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Abstract. We give an example of the moderate deviations for the family (Xn
t )t≥0, n ≥ 1

with Ẋn
t = a(Xn

t ) + b(Xn
t ) n√

nk+1
ηtn, where ηt is a stationary process obeying the Wold

– decomposition: ηt =
R t
−∞ h(t − s)dNs with respect to a process Nt with homogeneous

independent square integrable increments and 1/2 < k < 1.

1. Introduction and Main Result

1. It is well known (see [1]) that a family Xn = (Xn
t )t≥0, n > 0 of diffusion processes:

(1.1) dXn
t = a(Xn

t )dt +
1√
nk

b(Xn
t )dWt

subject to fixed initial point X0, where Wt is a Wiener process and κ > 0, obeys the
large deviation principle (LDP) in the space of continuous functions C[0,∞), supplied by
the locally uniform metric. This LDP is characterized by the rate of speed 1

nκ and the
rate function

(1.2) I(ϕ) =

{

1
2

∫∞
0

(

ϕ̇t−a(ϕt)
b(ϕt)

)2
dt, ϕ0 = X0, dϕ � dt

∞, otherwise,

where notation “ϕ0 = X0, dϕ � dt” is used for the relation ϕt = X0 +
∫ t
0 ϕ̇sds, t ≥ 0

(ϕ̇t is the Radon-Nikodym derivative of ϕt).
Consider the same problem from more “realistic” model in which the Wiener process

is replaced by its approximation

(1.3) Wn
t =

1√
n

∫ tn

0
ηsds,

where (ηt)t∈R is a stationary ergodic process, Eη0 = 0, satisfying some weak dependence
conditions. Thus, Xn

t is defined now by an ordinary differential equation

(1.4) Ẋn
t = a(Xn

t ) + b(Xn
t )

n√
nk+1

ηtn.
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Here, ηt is the stationary process obeying the Wold decomposition

(1.5) ηt =
∫ t

−∞
h(t− s)dNs,

where h(t) is a deterministic function,
∫∞
0 h2(t)dt < ∞ and N = (Nt)t∈R is right-

continuous having limits to the left homogeneous process with zero mean independent
increments, N0 = 0. The continuous (Gaussian) component of N c

t has diffusion parameter
σ2, the jumps ∆Nt = Nt − Nt− of Nt is characterized by the Levy measure K(dz)dt
with the kernel K(dz) such that

∫

R\{0} z2K(dz) < ∞. Consequently, for any s, t ∈

R, E|Nt−Ns|2 = |t− s|
(

σ2 +
∫

R\{0} z2K(dz
)

and so the integral in (1.5) is understood
as the Itô stochastic integral.

For κ = 1, the LDP with the of speed 1
n and rate function different (!) from given in

(1.2) was obtained in [3]. Here, under the same assumptions as for κ = 1 have been used
in [3], we show that the LDP for the case

(1.6)
1
2

< κ < 1

holds as well, with the rate of speed 1
nκ and, in a contrast to the case κ = 1, with the

rate function of given above diffusion type (1.2) with an artificial diffusion parameter
ν2Σ2b2(x), where

(1.7)

ν2 = σ2 +
∫

R\{0}
z2K(dz)

Σ2 =
(∫ ∞

0
h(t)dt

)2

.

As in [3], we assume that weak dependence conditions (WD) and Cramer’s condition
(CR), expressed in the terms of function h(t) and the kernel K(dz), are satisfied:

(WD)

∫ ∞

0
|h(t)|dt < ∞

∫ ∞

0

√

∫ ∞

t
h2(s)dsdt < ∞

∫ ∞

0

(∫ ∞

t
h(s)ds

)2

dt < ∞;

(CR) for any λ ∈ R
∫

R\{0}
(eλz − 1− λz)K(dz) < ∞

∫ ∞

0

∫

R\{0}
(eh(t)λz − 1− h(t)λz)K(dz)dt < ∞.

