, so that

T
/ (K(r,t)+ L(r,t))dt <oo  Vr,T €(0,00).
0

Let &(z,x) be a nonnegative deterministic function defined for 7 > 0 and x € R? and
satisfying 0(#,x) < K(|x|,#). Define A(¢,x) as the set of all symmetric nonnegative
d x d-matrices a such that

S(t,x)|A* <d’ii < K(|x|,0)|A* VYieRY.

Here, as well as everywhere in the article apart from Section 4, we use the summation
convention. For any symmetric d x d-matrix v = (v;;) define

F(t,x,v)= sup a“v;.
acA(tx)

As is easy to see, if 4;(v), i =1,...,d, are eigenvalues of v numbered in any order,
then

d
F(t,x,0) =Y 7(6:x, 74(v)),

i=1

where y(t,x,2) = K(|x|,#)A for 2 = 0 and y(t,x,1) = (t,x)/ for A < 0.
Remember that C§°(RY*1) is the set of all infinitely differentiable real-valued func-
tion u = u(t,x) on RY*! with compact support.

Theorem 5.1. Let x;, t >0, be an RY-valued F ,-adapted continuous process such
that, for any u € C§°(RI*Y), the following process is a local F -supermartingale:

u(t,x;) — / [us(8,x5) + F (8, X the(8,X5)) + L(x), 8)|ux (5, x5)|1 ds, (5.1)
0

where u, is the gradient of u with respect to x, uy. is the matrix of second-order
derivatives u,i,; of u,

U = 0ufds,  uyy = 0°u/ox'ox’.

Then for any r,T € (0,00) there exists a constant N < oo, depending only on r,L(r,T),
and d (but not on K(r,t)), such that, for any nonnegative Borel f(t,x), we have

TNz,
E/ Dt x,) f(t,x,) At < N||f || 200 0.77%8,)» (5.2)
0
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where

; 1(d+1)
d—+1
1 zasiqo.r1x8,) = (/ S x) dx dt) :
0 x| <r

B, is the open ball in RY of radius r centered at the origin, and <, is the first exit
time of x; from B,.

Proof. First of all notice that for any u€ C°(R?*!) expression (5.1) makes sense.
Indeed, if 7 is such that u(s,x) =0 for |x| = r and all ¢, then the integral is bounded
by a constant times

/t [1 4+ K(r,s) + L(x] + r,s)]ds,
0

which is finite since each trajectory of x; is bounded on [0,¢]. Also observe that the
usual approximation techniques allow us to only concentrate on the case of infinitely
differentiable functions f > 0 vanishing for |x| > r for some r. We fix r, such a
function f, and a nonnegative function { € C§°(RY*!) with unit integral and support
in the unit ball of R?*! centered at the origin. Below, for any locally bounded Borel
function g(¢, y) and ¢ > 0 we use the notation

g(s) =g * é/g, where Cs(tax) = g_d_lé'(t/g’x/g),

Next, we need Theorem 2 of Krylov (1976), which states the following. There exist
constants « = a(d) > 0 and N, = N(r,d) < oo and there exists a bounded Borel non-
positive function z on RY+! which is convex on By, for each fixed 7 and is such that,
for each nonnegative symmetric matrix a,

a(det @) /@D &) < A0 4 aijzif;j fore<r, teR, x| <r, (5.3)
|29 <2r712®) for e <r/2, tER, |x| <1, (5.4)
< i .
d+ -
2l S NS ll2gvmxs,y  in R X Bay. (5.5)

Notice that in Theorem 2 of Krylov (1976) there is a minus sign in front of z,(g) .

However, (5.3) is true as is, since one can replace ¢ with —¢ and this does not affect
any other term. Observe that (5.5) obviously implies that for ¢ < r, we have

ZN <N xR x B, (5:6)

Fix an ¢ > 0. We claim that the process
INT,
e =7 B A EEREeS
0

+ F(s,x5, —28(5,x,)) + L(r,5)[29(s,x5)] 1 ds (5.7)

is a local supermartingale. To prove the claim it suffices to prove that (5.7) is a local
supermartingale on [0, 7] for every T €[0,00). Fix a T €[0,00) and concentrate on
t€[0,T]. Change —z® outside of [0,7] x B, in any way with the only requirement
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that the new function, say u, belongs to C{°(RY!). Then process (5.1) is a local
supermartingale. Replacing ¢ with ¢ A 7, yields a local supermartingale again. Also
observe that subtracting an increasing continuous process from a local supermartin-
gale preserves the property of being a local supermartingale. After noticing that for
0<s<tAt1 <T, we have |x;| <r and L(x},s) < L(r,s), we conclude that

AT,
Ny i = u(t A Traxt/\r,) - / [— Zig)(S,xs)
0

+ F(s,%5, —29(5,%5)) + L(1, )|z (s, x,)|] ds
is a local supermartingale on [0, 7']. Since
— & = [u(0,x0) — 2(0,0) )z~

is a bounded martingale, (5.7) is a local supermartingale indeed.
After having proved our claim we notice that for each T € [0, 00), the process (5.7)
is obviously bounded on [0, 7]. Therefore (5.7) is a supermartingale and

Eérl, o < Eéoly, =0 < sup |29(0,x)],

x| <r

which along with (5.6), (5.4), and the fact that z < 0, yields that for any ¢ < r/2

T A7,
E / 295,3,) — F(s,00 —2(5,,))] ds
0

TNz,
Lg41([0,T]xB,) (1 +2}”_1E / L(V,S)dS) .
0

Here, owing to (5.3)

Y- F(S’x’ _Z)(Ci)) - aEifIll(fx)[ (}) + al]zi'b)/]

<N f

> f(’)ot inf (deta)l/(d“)—f(’) SdNd+1).
acA(sx)

Hence

TNz,
E/ S £ (s, x) ds < NI f |y, 10.11%5,)
0
with

T
N =N,o~! (1 —|—2r_1/ L(r,s)ds) .
0

Finally we let ¢ | 0 and use the continuity of f which guarantees that ) — f. Then
upon remembering that f > 0 and using Fatou’s theorem, we arrive at (5.2) with the
above specified N. The theorem is proved. [J

Remark 5.1. Actually, we did not use the continuity of x,. We could have only as-
sumed that x; is a separable measurable process. However, then it turns out that the
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assumption about processes (5.1) implies that x, is continuous anyway and moreover
that x; is an Ito6 process (Krylov, 1989).
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