MODERATE DEVIATIONS FOR DYNAMIC
MODEL GOVERNED BY STATIONARY PROCESS

ROBERT LIPTSER

ABSTRACT. We give an example of the moderate deviations for the family (X7*);>g,n > 1
with X' = a(X]*) + b(Xt")ﬁnm, where 7 is a stationary process obeying the Wold
— decomposition: 7 = ffoo h(t — s)dNs with respect to a process N; with homogeneous
independent square integrable increments and 1/2 < k < 1.

1. INTRODUCTION AND MAIN RESULT

1. It is well known (see [1]) that a family X™ = (X}*);>0,n > 0 of diffusion processes:

1
1.1) dX] = a(X{)dt + —=b(X{")dW,
( i i) N (Xi)
subject to fixed initial point Xy, where W; is a Wiener process and k > 0, obeys the
large deviation principle (LDP) in the space of continuous functions Cfy o), supplied by
the locally uniform metric. This LDP is characterized by the rate of speed n% and the
rate function

2
1 oo (pr—aler) —
(1.2) I(p) = { 2 o ( b(pt) ) dt, @o=Xo, dp<dt

00 otherwise,

)

where notation “po = Xy, dp < dt” is used for the relation ¢, = Xo + fg Ysds, t >0
(¢ is the Radon-Nikodym derivative of ;).

Consider the same problem from more “realistic” model in which the Wiener process
is replaced by its approximation

1 tn
(1.3) W = —/ Nsds,
RV

where (7:):cr is a stationary ergodic process, Eny = 0, satisfying some weak dependence
conditions. Thus, X}* is defined now by an ordinary differential equation

n

(1.4) X/ =a(X]) + b(th)Wntw
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2 ROBERT LIPTSER

Here, n; is the stationary process obeying the Wold decomposition

(1.5) N = /t h(t — s)dNs,

—00

where h(t) is a deterministic function, [;~h%(t)dt < oo and N = (Ny)ier is right-
continuous having limits to the left homogeneous process with zero mean independent
increments, Ny = 0. The continuous (Gaussian) component of N has diffusion parameter
02, the jumps AN; = N; — N;_ of Ny is characterized by the Levy measure K(dz)dt
with the kernel K(dz) such that fR\{o} 22K (dz) < oo. Consequently, for any s,t €

R, E|N;— N,|? = |t — 5| (02 + fR\{O} zQK(dz) and so the integral in (1.5) is understood
as the Ito stochastic integral.
For x = 1, the LDP with the of speed 1 and rate function different (!) from given in

(1.2) was obtained in [3]. Here, under the same assumptions as for £ = 1 have been used
in [3], we show that the LDP for the case

1
(1.6) §<n<1

holds as well, with the rate of speed n% and, in a contrast to the case k = 1, with the
rate function of given above diffusion type (1.2) with an artificial diffusion parameter
v232b%(x), where

v =o? +/ 22K (dz)
R\{0}

»? = (/OOO h(t)dt>2

As in [3], we assume that weak dependence conditions (WD) and Cramer’s condition
(CR), expressed in the terms of function h(t) and the kernel K (dz), are satisfied:

(1.7)

OO

(t)|dt < oo

(WD) / ,/ h2 )dsdt < oo
/O (t (s) s) dt < oo;

/ (e —1—A2)K(dz) < o0

R\{0}

/ / ("D 1 — h(t)Az)K (dz)dt < co.
o JR\{0}

Instead of “LDP” we use the abbreviation “MDP” (moderate deviation principle) to em-
phasize the fact that the rate function is of a diffusion type (see (1.2)) and is independent
of k

(CR) for any A € R
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The MDP for X™ = ﬁ > i=1&»n > 1of zero mean i.i.d. random variables (§;);>1,

satisfying the Cramer condition is well known. The straightforward generalization of this
example for a functional type MDP can be found in Puhalskii [5] (Example 7.2) for a

family X* = \/TH Z [nt] 1&5, where &, k > 1 is the same family of i.i.d. random variables
and [z] is the integer part of z. Other types of examples for families of random processes,
obeying the MDP, are known from Bayer and Freidlin [6], Wentzell [7], Mogulskii [8],
and Zajic [9].! Assuming v > 0, b? > 0, and %2 > 0, introduce

[ —aler)]? _
(1.8) J(p) = { fo T:/Zb(gpf)]? dt, o= Xo, dp < dt

00, otherwise.