Instead of “LDP” we use the abbreviation “MDP” (moderate deviation principle) to em-
phasize the fact that the rate function is of a diffusion type (see (1.2)) and is independent
of κ
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The MDP for Xn = 1√
nκ+1

∑n
j=1 ξj , n ≥ 1 of zero mean i.i.d. random variables (ξj)j≥1,

satisfying the Cramer condition is well known. The straightforward generalization of this
example for a functional type MDP can be found in Puhalskii [5] (Example 7.2) for a
family Xn

t = 1√
nκ+1

∑[nt]
j=1 ξj , where ξk, k ≥ 1 is the same family of i.i.d. random variables

and [z] is the integer part of z. Other types of examples for families of random processes,
obeying the MDP, are known from Bayer and Freidlin [6], Wentzell [7], Mogulskii [8],
and Zajic [9].1 Assuming ν2 > 0, b2 > 0, and Σ2 > 0, introduce

(1.8) J(ϕ) =

{

1
2

∫∞
0

[ϕ̇t−a(ϕt)]2

[νΣb(ϕt)]2
dt, ϕ0 = X0, dϕ � dt

∞, otherwise.

The main result of the paper is formulated in

Theorem 1.1. Assume the function a(x) and b(x) are Lipschitz continuous and the
function |b(x)| is uniformly positive and bounded. Assume 1/2 < κ < 1, (WD) and
(CR). Then the family (Xn

t ), defined in (1.4), obeys the MDCP in the metric space
(C, ρ) (ρ is the locally uniform metric) with the rate of speed 1

nκ and the rate function
J(ϕ).

The statement of this Theorem is derived, by using the contraction principle of Varad-
han [4] (see also Freidlin’s continuous mapping method [2] ), from the theorem below,
which has an independent interest (compare [8]).

Let Nt be the random process involved in Wold’s decomposition (1.5).

Theorem 1.2. Assume the first part of (CR). Then the family
(

1√
nκ+1 Ntn

)

t≥0
obeys

the MDP in the metric space (D, d) (D = D[0,∞) is the Skorokhod space and d is the
Skorokhod-Lindvall metric) with the rate of speed 1

nκ and the rate function

(1.9) J0(ϕ) =

{

1
2

∫∞
0

ϕ̇2
t

ν2 dt, ϕ0 = 0, dϕ � dt

∞, otherwise.

The paper is organized as follows. In Section 2, we give the proof of Theorem 1.2. In
Section 3, the particular case of equation (1.4) with a(x) ≡ 0 and b(x) ≡ 1 is considered.
The proof of the main result (Theorem 1.1) is given in Section 4.

2. Proof of Theorem 1.2

2.1. Method. The process (Nt)t≥0 has paths in the Skorokhod space D. Therefore,
we formulate the MDP in the metric space (D, d) with the Skorokhod-Lindvall metric d
(see [10] or, e.g., Ch.6 in [11]). The proof of the theorem is in a context of Theorem 1.2
from [12] which, in turn, uses the Pukhalskii theorem [13]. So, we have to check only
two sets of conditions.

1The paper was written in 1995. Now there are a lot of results in MDP: for processes with independent
increments Chen [15], Ledoux [16]; for the depended case Wu [17], Dembo [18] for martingales with
bounded jumps, Dembo and Zajic [19] for functional empirical processes, Dembo and Zeitouni [20] for
iterates of expanding maps, Liptser and Spokoiny [21] for smooth processes, Puhalskii [22] for queues in
critical loading, Guillin [23]for empirical processes of Markov chains, etc.
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(C.1) C-exponential tightness: for each T > 0, γ > 0

lim
c→∞

lim
n→∞

1
nκ log P

(

sup
t≤T

1√
nκ+1

|Ntn| > c
)

= −∞

lim
δ→0

lim
n→∞

sup
1

nκ+1 log P
(

sup
0≤t≤δ

1√
nκ+1

|(Ntn+τ −Nτ | > γ
)

= −∞,

where ‘sup’ is taken over all stopping times τ ≤ Tn with respect to the filtration (FN
tn)t≥0

(satisfying the usual conditions) generated by the process Nt.

(C.2) C-local MDP: for each T > 0 and ϕ ∈ C

ÎT (ϕ) = − lim
δ→0

lim
n→∞

1
nκ log P

(

sup
t≤T

∣

∣

∣

∣

1√
nκ+1

Ntn − ϕ
∣

∣

∣

∣

≤ δ
)

= − lim
δ→0

lim
n→∞

1
nκ log P

(

sup
t≤T

∣

∣

∣

∣

1√
nκ+1

Ntn − ϕ
∣

∣

∣

∣

≤ δ
)

with ÎT (ϕ).
If (C.1) and (C.2) are fulfilled, then the MDP in (D, d) holds with rate function

J̃(ϕ) =
{

supT>0 ÎT (ϕ), ϕ ∈ C
∞, ϕ ∈ D \ C.

