A SIMPLE ASYMPTOTICALLY OPTIMAL FILTER OVER AN
INFINITE HORIZON

P. CHIGANSKY, R. LIPTSER, AND B.Z. BOBROVSKY

ABSTRACT. A filtering problem over an infinite horizon for a continuous time signal
and discrete time observation in the presence of non Gaussian white noise is considered.
Conditions are presented, under which a nonlinear Kalman type filter with limiter is
asymptotically optimal in the mean square sense for long time intervals given provided
the sampling frequency is sufficiently high.

1. INTRODUCTION

Consider the infinite horizon filtering problem for a continuous time signal (Xi):>0
observed only at time points ty, k = 0,1,... wher t; — tx_1 = A. Suppose the signal is
distorted by a linear transformation AX;, , and corrupted by white noise proportional
to ﬁ, that is y2> = AXy, |, + ﬁsz- For convenience, we introduce a continuous time

process
VA {0 t=0,
A

YAt St<ty, k>1,

where Yif = Y}/ﬁ .+ y2 A with similar signal information as (y5)g>1.

Both (X;) and (Y;*) are assumed to be vector processes of sizes n and £ respectively.
The signal is a homogeneous diffusion process with respect to the vector Wiener process
(Wi)e>0 with independent components. The initial condition X is the random vector
with E||Xo||? < co. Then the filtering model

Y =Y = AN A+ &VA, (1.2)

where matrices A, a and b are known may be analyzed as follows. The noise (&x)r>0
forms an i.i.d. sequence of random vectors independent of (W;)¢>0 and Xy. Components
of the vector & are independent random variables and their distributions obey densities
so that the Fisher information of each component of £; is well defined and positive. The
assumptions made about the distribution of £&; imply that the Fisher information matrix
J of & is scalar and nonsingular.

If E||&1]]? < oo, the Kalman filter with continuous time signal and discrete time
observation, that is being adapted to the setting, might be used as an optimal linear
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filter in the mean square sense. If E||&||? is infinite or even if E||&||? is finite but too

large, the Kalman filter becomes useless though the optimal filtering estimate

m(Y2) = E(X Y2t < 1)

k 9
would probably be reasonable from an applied view of filtering quality. Such situations,
where E||&1]|? is large because of “heavy tails” of the distributions of £&; components are
typical in engineering practice.
An essential role in the verification of a nonlinear filter quality is to be the lower bound
for the mean square filtering errors matrix

VA = EB(X; — m(Y2)(Xy —m(Y2)T

where | is the transposition symbol.

The lower bound for VtA is found by a method borrowed from Bobrovsky and Zakai
[2], [3], Bobrovsky, Zakai, and Zeitouni [4], Bobrovsky, Mayer-Wolf, and Zeitouni [5].
Under the assumption that the Fisher information matrix Jg of the random vector X
exists, we show that

VA>PA t>0 (1.3)
in the sense that V;* — P2 is a nonnegative definite matrix. Here, P is the filtering
mean square error matrix for Gaussian filtering model

dXt = CLXtdt + det
Vi Y, = AKX, A+3724VA

subject to YOA = 0, Xy is the Gaussian vector with EXy = EXj, the covariance
matrix is equal to JJ (J7 is the Moore-Penrose pseudoinverse matrix, [1]), and ()k>1
is an i.i.d. sequence of zero mean Gaussian vectors with unit covariance matrices.

In general, this lower bound might be unattainable. However, in this paper we show
that it can be closely approached if the parameter A is small enough. Moreover, we
use this fact to construct a nearly optimal filtering estimate by applying a Kalman type
filter to a nonlinearly preprocessed observation. The use of a preliminary nonlinear
transformation (limiter), to improve filtering accuracy is well known from Kushner [8],
Kushner and Runggaldier [9], Liptser and Lototsky [10], Liptser and Runggaldier [12],
Liptser and Zeitouni [14], and Liptser and Muzhikanov [11]. In [14] and [11], the choice of
an appropriate limiter depends on the diffusion approximation of the observation process
so that the drift and the diffusion parameters in the associated diffusion limit determine
the signal to noise ratio, and thus, the filtering quality. Moreover, the filter with the
limiter which gives the largest signal to noise ratio (for the limit model) turns out to
be optimal in the mean square sense, as A — 0 for any finite interval. This is readily
verified by applying Goggin’s approximation [7] for the conditional expectation.