The main result of the paper is formulated in

Theorem 1.1. Assume the function a(x) and b(x) are Lipschitz continuous and the
function |b(x)| is uniformly positive and bounded. Assume 1/2 < k < 1, (WD) and
(CR). Then the family (X}'), defined in (1.4), obeys the MDCP in the metric space
(C,p) (p is the locally uniform metric) with the rate of speed n% and the rate function

J(p).

The statement of this Theorem is derived, by using the contraction principle of Varad-
han [4] (see also Freidlin’s continuous mapping method [2] ), from the theorem below,
which has an independent interest (compare [8]).

Let N; be the random process involved in Wold’s decomposition (1.5).

Theorem 1.2. Assume the first part of (CR). Then the family (ﬁNt,O . obeys
n t

the MDP in the metric space (D,d) (D = Dy ) is the Skorokhod space and d is the
Skorokhod-Lindvall metric) with the rate of speed n—l,ﬂ and the rate function

(1.9) Jo(p) = :
00, otherwise.

{ L[ 9dt, oo =0, dp < dt

The paper is organized as follows. In Section 2, we give the proof of Theorem 1.2. In
Section 3, the particular case of equation (1.4) with a(z) = 0 and b(z) = 1 is considered.
The proof of the main result (Theorem 1.1) is given in Section 4.

2. PROOF OF THEOREM 1.2

2.1. Method. The process (IN¢);>o has paths in the Skorokhod space D. Therefore,
we formulate the MDP in the metric space (D, d) with the Skorokhod-Lindvall metric d
(see [10] or, e.g., Ch.6 in [11]). The proof of the theorem is in a context of Theorem 1.2
from [12] which, in turn, uses the Pukhalskii theorem [13]. So, we have to check only
two sets of conditions.

1The paper was written in 1995. Now there are a lot of results in MDP: for processes with independent
increments Chen [15], Ledoux [16]; for the depended case Wu [17], Dembo [18] for martingales with
bounded jumps, Dembo and Zajic [19] for functional empirical processes, Dembo and Zeitouni [20] for
iterates of expanding maps, Liptser and Spokoiny [21] for smooth processes, Puhalskii [22] for queues in
critical loading, Guillin [23]for empirical processes of Markov chains, etc.
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(C.1) C-exponential tightness: for each T' > 0,y > 0

1
lim lim —lo P | sup ——
c—o00 n—oo NK 8 <t<¥ A /nn—i-l

1
lim lim Sup 3 logP( sup ——|(Nintr — No| > 7) = —00,
d—0n—oo 0<t<s nn—i—l

| Nen| > c) = —00

where ‘sup’ is taken over all stopping times 7 < T}, with respect to the filtration (F2)):>o
(satisfying the usual conditions) generated by the process Nj.

(C.2) C-local MDP: for each T'> 0 and ¢ € C

Ir(p) = — gl_{% RILH;C n— log P (:gg

1
)

1
= —lim lim — log P (sup
oo N t<T

1
i =+ <9)

d—0n—oo

with I7(¢).
If (C.1) and (C.2) are fulfilled, then the MDP in (D, d) holds with rate function

j(cp) _ { Suprso jT(SD)v peC
00, peD\C.

2.2. Proof of (C.1). We apply the Chernoff, Jensen, Cauchy-Schwarz, and Doob
inequalities:
P <sup > c>
t<T
< e " Eexp {sup \/ n|Nm|} (Chernoff)
t<T n
= e~ “"" E'sup exp {\/ n|Nm|}
t<T n
—cn” n N
e " Esupexp? |E | 1/ —|Nrn|Fp,
t<T n
(2.1) . iy
e " EsupE | exp —|Nzn| ¢ |FN | (Jensen)
t<T n
2
nK;
sup E <exp {1/|NTn|} | f%)
t<T n
—en” nr
<2 " Eexp{21/|NTn|} (Doob)
n

S 26—071,"' \/E{GQX/":NTH _’_6—2\/%1\77‘”}.