2.2. Proof of (C.1). We apply the Chernoff, Jensen, Cauchy-Schwarz, and Doob
inequalities:

(2.1)

P
(

sup
t≤T

∣

∣

∣

∣

1√
nκ+1

Nt/n

∣

∣

∣

∣

> c
)

≤ e−cnκ
E exp

{

sup
t≤T

√

nκ

n
|Ntn|

}

(Chernoff)

= e−cnκ
E sup

t≤T
exp

{
√

nκ

n
|Ntn|

}

= e−cnκ
E sup

t≤T
exp

{∣

∣

∣

∣

∣

E

(
√

nκ

n
|NTn|FN

tn

)∣

∣

∣

∣

∣

}

≤ e−cnκ
E sup

t≤T
E

(

exp

{
√

nκ

n
|NTn|

}

|FN
tn

)

(Jensen)

≤ e−cnκ

√

√

√

√E

[

sup
t≤T

E

(

exp

{
√

nκ

n
|NTn|

}

| FN
tn

)]2

(Cauchy-Schwarz)

≤ 2e−cnκ

√

√

√

√E exp

{

2

√

nκ

n
|NTn|

}

(Doob)

≤ 2e−cnκ

√

E
{

e2
√

nκ
n NT n + e−2

√
nκ
n NT n

}

.
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Since (Nt) is the process with independent increments we get (see Ch. II in [14])

(2.2) Ee±2NT n = exp

{

Tn

[

4σ2 nκ

n
+

∫

R\{0}

(

e±2
√

nκ
n z − 1∓ 2

√

nκ

n
z

)

K(dz)

]}

.

Therefore,

1
nκ log P

(

sup
t≤T

∣

∣

∣

∣

Ntn√
nκ+1

∣

∣

∣

∣

> c
)

≤ log 2
nκ − c + 2Tσ2

+
T
2

∫

R\{0}

e2
√

nκ
n z − 1 + 2

√

nκ

n z
nκ

n
K(dz)

+
T
2

∫

R\{0}

e−2
√

nκ
n z − 1− 2

√

nκ

n z
nκ

n
K(dz).

Noticing that nκ

n → 0, n → ∞, we find that the right-hand side of the last inequality

converges, as n →∞, to −c + 2T
(

σ2 + 2
∫

R\{0} z2K(dz)
)

and so the first part of (C.1)
holds.

To check the second part of (C.1), we use the strong Markovian property which holds
for the process (Nnt,FN

nt) and the fact that Nt is the process with independent homoge-
neous increments which implies that the distributions of (Ntn+τ −Nτ )t≥0 and (Ntn)t≥0
coincide. We apply the same method which has been used for the verification of the first
part in (C.1). A distinction consists only in the part of the Chernoff inequality which is
used with positive parameter λ :

P
(

sup
t≤δ

∣

∣

∣

∣

1√
nκ+1

Ntn

∣

∣

∣

∣

> γ
)

≤ e−γλnκ
E exp

{

sup
t≤δ

√

nκ

n
λ|Ntn|

}

.

Therefore, in the same way as (2.1) and (2.2) have been obtained, we find

lim
n

1
nκ log P

(

sup
0≤t≤δ

∣

∣

∣

∣

1√
nκ+1

(Ntn+τ −Nτ )
∣

∣

∣

∣

> γ
)

≤ −γλ + 2δλ2ν2

and whereas any positive λ is available, taking λ = γ
δν2 , we arrive at an upper bound

lim
n

1
nκ log P

(

sup
0≤t≤δ

∣

∣

∣

∣

1√
nκ+1

(N(t+τ)n −Nτn)
∣

∣

∣

∣

> γ
)

≤ − γ2

2δν2 (→ −∞, δ → 0),

that is the second part of (C.1) is valid.