In this paper, we consider the filtering problem on the infinite time interval (infinite
horizon) in the situations when Goggin’s approach can not be effectively extended for

the analysis of iimo tlim asymptotic. Our approach exploits the lower bound from (1.3)
—0t—00
and conditions under which
lim lim PP := P, (1.4)

A—0Qt—o0
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where P is a positive definite matrix. We show that the estimate 7;(Y'2), generated by
the Kalman filter with limiter, satisfies the asymptotic optimal property

lim lim E(X; — 7(Y2)(X; — 7(YA) T = P. (1.5)
A—0Qt—o0
This paper is organized as follows. In Section 2, we make a revision of the finite horizon
case and show that the filter, with the relevant limiter, guarantees the asymptotic optimal
property in the sense that
lim VA = lim P~, Wt > 0.
A—0 A—0

In Section 3, the main infinite horizon result is presented. Several practical aspects are
discussed and demonstrated with computer simulations in Section 4.

2. PRELIMINARIES

2.1. A diffusion approximation and the filter. As in [11], to keep the heredity of
property of asymptotic optimality for a wider range of sampling intervals A, the limiter
is applied to the innovation difference.

The limiter is chosen to be a column vector-function G with components G;(x) =
"z
56y
To incorporate the limiter into the filtering algorithm, YtA is transformed into

i=1,...,¢, where p;(z) is the distribution density of the i-th component of ;.

t/A] m
<YtA S Awtk_l(YA)A> ‘ (2.1)

VA=Y VAT la |2
t ; \/E

Here, [z] stands for the integer part of x, 7 (Y?) is a random process defined by the
linear equation

A7 (YR) = am (Y2)dt + PATIAYS, 7o = EX,, (2.2)
and P is a solution of the Riccati equation
P,=aP,+Pa' +0b" — PBATJAP, (2.3)

subject to Py = cov(Xp, Xo) in which the Fisher information J is a scalar matrix with
diagonal elements

/ 2
r Pi(z)

The process 7 (Y?) is suggested as the nonlinear filtering estimate for the signal X;
given {Y2,0 < s < t}. It should be noted that th — thil — A7y, (Y2)A is regarded
as “innovation difference” and the proposed filter can be seen as a Kalman filter with a
limiter which is applied to the innovation process (see the block diagram on Figure 1).
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+ /;
oot P o, o)
o

Ficure 1. Block diagram of the proposed filter

The choice of such a nonlinear filter is warranted by the diffusion approximation ar-
guments given below. We fix the following assumptions

G;(z) is continuously differentiable

E[G(6M)]? < o

EG{(&) < oo

|Gi(x)] < C(1+ |z|), for some C > 0, (2.4)

and extend the proof of Theorem 2.1 from [11] to the vector case. As in [11], we have

(X0 YA T(YS) (X0 Ve T(Y)), (2:5)

—0
where Yy = 0, 7o = EXp and
dXt = aXtdt + det

~ ~ 2.6
dY; = A(X; — 7(Y))dt + 37124y, (2:6)

with Wiener process (V;):>0 independent of (X;);>0 and
d7(Y); = a7 (Y )ydt + P,AT3dY,. (2.7)

Despite the trajectories of the prelimit triple (X, f/t ,7:(Y2)) which belong to 1(137[}]700) X

Dfo,oo) x Dff .y the trajectories of the limit (X1, Y, 7:(Y)) belong to Clo,00) X (Cf(),oo) X
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t

(Cﬁ) 50)7 SO that « awo” holds in the local supremum topology with the metric
p(u',u") = Z 2" m{l /\tsgph } uu” € (C[Ooo) X D[Ooo) X D[OOO),
m=1

"

! / / / _ ! /! "
where v’ = (z},y;, 2), v = (27, 9/, %) and

n ¢
(t) =D l2(@) — 2/ (@) + D lvi(i) —y |+Z!Zt — 2 (9)]-
i=1 =1

Consider now the filtering problem for the limit pair (X;,Y;) (see (2.6)) in which X, is
treated as the signal and Y, as the observation. Clearly, the optimal, in the mean square
sense, linear filtering estimate is generated by the Kalman filter given by equations (2.7)
and (2.3). Note also that the nonlinear filter proposed in (2.2) is nothing but this Kalman
filter with Y; replaced by YA

2.2. A lower bound over a finite horizon. Let us introduce the essential notation.
Set

xp =Xy, and yp = YtkA — YtkA_1
Ty = BE(zkly;, 1 <j <k)
VS = E(zy, — @) (2, — Z) |

ty
Tp = e xp_q +/ et =5) pa W,

te—1
T A T
e’ A—i—/ e¥bb et Sds
0
A pA T(3-1 A T A aTA
e Ptk 1A ( —|—APtk 1A A) APtk 1e A k>1