IN

s
e " 4| FE

IN

(Cauchy-Schwarz)
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Since (IVy) is the process with independent increments we get (see Ch. II in [14])

402n—+/ et? %2—1:F21/n—2 K(dz)| p.
n R\{0} "

(2.2)  EerNtn = exp {Tn

Therefore,

tn

1 log 2
logP<sup >c> < Oi —c+ 270>
nK‘,

t<T | Vnrtl n
T 62\/%2—1—1—2@/%2
+ */ — K(dz)
2 JR\{o} o
—9,/nt ne
T e nf—=1=2y/z
— = K(dz).
2 Jr\{0} o

Noticing that % — 0,n — o0, we find that the right-hand side of the last inequality
converges, as n — 00, to —c+ 2T (02 + QIR\{O} zzK(dz)) and so the first part of (C.1)

holds.

To check the second part of (C.1), we use the strong Markovian property which holds
for the process (N, FN) and the fact that N; is the process with independent homoge-
neous increments which implies that the distributions of (Nyy+r — N7 )i>0 and (Ngp)i>o0
coincide. We apply the same method which has been used for the verification of the first
part in (C.1). A distinction consists only in the part of the Chernoff inequality which is
used with positive parameter A :

1 K nk
P — Ny >v) <e™E —\|N, )
(35%) T Ve 7)6 eXp{iglg\/ ANl

Therefore, in the same way as (2.1) and (2.2) have been obtained, we find

— 1
lim — log P ( sup > ’y) < =X+ 260702
n nk

0<t<6

(Ntn+‘r - N‘r)

1
A /nf'i-l—l

and whereas any positive A is available, taking A = 5I7, we arrive at an upper bound

IN

1 2
lirrbnﬁ log P ( sup > 7) _ngz (— —00,0 — 0),

0<t<s

- N‘rn)

1
W(N(H-T)n
that is the second part of (C.1) is valid.

2.3. Upper bound for C-local NDP.
Show that for any continuous function ¢(t) from Cjo 1

lim lim ilogP sup i—got
§—0n—0o0 nf t<T [Vl

2.3 .
9 {—éfonédt, o = 0,dp < dt

)

<

—00, otherwise.
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Let A(t) be a piecewise constant function of the form A(t) = >, Nilj, , +,(t). Put ®&(z) =
e* —1 — z and introduce the cumulant function

2,2
G\ = )\2 Jr/R\{o} D (A2)K (dz)

and

T T
o4 20 { [ e L [T (X0 dt}_

The straightforward calculation (see also Ch.II in [14]) shows that EZ(A\) = 1 and
EZ(n"\) =1 as well. The latter equality provides an obvious inequality

Ntn >
2.5 1> FEI(su — <4d ) Z(n"\
(2:5) o <t<¥ Vnrstl £t = ( )

which can be sharpen by using a lower bound for Z(n"X) on the set {SUPth ‘ \/%
—pt| <6}. Here and in the sequel, we use a notation fOT At)der = >, Nilera, —
QOT/\tifJ)‘ Write

T T
Z(nu)z[ /O WA dgs — 1 /0 G(n“)\(t))dt]

xexp{—n” /OTA(t)d[\/Z%—%} }

Taking into account now that on the above-mentioned set the following upper bound

holds: ‘fOT A(t)d [\/% - Lpt” < const.n~"0, where const. depends only on A(t), we
arrive at

tn

A /nnJrl - SDt

1
— log P <sup
ne t<T

< 5) < — const.