2.3. Upper bound for C-local NDP.
Show that for any continuous function ϕ(t) from C[0,T ]

(2.3)

lim
δ→0

lim
n→∞

1
nκ log P

(

sup
t≤T

∣

∣

∣

∣

Ntn√
nκ+1

− ϕt

∣

∣

∣

∣

≤ δ
)

≤

{

− 1
2

∫ T
0

ϕ̇2
t

ν2 dt, ϕ0 = 0, dϕ � dt
−∞, otherwise.
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Let λ(t) be a piecewise constant function of the form λ(t) =
∑

i λiI]ti−1,ti](t). Put Φ(z) =
ez − 1− z and introduce the cumulant function

G(λ) =
λ2σ2

2
+

∫

R\{0}
Φ(λz)K(dz)

and

(2.4) Z(λ) = exp

{

∫ T

0
λ(t)

dNtn√
nκ+1

− 1
n

∫ T

0
G

(

λ(t)√
nκ+1

)

dt

}

.

The straightforward calculation (see also Ch.II in [14]) shows that EZ(λ) = 1 and
EZ(nκλ) = 1 as well. The latter equality provides an obvious inequality

(2.5) 1 ≥ EI
(

sup
t≤T

∣

∣

∣

∣

Ntn√
nκ+1

− ϕt

∣

∣

∣

∣

≤ δ
)

Z(nκλ)

which can be sharpen by using a lower bound for Z(nκλ) on the set
{

supt≤T

∣

∣

∣

Ntn√
nκ+1 −

−ϕt| ≤ δ} . Here and in the sequel, we use a notation
∫ T
0 λ(t)dϕt =

∑

i λi[ϕT∧ti −
ϕT∧ti−1 ]). Write

(2.6)

Z(nκλ) ≥

[

∫ T

0
nκλ(t)dϕt − n

∫ T

0
G(nκλ(t))dt

]

× exp

{

−nκ

∣

∣

∣

∣

∣

∫ T

0
λ(t)d

[

Ntn√
nκ+1

− ϕt

]

∣

∣

∣

∣

∣

}

.

Taking into account now that on the above-mentioned set the following upper bound
holds:

∣

∣

∣

∫ T
0 λ(t)d

[

Ntn√
nκ+1 − ϕt

]∣

∣

∣ ≤ const.n−κδ, where const. depends only on λ(t), we
arrive at

1
nκ log P

(

sup
t≤T

∣

∣

∣

∣

Ntn√
nκ+1

− ϕt

∣

∣

∣

∣

≤ δ
)

≤− const.δ

−







∫ T

0
λ(t)dϕt −

∫ T

0

G
(√

nκ

n λ(t)
)

nκ

n
dt





 .

It is clear that the right-hand side of this inequality converges, as the limit lim
δ→0

lim
n→∞

is

taken, to a quadratic type functional with respect to λ(t) : L(λ) =
∫ T
0 [λ(t)dϕt−

λ2(t)ν2

2 dt
]

. Therefore, if ϕ0 = 0, the upper bound is − sup L(λ), where ‘sup’ is taken over

all piecewise constant functions λ(t). If ϕt is not absolutely continuous, then by Lemma
6 in [12], this upper bound is equal −∞. Otherwise (dϕt = ϕ̇tdt) due to the same lemma,

it is given by the formula −
∫ T
0 supλ

[

λϕ̇t − λ2ν2

2

]

dt. Thus, for ϕ0 = 0 the announced
upper bound takes place. Obviously for ϕ0 6= 0, the upper bound is equal −∞.
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2.4. Lower bound for C-local MDP. We show that the following lower bound holds:
for each absolutely continuous function ϕ(t) from C[0,T ] such that ϕ0 = 0,
∫ T
0 ϕ̇2

t dt < ∞ and each δ > 0

(2.7) lim
n→∞

1
nκ log P

(

sup
t≤T

∣

∣

∣

∣

Ntn√
nκ+1

− ϕt

∣

∣

∣

∣

≤ δ
)

≥ −1
2

∫ T

0

ϕ̇2
t

ν2 dt.