PA = jg. (2.8)

A aA A
Ptk Ptkl

LEMMA 2.1. Assume

F(ba):(b ab --- a”_lb)

nx(n-m)
where the block-matriz has the full rank.
Then, for every k >0
Vie = Pie.
Proof. Under (FR), for every ¢t > 0 the distribution of X; obeys a density (e.g. see the

proof of Lemma 16.3 in [13]). Hence, the joint distribution of ; = (z,...,x1) has a
density as well. For convenience, introduce the vector 6 = (y, . ..,y1). The signal and

1((:'["0700), Dfy ) are the spaces of continuous and right continuous (having limits to the left) vector-
functions of size r.
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noise independence guarantees the existence of a smooth and strictly positive distribution
density p(u,v) for (Cx,0x). Set

flu) = /szp(u,v)dv (density of (x)

g(v) = / p(u,v)du (density of 6)
Rkn

q(ulv) = p(q(i, ;)) (conditional density of ¢ given 6y)
g(v
r(viu) = p](:Z’ 1))) (conditional density of 6 given () (2.9)
u

and denote by V,q(u|v) the row gradient vector with respect to u. Let us define a
nonnegative definite matrix

B V. q(u|v)Vuq(ulv) Ndude
I = /R - o) g(v)dudv. (2.10)

We show that the mean square error for the estimate Ek = E((|0k) of ¢ given 0y is
bounded below (a version of the Rao-Cramer inequality):

E(G— )G — ) > I, (2.11)
where [ ,j is the Moore-Penrose pseudo inverse matrix for Ix. The inequality (2.11)
becomes an equality if (x, 6x) is Gaussian pair.
Integrating by parts, we find [p. u' Vuq(ulv)du = —1I, where I is the unit matrix of
relevant size, so that

I = /R ) /R kn(u—&(@)Tvuq(u\v)g(v)dudv

= u — u|\v g('U) u,v)auav
= [, ] =Gt Vuatulo) L ptu oydud. (2.12)

Since p2(u1’)v)p(u, v) = ;;((l;‘v)) q%&);)’ we have

2

= Ta(ulv ulv g (v)
o= [ [ Vlao V)£

Now, the matrix Cauchy-Schwarz inequality, applied to the right side of (2.12), gives

/ / (u—Zk(v))_’qu(uW)g(v)dudU)T
RkE JRER (u‘v)

+ TLuq(u!v) ulv)g(v)dudv
S ) du)g(e)dud

/ / u— Cu(0))(u = Cu(v)) T plu, v)dudv.
REL JRER
Thus, (2.11) is implied by (2.12).

p(u, v)dudv.
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We now use another representation for I (comparable to (2.10)). To this end, intro-
duce the operator V2, that is for every smooth scalar function h(u) with vector argument
u e RF?,

matrix

VZh(u) — | with elements
“ 92h(u)
Ou;0u;

The direct verification shows [re [pun P(u, v)V2log p(u, v)dudv = —Ij, that, taking into
account p(u,v) = r(v|u) f(u) (see (2.9)), leads

I, = —/Rlm f(u)(/RM r(v\u)V%logr(vm)dv)du

— (u)Vi log f(u)du
Rkn

Vor(vu)Vur(vu)
= “ dv )d
/Rzm f(u)( RFE r(v|u) U) “
Vi (@) Vuf(u)
Rk f(u)
Since r(v|u) is the conditional distribution density of ) given (;(= u), the matrix

V) r(v|u) Var(v|w)
/Rkn f(u)( » dv) du

r(vfu)

+

du. (2.13)

can be explicitly expressed in terms of matrices A and J, or more exactly, as a block

diagonal matrix with blocks ATJA. The detailed computation is omitted here whereas

the rest of the proof does not rely on a specific structure of this matrix. N
Consistent with ((,0x), consider an auxiliary Gaussian pair ((g,60x), where 0, =

(gka s 7:171) and gk’ = (gka s 7:%1) with

t.
fj = eaA‘%jil -l-/] ea(tj—s)deS

tj_1

Uj = AT 1A+ T 26VA, (2.14)

where (gj)jzl is a sequence of i.i.d. zero mean Gaussian vectors with i.i.d. elements
of unit variance and o is a Gaussian random vector with EZ¢g = E Xy and covariance
matrix JJ. Denote by 7(v|u) the conditional density of ) given (x(= u) and by f(u)

the distribution density of (. Using the fact that under a Gaussian distribution, the
covariance matrix coincides with the pseudoinverse of the Fisher information, we get