- /OT A(t)depr — /OT 7G< gA(t))dt

It is clear that the right-hand side of this inequality converges, as the limit lim lim is

6—0n—oo

taken, to a quadratic type functional with respect to A(t) : L(\) = fOT [A(®)dps—
%dt} . Therefore, if g = 0, the upper bound is — sup L()\), where ‘sup’ is taken over

all piecewise constant functions A(t). If ¢ is not absolutely continuous, then by Lemma
6 in [12], this upper bound is equal —oco. Otherwise (dp; = ¢¢dt) due to the same lemma,
)\2 2

2V
upper bound takes place. Obviously for ¢y # 0, the upper bound is equal —ooc.

it is given by the formula — fOT sup,, [)\gbt - ] dt. Thus, for ¢y = 0 the announced
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2.4. Lower bound for C-local MDP. We show that the following lower bound holds:
for each absolutely continuous function ¢(t) from Cp p) such that g = 0,

[ ¢2dt < oo and each § > 0
T .o
<6 2—1/ LA
2 0 V2

tn

A /nm+1 P

(2.7) lim iﬁ log P (sup

n—oo t<T

Let us define a bounded function

(2.8) N(t) = I(T > 1)

and a random process

o e[, [ 20 Ya),

where G(A) is the defined above cumulant function. Since G(0) = 0, we have A} =
A} and so Al = A% It is easy to check that the process A} is a square integrable
martingale with respect to the filtration (F7)) and so EA% = 1. We introduce a new

probability measure P™ with dP" = Al dP, where P is the original one. Noticing
that A" > 0, P-a.s., one can conclude that dP = (A" )~'dP"™. Denoting by A" =

{supth ’\/% — | < 5} and B"? = {‘fOT A" (t) [j% — gbtdt” < ﬂn"“}, we arrive
at

P(Ané)
> P(A™ N B"P)

— [y
{AnSNBnS}
T
Ntn .
= exp — )\"td{ — dt}
(2.10) /{ PR { /0 (0| =g —
T
: A" (1)
— | I\ —nG | ——= || dt ; dP"
[ s e ()] )

> exp {—mf — /OT [)\"(t)gbt —nG (Wt)l)] dt} P"(A™ N B"P).

nt 4

Also note that

1 {A”(t)sbt e (W)] S ) PO VzM U
0

oy )]y T
7
ﬁ,nﬂoo.

(2.10) and (2.11) imply a lower bound: for each § >0 and 5 >0

1 1 (T2 1
(2.12) lim — log P(A™) > — — f/ PLit— Tim — log P"(A™ N B"),
ne 2 )y v n—oo NP

n—oo
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To get now the desired statement, it suffices to show that for each 6 > 0 and 8 > 0,
lim,, oo P*(A™ N B") =1 or, what is equivalent,

lim P"(Q\ A™) =0
(2.13) nee
lim P"(Q\ B"?) = 0.

Since both sets A™ and B are defined via the random process Ny, the proof of (2.13)
requires a characterization of this process with respect to the measure P™.

The process Ny, is the square integrable martingale with respect to (F2, P), so that
with respect to P™ the process N, is a semimartingale Ny, = AP + M;* with the
predictable drift A and the square integrable martingale M;* (see Ch 4, §5 in [11]). In
additional, the drift A%, Levy’s measure K"(ds, dz), and predictable quadratic variation
(M™); are defined as:

t
Ar = / (A7) VAN, A,
0

AT (t)

K" (dt,dz) = neVnrtt K(dz)dt

¢
0215—1—// 22K"(ds,dz) | .
0 JR\{0}

These relations (with respect to P™) follow from Theorems 4.5.1 and 4.5.2 in [11] and from
the fact that jumps of Ny, and M}* coincide. Below, we give more detailed descriptions
for all above-mentioned objects. By the It6 formula we find

A} = A
+ nK_H sn

—n/ A”/ <ZA )) K(dz)ds
mfoy  \Vnstl

and so the mutual quadratic covariation [A™, N.,,]; is defined as:

(M")y=n

nA"(s)o?
VT
n A"(s)ANg,
+ ZA87AN377/ |:eXp {W} — 1:| .

s<t

A", N.p]; = A” ds

Hence, the mutual predictable quadratic covariation (A™, N.,,)¢, being the compensator
of [A™, N;]¢, is given by the formula

ti/ Ann)\
nraJrl

+ /O AP /R e {exp { f;%} - 1} K(dz)ds.
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Thereby
(2.14)