Let us define a bounded function

(2.8) λn(t) = I(T ≥ t)
nκϕ̇t

ν2

and a random process

(2.9) Λn
t = exp

{∫ t

0

λn(s)√
nκ+1

dNsn − n
∫ t

0
G

(

λn(s)√
nκ + 1

)

ds
}

,

where G(λ) is the defined above cumulant function. Since G(0) = 0, we have Λn
t =

Λn
t∧T and so Λn

∞ = Λn
T . It is easy to check that the process Λn

t is a square integrable
martingale with respect to the filtration (FN

tn) and so EΛn
∞ = 1. We introduce a new

probability measure Pn with dPn = Λn
∞dP, where P is the original one. Noticing

that Λn
∞ > 0, P -a.s., one can conclude that dP = (Λn

∞)−1dPn. Denoting by Anδ =
{

supt≤T

∣

∣

∣

Ntn√
nκ+1 − ϕt

∣

∣

∣ ≤ δ
}

and Bnβ =
{∣

∣

∣

∫ T
0 λn(t)

[

dNsn√
nκ+1 − ϕ̇tdt

]∣

∣

∣ ≤ βnκ
}

, we arrive
at

(2.10)

P (Anδ)

≥ P (Anδ ∩ Bnβ)

=
∫

{Anδ∩Bnβ}
(Λn
∞)−1dPn

=
∫

{Anδ∩Bnβ}
exp

{

−
∫ T

0
λn(t)d

[

Ntn√
nκ+1

− ϕ̇tdt
]

−
∫ T

0

[

λn(t)ϕ̇t − nG
(

λn(t)√
nκ + 1

)]

dt

}

dPn

≥ exp

{

−βnκ −
∫ T

0

[

λn(t)ϕ̇t − nG
(

λn(t)√
nκ + 1

)]

dt

}

Pn(Anδ ∩ Bnβ).

Also note that

(2.11)

1
nκ

∫ T

0

[

λn(t)ϕ̇t − nG
(

λn(t)√
nκ + 1

)]

dt =
1
ν2

∫ T

0





ϕ̇2
t − ν2

G
(√

nκ

n
ϕ̇t
ν2

)

nκ

n





 dt

→ ϕ̇2
t

2ν2 , n →∞.

(2.10) and (2.11) imply a lower bound: for each δ > 0 and β > 0

(2.12) lim
n→∞

1
nκ log P (Anδ) ≥ −β − 1

2

∫ T

0

ϕ̇2
t

ν2 dt− lim
n→∞

1
nκ log Pn(Anδ ∩ Bnβ).
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To get now the desired statement, it suffices to show that for each δ > 0 and β > 0,
limn→∞ Pn(Anδ ∩ Bnβ) = 1 or, what is equivalent,

(2.13)
lim

n→∞
Pn(Ω \ Anδ) = 0

lim
n→∞

Pn(Ω \ Bnβ) = 0.

Since both sets Anδ and Bnβ are defined via the random process Ntn, the proof of (2.13)
requires a characterization of this process with respect to the measure Pn.

The process Ntn is the square integrable martingale with respect to (FN
tn, P ), so that

with respect to Pn the process Ntn is a semimartingale Ntn = An
t + Mn

t with the
predictable drift An

t and the square integrable martingale Mn
t (see Ch 4, §5 in [11]). In

additional, the drift An
t , Levy’s measure Kn(ds, dz), and predictable quadratic variation

〈Mn〉t are defined as:

An
t =

∫ t

0
(Λn

s−)−1d〈N·n, Λn〉s

Kn(dt, dz) = ne
λn(t)√
nκ+1 K(dz)dt

〈Mn〉t = n

[

σ2t +
∫ t

0

∫

R\{0}
z2Kn(ds, dz)

]

.

These relations (with respect to Pn) follow from Theorems 4.5.1 and 4.5.2 in [11] and from
the fact that jumps of Ntn and Mn

t coincide. Below, we give more detailed descriptions
for all above-mentioned objects. By the Itô formula we find

Λn
t =

∫ t

0
Λn

s−
λn(s)√
nκ+1

dNsn

− n
∫ t

0
Λn

s

∫

R\{0}
Φ

(

zλn(s)√
nκ+1

)

K(dz)ds

+
∑

s≤t

Λn
s−Φ

(

λn(s)∆Nsn√
nκ+1

)

and so the mutual quadratic covariation [Λn, N·n]t is defined as:

[Λn, N·n]t =
∫ t

0
Λn

s
nλn(s)σ2
√

nκ+1
ds

+
∑

s≤t

Λn
s−∆Nsn

[

exp
{

λn(s)∆Nsn√
nκ+1

}

− 1
]

.