V. r(v|u)Var(viu) B ~ V] 7 (vu) Vo (v|w)
/R;m f(u)( ke dv) du = /Rkn f(u)( e dv) du

r(viu) r(v[u)

and hence, with ¢, = E(Zklgk.), we have E(C, — G) (G — G) | = L. Thus, the above
equality and (2.11) imply

E(—G) (G —G)T =BG —G) (G —G) " (2.15)
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It is clear that the matrix V2 is the sub-block of E((j — Ce) (G — Ge) T located on the left
upper corner. Denote the same sub-block of E(¢, — ) (G, —Ci) T by Ptf. Recall that the

Gaussian pair ((g,0y) is generated by the recursion (2.14), so that the matrix Ptf gives
the mean square filtering error and is defined by the recursion given in (2.8) as a part of
the Kalman filter corresponding to model (2.14).

The property given in (2.15) is nothing but the statement of the lemma for £ > 1 (for
kE = 0 the proof uses the same type arguments and is omitted). ([

2.3. An asymptotic optimal property over a finite horizon. We assume here that
Xp is a Gaussian vector, so Py = 38’ . By virtue of (2.5) we have

~ ~ T ~ S ~ ST
(X — 7 (Y2) (Xy — 7(YD)) ﬁ) (X —7(Y)) (X — T(Y)) (2.16)
Moreover, under (2.4) and (FR), for every ¢t > 0 the trace of the matrix on the left side
of (2.16) is uniformly integrable for A > 0. Therefore

T

lim B(X, ~ 7 (Y)) (X, - T = B(X, - 7(Y)) (X, — 7(Y)) (2.17)
We now show that with P; the solution of (2.3)
EX —-7(YV) (X —7(Y) =P, V>0, (2.18)

To this end introduce )?t = E(Xt|}~/s,s <t)and I'y = E(Xt — )?t) (Xt — )?t)—r. Taking
into account (2.6) and applying the conditionally Gaussian filter (see Ch. 11 in [13]) we
find XO = EXO and FO = PO and

dX, = aXdt +T,AT3(dY, — A(X, — 7(Y))dt)
I, = aly+ T’ +bb" —T,ATIAL,.
Hence, for §; = )?t — %t(?) we have dg = 0 and dd; = (a - I‘tATTJA)dt. That is §; = 0.

Since P, =T, (2.18) holds.
Let us show also that

lim B(X, — m (V) (X, - m(Y2) =P, (2.19)
Since ﬂt(YA) is the optimal filtering estimate, we have the inequality
T ~ ~ T
E(X; —m(Y®)(Xi —m(YR)) <E(X:—7(Y2) (X — 7(YD))
and thus, by virtue of (2.17) and (2.18), to verify (2.19), it remains to show only that

for every t > 0

lim E(X; — m(Y2) (X, —m(Y2) > P (2.20)
A—0
For fixed ¢ > 0, let k be an integer such that ¢t; <t < tx11. Then for such ¢,

t
X; = e X, + / e bd W

ty

T (YA) _ ea(t—tk)ﬂ_tk (YA)
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and, therefore,

t
X —m(YR) = e (X, — m, (YR)) + / e t=)pd W, (2.21)
7%
Consequently
t
E(X; — m(Y2) (X, — m(Y2)) | = ettty pen’ (=t /t eat=s)ppT et (=) g,
k

By Lemma 2.1, we have VtkA > Ptf and with PP = Pt% for t, <t < tg41, the inequality

t
E(Xt o Wt(YA))(Xt o Wt(YA))T > ea(tftk)PtAeaT(tftk) + / ea(tfs)bbTeaT(th)dS

123
(2.22)
holds. Now, the proof of (2.20) is reduced to verifying
. A
ilglo P& =P, (2.23)