2 t K]
A} = \/n"”‘la—zapt —I—/ / nz |exp q/n——zaptz — 1| K(dz)ds
1% 0 R\{0} n v
t [n~ 1 o1
= Vnrtly, +/ / nz [exp{ n——chtz — n—gbt—22 — 1| K(dz)ds.
0 R\{O} n v n 14

. n ¢ 1 s
With B} = ﬁ Jo fR\{O} nz [exp {,/TV%%Z} — /iy z — 1} K(dz)ds we
arrive at the following decomposition (with respect to the measure P™):

Noaa P t e

The deterministic function Bj* has a bounded variation

(2.15)

V?r(B") = t\/T/R\{O} 2] [exp {\/%712%2} B \/%7”%7122 - 1] K(d2)ds

o
n
and moreover

(2.16) liqu@r(B") =0.

n

On the other hand, \/i\% has the predictable quadratic variation (for ¢t < T'):

() - 40

- nn—i—l

¢ A"(s)z
t02—|—n// zzexp{ }Kdzds
o JR\{0} Vnrtl ( )
¢ "
to? +/ / 22 exp \/n—gbsz K(dz)ds| .
0 JR\{0} n

Therefore lim,, <\/]7‘L%>T = 0 and due to Problem 1.9.2 in [11] we get

1
nk

. Sup,<p | M}
2.1 Pt lim—=-_ ° -
(2.17) i Wf

Show now that (2.13) holds. In fact, taking into account (2.15), we get
Q\A™ = {Sup I

sup 77'”1 el > 6}

d sup;<p | M| 6
ny >
C{Var(B ) }U{l > —
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and so the first part of (2.13) holds by virtue of proved above (2.16) and (2.17). The
validity for the second part of (2.13) is proved in the same way whereas

Q\Bnﬁ_{‘/o gd{nﬁilwt] >ﬂ}
T . n

0 ﬁ A /n/ﬁ»l
By virtue of (2.16) the first set on the right-hand side of this inclusion is empty, if n is
large enough, while the probability of the second set goes to zero as n — oo by virtue of
.2
Problem 1.9.2 in [11] and the fact that fOT e drd(M™), < %#(M@T — 0,n — 0.

Thus, for uniformly bounded ¢; and any positive § we get

: 1 né 1 T SD%

Evidently, (2.18) implies the desired lower bound (2.7). Also (2.18) is used to establish
(2.7) for a general case, i.e. for absolutely continuous function ¢; with fot Pdt < oo.
If ¢; is not a bounded function, with fixed C' > 0 set ¢f = fot osI(|¢s| < C)dt. Since
|9¢| < O, (2.18) is applicable and so

. 1 Ntn C >
lim — log P ( su — <46
G <t<$ Nl
1 T .2 )
(2.19) > =5 [ Srtig < opar
0 12

1 [T 3
>_= / L
2 0 V2
On the other hand, since the total variation for the function ;—¢¢ on the interval [0, T is

given by the formula || —¢% |7 = fOT |9¢|I(|p¢] > C)dt we have limg .o || — 9% |7 = 0.
Consequently, taking C' so large that ||¢ — ¢%||7 < §/2, we find

2

<6—nw—¢ﬂ0

tn

=Sy — Pt

tn

_C
sy Pt

which in turn implies (2.7).

2.5. Proof of (C.2). If the upper bound in the local MDP is finite, it coincides with the
lower one, otherwise the upper bound, being equal to —oco, coincides with lower bound
as well. Consequently for any continuous function ¢; from D,.J(p) = J(p). Hence,
J(¢) = J(p) and the statement of the theorem holds.
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3. PARTICULAR CASE OF THEOREM 1.1

In this section, we formulate the MDP for the family Y,* = ﬁ fom Nsds.

Lemma 3.1. Assume (WD) and (CR). Then the family (Y{") obeys the MDP in the
metric space (C,p) (p is the locally uniform metric) with the rate of speed n% and the
rate function

0o B2
J(p) = %fo —zdt, 0o =0, dp < dt
o0, otherwise.

Proof. Taking into account (1.5) and well-known property of the It6 integral, we find that
E(ni|ns,s <0) = fi)oo h(t—s)dN; a.s. On the other hand, by (WD) [ 1/ [ h2(s)dsdt
< oo and therefore

/ " BB < 0))dt < oc.