Hence, the mutual predictable quadratic covariation 〈Λn, N·n〉t, being the compensator
of [Λn, Nṅ]t, is given by the formula

〈Λn, N·n〉t =
∫ t

0
Λn

s
nλn(s)σ2
√

nκ+1
ds

+
∫ t

0
Λn

s

∫

R\{0}
nz

[

exp
{

λn(s)z√
nκ+1

}

− 1
]

K(dz)ds.
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Thereby
(2.14)

An
t =

√
nκ+1 σ2

ν2 ϕt +
∫ t

0

∫

R\{0}
nz

[

exp

{
√

nκ

n
1
ν2 ϕ̇tz

}

− 1

]

K(dz)ds

=
√

nκ+1ϕt +
∫ t

0

∫

R\{0}
nz

[

exp

{
√

nκ

n
1
ν2 ϕ̇tz

}

−
√

nκ

n
ϕ̇t

1
ν2 z − 1

]

K(dz)ds.

With Bn
t = 1√

nκ+1

∫ t
0

∫

R\{0} nz
[

exp
{√

nκ

n
1
ν2 ϕ̇tz

}

−
√

nκ

n ϕ̇t
1
ν2 z − 1

]

K(dz)ds we

arrive at the following decomposition (with respect to the measure Pn):

(2.15)
Ntn√
nκ+1

= ϕt + Bn
t +

Mn
t√

nκ+1
.

The deterministic function Bn
t has a bounded variation

Var
t

(Bn) = t

√

nκ

n

∫

R\{0}
|z|

[

exp
{√

nκ

n
1
ν2 ϕ̇tz

}

−
√

nκ

n ϕ̇t
1
ν2 z − 1

]

nκ

n
K(dz)ds

and moreover

(2.16) lim
n

Var
T

(Bn) = 0.

On the other hand, Mn
t√

nκ+1 has the predictable quadratic variation (for t ≤ T ):

〈

Mn
√

nκ+1

〉

t
=
〈Mn〉t
nκ+1

=
1

nκ+1

[

tσ2 + n
∫ t

0

∫

R\{0}
z2 exp

{

λn(s)z√
nκ+1

}

K(dz)ds

]

=
1
nκ

[

tσ2 +
∫ t

0

∫

R\{0}
z2 exp

{
√

nκ

n
ϕ̇sz

}

K(dz)ds

]

.

Therefore limn

〈

Mn
√

nκ+1

〉

T
= 0 and due to Problem 1.9.2 in [11] we get

(2.17) Pn- lim
n

supt≤T |Mn
t |√

nκ+1
= 0.

Show now that (2.13) holds. In fact, taking into account (2.15), we get

Ω \ Anδ =
{

sup
t≤T

∣

∣

∣

∣

Ntn√
nκ+1

− ϕt

∣

∣

∣

∣

> δ
}

⊆
{

Var
T

(Bn) ≥ δ
2

}

∪
{

supt≤T |Mn
t |√

nκ+1
>

δ
2

}
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and so the first part of (2.13) holds by virtue of proved above (2.16) and (2.17). The
validity for the second part of (2.13) is proved in the same way whereas

Ω \ Bnβ =

{∣

∣

∣

∣

∣

∫ T

0

ϕ̇t

ν2 d
[

Ntn

nκ+1 − ϕt

]

∣

∣

∣

∣

∣

> β

}

⊆
{

N
ν2 Var

T
(Bn) >

β
2

}

∪

{∣

∣

∣

∣

∣

∫ T

0

ϕ̇t

ν2

dMn
t√

nκ+1

∣

∣

∣

∣

∣

>
β
2

}

.

By virtue of (2.16) the first set on the right-hand side of this inclusion is empty, if n is
large enough, while the probability of the second set goes to zero as n →∞ by virtue of
Problem 1.9.2 in [11] and the fact that

∫ T
0

ϕ̇2
t

ν4
1

nκ+1 d〈Mn〉t ≤ C2

ν4
1

nκ+1 〈Mn〉T → 0, n →∞.
Thus, for uniformly bounded ϕ̇t and any positive δ we get

(2.18) lim
n

1
nκ log P (Anδ) ≥ −1

2

∫ T

0

ϕ̇2
t

ν2 dt.