Proof of (2.23). The matrix Ptf, the filtering error of Xj,, is upper bounded by the
matrix @, = cov(Xy,, Xy, ) with Pt% < Qt,. That is, for every fixed ¢t > 0, sup || P2||
<t

is bounded by a constant independent of A; in particular, sup ||Py — Pt,AH inherits the
<t

same property. Setting US> = P, — P2, we show that for ever;/ t>0
li Al = 0. 2.24
lim [[U2]] =0 (224)
From (2.3), it follows

ty
P, = P, et Ay / et =spp e (hm2) s =

tk—1

¢
—/k e“(tk_s)PSAJATPse“T(t’“_S)dS

te—1

A
T T
— eaAjjtk_lea A+/ €asbbT6a 5ds
0

—e"AP, ATIAP, " AA 7, (A), (2.25)

where r;  (A) is the residual matrix with [|r;,  (A)[| oc o(A). On the other hand,
taking into account

—e"APA AT(371 4 APD ATA)'APR TAA

th—1 te—1 te—1
alA pA T~ A aTA "
= —e"2P A JAP " TA+rp (A)

(A) with [|7]  (A)|] o< o(A), by virtue of (2.8) we have

with the residual matrix r} b

k—1
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A _aA pA
}%k = ¢ }%k—l

A
eaTA +/ easbbTeaTsds
0
—e® AP AT(3T 4 APS ATA)TIAPY tTAA
A
eaTA +/ easbbTeaTsds
0

—e"ApR ATIAPS AN 1 (D), (2.26)

tk—1

where ||r}”  (A)|| x o(A) as well. Therefore (2.25) and (2.26) imply

te—1

al pA
e Ptk_1

UR = eBUP e'd —e"AUL ATIAR, e AA
~ T
o ATJAUt%ile“ AA 41, (A) (2.27)

tp—1
with ||r, , (A)|| o< o(A) (for fixed t > 0 and ¢, < ¢, o(A) depends on ¢ only).
Hence, there is a positive constant C' > 0 such that for every t;, <t we have

U1 < U N1+ CA) +o(A).

This recursion and ||U&|| = 0 imply

[t/A] ‘ o(A)
Ut <o 1+ < te —0 — 0.
U] < o(A) D (1+CAY™ <te'“=C , A
j=1
Thus (2.24) holds. O

3. THE INFINITE HORIZON CASE

3.1. Formulation of the main result. An essential role in establishing the asymptotic
optimal property for the filtering estimate %t(YA) over the infinite time interval is played
by the relation

lim lim P> = lim P, =P (3.1)

A—0Qt—o0
with positive definite matrix P which is the unique solution (in the class of nonnegative
definite matrices) of the algebraic Riccati equation

aP+ Pa’ +bb" — PATIAP = 0. (3.2)

To clarify a role of the matrix P, we mention here that the optimal filtering estimate
7(Y2) obeys a lower bound (Lemma 3.2)

lim lim E(X; — m(Y2)) (X —m(Y?) > P (3.3)
A—0Qt—oo
while the filtering estimate 7;(Y2) given in (2.2) obeys the asymptotically optimal prop-
erty

lim lim E(X; —7(Y®) (X, —7(Y2) = P. (3.4)

A—0Qt—o0



A SIMPLE ASYMPTOTICALLY OPTIMAL FILTER OVER AN INFINITE HORIZON 11

It is known (see [13], Theorem 16.2) that at least the second part of (3.1) is provided
by (FR) (see Lemma 2.1) and

A
Aa
, is the matriz of full rank. (FR')
n—1
Ad” (£n)xn
In this setting, for the verification of the first part of (3.1), and especially (3.4), another
(FR’) condition is required. Even if (FR’) holds, we assume that eigenvalues of the matrix
a have negative real parts (see (INF.3) in Theorem 3.1). It can be proved that under
(FR) and (INF.3) the second equality in (3.1) holds with the positive definite matrix P.

It is natural when filtering over a long time interval to replace P; in the equation for
7 (Y2) (see (2.2)), by its limit P, that is, to use the modified version of (2.2)

A7y (Y2) = amy(Y2)dt + PAT3dYA. (3.5)

Moreover, the exact knowledge of the initial condition 7o(Y?) is not essential, since it
is forgotten by the filter dynamics. It is well known from Makowski [15], Makowski and
Sowers [16], Ocone and Pardoux [17] (see also Budhiraja and Kushner [6]) that, under
(FR) and (FR'), the Kalman filter is asymptotically optimal (among nonlinear filters)
over the infinite time interval even if the first and second moments of an inappropriate
distribution for X are used as the initial conditions for the filter. We establish the same
property for 7;(Y2) defined in (3.5).

THEOREM 3.1. Assume (FR) and

(INF.1) G; is twice continuously differentiable; G;, G}, G!’s are bounded.

(INF.2) X is an arbitrary distributed vector with E||Xo||? < oo.