The latter property and Lemma 9.2.1 in [11] guarantee the existence of a semimartingale
V; adapted to the filtration JF;' (satisfying the general conditions) generated by the pro-
cess 7y such that V; = Vy + f(f nsds — My, where (M,) is a square integrable martingale
and V; is in the restricted sense stationary process, where (see [3] and for more details
Ch.9, Sec.2, Ex.2 in [11])

Mt = ENt

V, = /too (/; h(u—s)st) du.

Therefore

)y 1
———Vin — Vol.

(3.1) Y= Nt =

By Theorem 1.2 the family \/%Nm obeys the MDP in the metric space (D, d) with the

rate of speed n% and the rate function given in the formulation of Lemma 3.1. Moreover,
since this family is C-exponential tight, it obeys the MDP in the metric space (C, p).
Thus, to establish the statement of the lemma, it suffices to show that the process

ﬁ[\/}/n — Vo] is locally C-exponential negligible, that is for each T' > 0 and v > 0,

limy, .00 7 log P (ﬁ sup;<p [Vin — Vo| > 'y) = —o00. We derive that property from

SUupP¢<t |‘/tn| > '7) - .

A /nn—&-l

n—oo NF

(3.2) lim = log P (

To verify (3.2), set ay, = supp_1y<i<rr |Vil, k > 1. Noticing that (ay)r>1 forms in the
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restricted sense stationary sequence and using the Chernoff inequality, we find

1
P | ——sup|Vy,| > =P | sup |V| > \/n”*l)
( il tgg\ inl 7) (tg:&' A

<P < max o« > ’y\/n”"’l)
k

<VnAtT
< Y Plag =Vt

k< VT
g ‘/TLF”JrlP(OZl 2 ,y\/nHJrl)

SR
< VprtleT VT Be®t (Chernoff)
= Vpktle=Vnoth posup,cr (Vi

Hence

1 1 1 n 1
V. _ e+l AT sup, < |Vil
nrtl tog ( nrtl tsg$| ml 2 7) = ne log vin 7\/ o log e br=r

and so (3.2) holds provided that
(3.3) E exp {suth|} < 0.
t<T

Thus, only (3.3) remains to be verified. Assume for a moment that there exists a positive
martingale L; (with respect to the filtration ;') such that

(3.4) [Vi| < L; and Ee*'7 < oo

and show that (3.3) is implied by (3.4). In fact, using the Jensen, Cauchy-Schwarz, and
Doob inequalities we get

Eexp{sup |V;|} < Eexp{sup L}
t<T t<T
= Esupexp{L;}
<T
= Esupexp{E(Lr|F")}
t<T

< Esup E (exp{ L7 }|F;") (Jensen)
t<T

< \/E sup E (exp{L7}|F")? (Cauchy-Schwarz)
¢t<T

< 2y/Eexp{2Lr} (Doob)

< 0.

To find the required martingale L;, we use an obvious representation V; = Vp — f(f nsds+
(Np — Ny)E,t < T, the martingale property of Ny, and the fact that V; is measur-
able with respect to F;'. So, we get V; = E(Vp — fot nsds|F;) and therefore |V;| <
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E(|Vr|+ fOT Ins|dsF;'|), that is Ly = E(|Vr|+ fOT Ins|ds|F/") can be taken as the required
martingale, provided that for each A > 2

T
|VT|+/ 778|ds]} < 00.
0

We examine (3.5) by using the Cauchy-Schwarz and Jensen inequalities:

(Eexp {)\ Vel + /OT |ns|ds] })2

T
< Eexp{2\|Vr|}E exp {2)\/ |nsds} (Cauchy-Schwarz)
0

(3.5) E exp {)\

1 /7
= Eexp{2\|Vy|} F exp {T / 2T)\|775|d8}
0

1 T
< Eexp{QM%\}ET/ exp{2T A\|ns|}ds (Jensen)
0
= Eexp{2A|Vo[} E exp{2TAnol}-

Thus (3.5) holds if for any positive A we have E exp{\|Vj|} < oo and E exp{A|no|} < .
The direct proof for the validity of these inequalities would be difficult. It is more
convenient, instead of Vy and 7o, to take V§ = [° [ h(u)dudN, and nj = [~ h(s)dN,
having the same distributions as V{ and 7y respectively. Moreover, taking into account
an obvious inequality e!*! < e® 4+ e~ for any A € R it suffices to verify that

Eexp{A\Vy} < o0
Eexp{A\n} < .