(INF.3) Eigenvalues of the matriz a have negative real parts.

Then (3.3) is valid and (3.4) holds for T,(Y™) defined in (3.5) under any fived initial
condition.

3.2. Auxiliary lemmas. It can be shown that not only under (FR) and (FR’) but also
under (FR) and (INF.3), tlim P, = P exists. Let us denote P = Pt%- Then (2.8) may
— 00

be rewritten as

A
T T
PR = *APR et A—I—/ e¥bb e *ds
0

—e"APA AT (37 4 APR ATA) TAPA (e AA.

Taking into account the eigenvalues of the matrix e*® have absolute values strictly less

then 1 and the matrix fOA e®bbT e’ 5ds is positive definite, one can modify the proof of
Theorem 14.3 from [13] to show that under (FR) and (INF.3)

lim PP = P4 (3.6)
k—o0
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with

PA = rApheaTA /A e™bbT e *ds
0
—APAAT (37 4 APAATA) TAPA AN (3.7)

LEMMA 3.1. Under (FR), (INF.3), lima_o P® = P.

Proof. By defining the following matrices,

1
r(A) = aP® + PRa’ — Z(G“APA(B“TA — PA)

A

1

r(A) = / K (0T — bl et *)ds
0

r(A) = e APAA(TT 4 APAATA) AT PR A - pAATAT PA

r(A) =7'(A) +1"(A) +1"(A),
(3.7) can be rewritten as:

aP? + P2a" +0b" — PAATATPA = r(A). (3.8)
Under assumptions made previously, the norm of the matrix P2 is bounded from above
by a positive constant independent of A. Hence ||r(A|| x O(A). Therefore
lim (aP*+ PAaT + 067 — PAATATPY) 0.

Since matrices P2, A > 0 are bounded, any infinite sequence (A;)i>1 decreasing to zero

contains subsequence (A );>1 such that the limit lim PAv = P, exists. Then P’ is a
i’ —o00

solution of (3.2) and thus P’ = P. (Recall that (3.2) has the unique solution in the class
of nonnegative definite matrices.) This fact allows us to conclude the existence of the
limit lim P2 = P. O

—0

LEMMA 3.2. Under (FR) and (INF.3), (3.3) holds.
Proof. By virtue of (2.21), we have

lim lim E(X, — m(Y2))(X, — m(Y2) "

A—0Qt—o0

= lim lim E(Xy, —m, (Y2)(Xy, —m, (V)

A—0 k—oo
while by Lemma 2.1, E(X, — 7, (Y2)) (X, — 7, (Y2)) ' > P2,
Hence the desired result is implied by (3.6) and Lemma 3.1. O

LEMMA 3.3. Under (FR) and (INF.3), eigenvalues of the matriz a — PATJA have
negative real parts.

Proof. Set K = a — PATJA and rewrite (3.2) as
KP4+ PK" + b7 + PATIAP = 0. (3.9)
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Let ¢ (") be the right eigenvector of KT (the left eigenvector of K) with eigenvalue \.
(Re(A) is the real part of A.) Multiplying (3.9) from the right by ¢ and from the left by
@, we obtain

2Re(N)p Pp+¢' (bb" + PATIAP)p =0
Because P is positive definite and bb" + PATJAP is nonnegative definite, then Re(\) <
0. Assume Re(\) = 0. Then ¢ PATJAPyp = 0, so ¢ PAT3Y2 = 0 and, in turn,
@'PAT3=0and o' PATJA =0 (or ATJAPp = 0). Then
Mo=KTo=(a" —ATIAP)p =a' ¢,
T

i.e. ¢ is the right eigenvector of the matrix a' so the eigenvalue of a' has a zero real
part. The latter contradicts the assumption Re(\) = 0. Consequently Re(\) < 0. O

3.3. Proof of Theorem 3.1. The proof is divided into two parts.

3.3.1. Xy is a Gaussian vector with known expectation and covariance. Set utA = X; —
7:(Y2). Tt suffices to verify

. : A, ANT
ilino klggo Eug, (u,) = P. (3.10)

From (1.1) and (2.2) with P, replaced by P, it follows
t t t _
ut = ud + / auds + / bdW, — / PAT3dYA
0 0 0
and, in turn, for every t; we find

ty ~ ~
up, = e"up 4 / e Dpd W, — PATI(YS - Y2 ). (3.11)

tk—1
tp—1

Due to (2.1)

te—1

VA
= VAIIG (& + Auf_,VA)
G () + () VA)

~ ~ YA YA — A7, (YAA
(Y;/kA — YA ) e \/KJ_IG ( tk tkfl tk:—l( ) )

= VAI! :
G (160 + (aup_) V)
In addition, since G; is twice continuously differentiable, we have

Gi (@) + (4 ) VA) = Gi((@)V) + 61 ((6)7) - (au_,) VA

(4)
AuA \/Z z .
U P @00+ ) v
0 0
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For convenience, denote by

1
H\/Z

UA
) 1= G (@00 + ) aas

Jo

r(A) = VAPAT!