To this end, with H(t) being any of functions h(¢) or j;oo h(u)du, we get
’ 0o
Y } - / H(t)dN; (:= Zs)-
o 0

Introduce a square integrable martingale Z; = fot H(s)dN; having Z, as the limit point
as t — oo. By the Fatou lemma

Eexp{AZy} < lim Fexp{\Z;}.
t—o0

To estimate the right-hand side of the latter inequality, we use the fact that (Z;) is the
process with independent increments and find (see Ch. II in [14])

/Ot H2(s)ds + /Ot /Ro(em(s» L AH(s)z)K(dz)ds}.

The right-hand side of this inequality increases, as t — oo, to

/\2 0.2
2

Eert = exp {

=ex Aot [ 2(s)ds - M)z s)z z)ds
o) p{ o AACE A A 1 AH())K(d)d},
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where C'()) is finite for any A € R. In fact, for H(t) = h(t) it holds due to (CR) while for
H(t) = [ h(s)ds it holds due to (WD) and (CR) whereas, with Ao = |A|sup,>¢ [H ()],

MW 1 NH(t)z < N2 H?(t)erl?l
S /\2H2(t)(e/\0z —|—€7/\Oz)

and in turn [p o 22eM* K (dz) < o0.

4. PROOF OF THEOREM 1.1

We apply the contraction principle of Varadhan [4] (the continuous mapping method
of Freidlin [2]). To this end, we have to find a continuous mapping in the locally uniform
metric for

1 /tn >
—_— Nsds = (X[")¢t>0-
( vnrtl Jo t>0 L=

If'Y; is absolutely continuous function from C, then the required mapping is defined, due
o (1.4), by a differential equation (Y; is the Radon-Nykodim derivative)

(4.1) X; = a(X;) + b(X,)Ys

subject to the initial condition Xo. We show that the mapping (V;);>0 = (Xt)1>0 can
be extended for any function Y; from C.

Lemma 4.1. Let functions a(x) and b(x) be Lipschitz continuous and there exist con-
stants ¢ and C such that 0 < ¢ < |b(x)| < C. Then for fived X there exists continuous
in the metric p mapping (Yz)i>0 = (Xt)i>0, (Xt), (Yz) € C such that for any absolutely
continuous function Yy this mapping is defined by the differential equation (4.1)).

Despite this lemma is proved in [3] (Lemma 5.1), for reader convenience we give here
a sketch of its proof.

Sketch of the proof. Put F(z) = [ %. The function F'(x) is continuously differen-
tiable having the inverse F'~!(z) which is continuously differentiable as well. Moreover,
F(z) and F~!(x) satisfy the linear growth condition. Put g(x) = Zéﬁ:%ﬁg;; For X; being
a solution of differential equation (4.1) corresponding absolutely continuous function Y3,
put 6; = F(Xy). It is easy to check that 6; is a unique solution of a differential equation
0, = g(0:) + Y; subject to the initial condition 8y = F (X0). Therefore we arrive at the
desired mapping

X, =F1(6,)
4.2 t
(42) &:F@w+Ag@M&HK—%l

Thus it remains to check only that this mapping is continuous in the metric p or, what
is equivalent, for any 7" > 0

(4.3) lim,, sup; <7 |Y;(m) -Y=0 . lim,, sup; < |Xt(m) —X¢|=0
(v™), (V) e Com =1 (X{™), (X)) € Com = 1,
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where Xt(m),m > 1 and X; are solutions of (4.2) corresponding to Yt(m),m > 1 and Vs
respectively. It is clear that (4.3) is valid due to the local Lipschitz condition for the
function g(x).

Due to the contraction principle the family X;* obeys the MDP in the metric space
(C, p) with the rate of speed - and the rate function J(¢), defined for absolutely con-
tinuous function ¢; with ¢y = X, due to (4.1), as

_ L[~ [Sbt - a(@t)]z
T(e) = 5/0 vEaler

and otherwise is equal to oco.

REFERENCES

1. M.L.Freidlin and A.D.Wentzell, Random Perturbations of Dynamic Systems (1984), Springer Verlag,
Berlin.
2. M.ILFreidlin, The action functional for a class of stochastic processes, Theory Probab.Appl. 17
(1972), 511-513.
3. O.V.Gulinskii and R.Liptser, Example of large deviations for stationary process, Theory of Proba-
bility and Applications 44 (1999), no. 1, 211-225.
4. S.R.S Varadhan, Large deviation and applications (1984), STAM, Philadelphia.
5. A.A.Puhalskii, Large deviations of semimartingales via convergence of the predictable characteris-
tics, Stochastics and Stochastic Reports 49 (1994), 27-85.
6. U.Bayer and M.L.Freidlin, Theorems on large deviations and stability under random perturbations,
DAN USSR 235 (1977), no. 2, 253-256.
7. A.D.Wentzell, Limit theorems of large deviations of Markov processes (1989), Reidel, Dordrecht.
8. A.A.Mogulskii, Large deviations for processes with independent increments, Ann. Prob. 21 (1993),
no. 1, 202-215.
9. T.Zajic, Moderate deviations for a simple closed queueing model (1995), Preprint.
10. T.Lindvall, Weak convergence of probability measures and random functions in the functional space
DJ[0, ), J.Appl. Probab. 10 (1973), 109-121.
11. R.Sh.Liptser and A.N.Shiryayev, Theory of Martingales (1989), Kluwer Acad.Publ..
12. R.S.Liptser and A.A.Pukhalskii, Limit theorems on large deviations for semimartingales, Stochastic
and Stochastic Reports 38 (1992), 201-249.
13. A.A.Puhalskii, On functional principle of large deviations, New trends in Probability and Statistics
(V.Sazonov and Shervashidze, eds.), VSP/Mokslas, Vilnius, Lithuania, 1991, pp. 198-218.
14. J.Jacod and A.N.Shiryayev, Limit Theorem of Stochastic Processes (1987), Springer Verlag, Berlin.
15. X.Cnen, The moderate deviations of independent random vectors in a Banach space, Chinese J.
Appl. Probab. Statist. 7 (1991), 24-33.
16. M.Ledoux, Sur les deviations modérées des sommes de variables aléatoires vectorielles indepen-
dantes de méme loi, Ann. H. Poincaré 28 (1992), 267-280.
17. L.Wu, Moderate deviations of dependent random variables related to CLT, Ann. Probab. 23 (1995),
420-445.
18. D.Dembo, Moderate deviations for martingales with bounded jumps, Elect. Comm. in Probab.
(1996), 11-17.
19. D.Dembo and T.Zaijc, Uniform and moderate deviations for functional empirical processes, Stoch.
Processes and their Appl. 71 (1997), 195-211.
20. D.Dembo and O.Zeitouni, Moderate deviations for iterates of expanding maps, Liptser Festschrift,
Singapur - New Jersey - London - Hong Kong, 1998.
21. R.Liptser and V.Spokoiny, Moderate Deviations type evaluation for integral functionals of diffusion
process, Paper 17, Electronic Journal of Probability 4 (1999), 1-25.
22. A.A.Pukhalskii, Moderate deviations for queues in critical loading, Queueing Systems 31 (1999),
359-392.



16 ROBERT LIPTSER

23. A.Guillin, Uniform moderate deviations of functional empirical processes of Markov chains, Prob-
ability and Mathematical Statistics (to appear) (2000).

ELECTRICAL ENGINEERING SYSTEMS,

TEL AvIV UNIVERSITY,

69978 — RAMAT Aviv, TEL Aviv, ISRAEL RECEIVED: NOVEMBER 1995
E-mail address: liptser@eng.tau.ac.il