NG
fO(Autk_l) \/Zfoz G ((&6)O + 2') d2'dz
G ((&)W)
G (&) = :
Ge ((€6)9)
G'(&) = diag (G (&) Go(&)P ... Gy D) (3.12)

where diag(*) designates a scalar matrix with * as the diagonal. Then (3.11) may be
rewritten as

ufy = (et = PATG/(&)AA) ufy
ti
+ / B pdW, — PATG(&)VA — (D) (3.13)
te—1

where 7 (A) is the residual matrix with norm
[17%(A)]] oc O(A%?). (3.14)

Set TtAk = EutA,c (ufk)T and note that (3.13) implies
A A T T
YA = E { (eaA - PATG/(&)AA> T2 <e“ — PA G’(gl)AA) }
a T
+ / e®bb et *ds + PATE {G(gl)GT(&)} APA
0
T T
~B{uf Q) "} - B {ri@) ()"} (3.15)
A few additional computations are now required. Write
-
E { (eaA - PATG’(fl)AA) T2 (eaA - PATG’(&)AA) }

.
ot A _ <eaATA

aA~r A
e 1

tk—1

+ri(A),

= ATEG'(£))AP + PATEG' (&)AYS

th—1

eaTA> A

where 7/(A) = E {PATG’(&)ATtAki1 (PtkATG’(&)A)T} A?. Assumptions (INF.1) and

(INF.3) imply that TtAk’s are bounded. Therefore

175 (A)]] oc A%, (3.16)
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L2
Note that EG’( ) —f (pl x)> = (Z;;'i((i))) = J;. Therefore, EG'(&1) = J and
R

thus

5 { (em _ PATG/(&)AA> TA (eaA _ PATG’(&)AA>T}

.
ot A _ < aAypA

aA A
T tp—1

tp—1

Since EG(&)G " (&1) =3, we have PATE {G(£)GT (&)} APA = PATJAPA. With the
residual matrix 7' (A) = —E {Utk (Tk(A))T} —FE {rk(A) (utAk)T} with norm

ATJAP + PATIAYTA

tk—1

eTA) A ().

7 (A)]] o< O(AY?), (3.17)
and, by virtue of (3.16) and by (INF.1) and (INF.3), we find

TA = sAyA

aTA aA~A
te—1© - < T

te—1

ATIAP + PATIAT eTA) A

A
+ / e®bh T e 5ds + PATIAPA
0

+ri(A) + ) (A). (3.18)

To simplify notations define the matrix r;(A) := r}(A) + r}/(A) with norm
7k (A)]] oc O(A%2). (3.19)
Then, (3.18) may be rewritten in the form
T = etrh e A (AT ATIAP + PATIATS eT4) A
A
+ / ¢®bb e *ds + PATIAPA
0
+ri(A). (3.20)

Further, we use ri(A) for designating a generic residual matrix with the norm of type
(3.19). Taking this into account, the right side of (3.20) can be transformed again so
that

Tﬁ _ e(a—PAT:;A)ATtAk_Ie(a—PATjA)TA
A
+/ e(afPATﬁA)s (bbT + PAT/JAP) e(afPATﬁA)Tst
0

+ri(A). (3.21)
Now, the equivalent presentation of (3.2) is used which yields
(a — PATJA)P + P(a — PAT3A)T +bb" + PATIAP = 0.
The solution of the differential equation

T, = (a— PATJA)Y, + Yi(a— PATIA)" +bb" + PATIAP
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subject to Yo = P is P. In particular, for every k, T;, = P. On the other hand, for
every k

T, = e(a—PATJA)A T,

(a—PAT3A)TA
k 1 €

k—

A
+ / (e PATINS (1T 4 PATIAP) ele=PATIN gy,
0

Hence, Utﬁ = Té — Y}, is defined as: UoA =Fy— P and

k
_ T a— T T
Utﬁ _ la—Pa 3A)AUt%_le( PATIATA 4 (A,
Let integer &’ be fixed and k& > k’. Then
UkA _ e(a—PATD’A)A(k—k:’)Uti/e(a—PATjA)TA(k—k’) (3.22)

k
+ Z e(a—PATCfA)A(k—j—l)Tk(A)e(a—PATf]A)TA(k—k’).

=k

Taking Lemma 3.3 into account, let us denote —p (> 0) the maximal real part among
all real parts of eigenvalues of the matrix a — PATJA. Then (recall a — PATJA is an
(n x m)-matrix) there is a positive constant ¢ such that for every integer ¢ > 0

”e(aprTfJ’A)AqH < C(l + (Aq)nfl)eﬁqu'

Therefore, due to U kA_ , being bounded, there is a positive constant C' such that

k—k'—1
ORI < oferat) pav2 S i)
§=0
, A3/2
< C{e +71—6_“A}

Hence, lim ||Ut%|| < lessz — 0, A—0.
k—oo €

3.3.2. Xg has an unknown distribution, E||Xo||?> < co. Consistent with

7= By 125 <) (= m(V2)),
let us introduce the filtering estimate
Ty = E(zkly;, 1 < j < k, Xo).

Note that V;kA > E(z), — 73)(wp — 73) ", k > 1. On the other hand, since the conditional
distribution for x; given X, is Gaussian with nonsingular covariance, the conditional
(given Xo) Fisher information matrix Jy) of x1 is well defined and nonsingular. Applying
the same arguments used to prove Lemma 2.1, it can be shown that

E(zy —3) (-7 > P, k> 1,
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Typical signal loss: signal vs. estimate
T T

250 - 1

4
200+ /\’N 4

amplitude
P
a
o
T
Il

100 -

50 - A

o I I I I I
o 5 10 15 20 25 30

time in seconds

FIGURE 2. An unstable signal model and the observation signal noise
with the following simulation settings: scalar observation noise &, =
€20, + £°(1 — 6,,), where £ and fﬁ are independent i.i.d. zero mean
Gaussian sequences with var(£2) = 0.1 and var(¢2) = 10, and 6, a bi-
nary i.i.d. sequence with P{6,, = 1} = 0.95. The signal is an unstable
scalar diffusion with drift coefficient a = 0.05. The estimate was gener-
ated for the signal sampled at A = 10 msec. The signal loss occurs at
=~ 15 sec.

-1

10" Therefore, we

where Pi is defined by the recursion given in (2.8) subject to ?ﬁ =7
have th > Fi. Now, applying the same arguments used in the proof of (3.3), we obtain

lim lim E(X; — m(Y2)(X; — m(Y2) T > P,

A—0t—o0
where P = tlim P, and P, is a solution of the Riccati equation from (2.2) subject to
—00

Py =74

10" Under the assumption made previously, P = P. Thus

lim lim E(X; - (YN (Xy —m(Y2)T > P (3.23)
Analogously, we find
lim lim E(X; — 1Y) (X, — 7 (Y2)T =P,

A—0Qt—o0

4. CONCLUDING REMARKS

The proof of Theorem 3.1 uses extensively the bounded property of the limiter G and
the stability assumption that eigenvalues of the matrix a have negative real parts. Neither
can be weakened: with an unbounded limiter and an unstable model, the computer
simulation with a reasonably small A exhibits catastrophic failure of the signal tracking
(see Figure 2). Similar phenomena occur on long time intervals even for stable signals
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Filtering of the stable signal
T T

40~ B

amplitude

—20 4

—60 L 4

I I I I I I I
300 350 400 450 500 550 600
time in seconds

FIGURE 3. A stable signal model (with drift coefficient a = —0.01) and
observation noise with Cauchy distribution. In this case the limiter is
bounded. With the sampling step A as in Figure 2, local tracking failures
still occur (as can be seen at ¢t ~ 350 sec), but they do not affect drastically
the overall performance: empirical mean square error is still close to the
theoretical lower bound.

when the filter uses an unbounded limiter. Tracking failures occasionally occur even if our
assumptions are satisfied, i.e. the limiter is bounded and the signal is stable. However,
these failures are localized (see Figure 3) and the averaged performance is close to the
optimal.

The requirement of bounded limiter may turn out to be too restrictive for certain

noise models (e.g. if p; is a density of Gaussian mixture, then % is unbounded). In such
4

¢, which gives an

cases, it makes sense to approximate G; by some bounded function G
asymptotically d-optimal filtering estimate 7 (Y29).
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