Evidently, (2.18) implies the desired lower bound (2.7). Also (2.18) is used to establish
(2.7) for a general case, i.e. for absolutely continuous function ϕt with

∫ t
0 ϕ̇2

t dt < ∞.
If ϕ̇t is not a bounded function, with fixed C > 0 set ϕC

t =
∫ t
0 ϕ̇sI(|ϕ̇s| ≤ C)dt. Since

|ϕ̇C
t | ≤ C, (2.18) is applicable and so

(2.19)

lim
n

1
nκ log P

(

sup
t≤T

∣

∣

∣

∣

Ntn√
nκ+1

− ϕC
t

∣

∣

∣

∣

≤ δ
)

≥ −1
2

∫ T

0

ϕ̇2
t

ν2 I(|ϕ̇t| ≤ C)dt

≥ −1
2

∫ T

0

ϕ̇2
t

ν2 dt.

On the other hand, since the total variation for the function ϕt−ϕC
t on the interval [0, T ] is

given by the formula ‖ϕ−ϕC‖T =
∫ T
0 |ϕ̇t|I(|ϕ̇t| > C)dt we have limC→∞ ‖ϕ−ϕC‖T = 0.

Consequently, taking C so large that ‖ϕ− ϕC‖T ≤ δ/2, we find

lim
n

1
nκ log P

(

sup
t≤T

∣

∣

∣

∣

Ntn√
nκ+1

− ϕt

∣

∣

∣

∣

≤ δ
)

≥ lim
n

1
nκ log P

(

sup
t≤T

∣

∣

∣

∣

Ntn√
nκ+1

− ϕC
t

∣

∣

∣

∣

≤ δ − ‖ϕ− ϕC‖
)

≥ −1
2

∫ T

0

ϕ̇2
t

ν2 dt

which in turn implies (2.7).

2.5. Proof of (C.2). If the upper bound in the local MDP is finite, it coincides with the
lower one, otherwise the upper bound, being equal to −∞, coincides with lower bound
as well. Consequently for any continuous function ϕt from D, J̃(ϕ) = J(ϕ). Hence,
J̃(ϕ) ≡ J(ϕ) and the statement of the theorem holds.
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3. Particular case of Theorem 1.1

In this section, we formulate the MDP for the family Y n
t = 1√

nκ+1

∫ tn
0 ηsds.

Lemma 3.1. Assume (WD) and (CR). Then the family (Y n
t ) obeys the MDP in the

metric space (C, ρ) (ρ is the locally uniform metric) with the rate of speed 1
nκ and the

rate function

J(ϕ) =

{

1
2

∫∞
0

ϕ̇2
t

ν2Σ2 dt, ϕ0 = 0, dϕ � dt

∞, otherwise.

Proof. Taking into account (1.5) and well-known property of the Itô integral, we find that

E(ηt|ηs, s ≤ 0) =
∫ 0
−∞ h(t−s)dNs a.s. On the other hand, by (WD)

∫∞
0

√

∫∞
t h2(s)dsdt

< ∞ and therefore
∫ ∞

0

√

E(E(ηt|ηs, s ≤ 0))2dt < ∞.

The latter property and Lemma 9.2.1 in [11] guarantee the existence of a semimartingale
Vt adapted to the filtration Fη

t (satisfying the general conditions) generated by the pro-
cess ηt such that Vt = V0 +

∫ t
0 ηsds −Mt, where (Mt) is a square integrable martingale

and Vt is in the restricted sense stationary process, where (see [3] and for more details
Ch.9, Sec.2, Ex.2 in [11])

Mt = ΣNt

Vt =
∫ ∞

t

(∫ t

−∞
h(u− s)dNs

)

du.

Therefore

(3.1) Y n
t =

Σ√
nκ+1

Ntn +
1√

nκ+1
[Vtn − V0].

By Theorem 1.2 the family Σ√
nκ+1 Ntn obeys the MDP in the metric space (D, d) with the

rate of speed 1
nκ and the rate function given in the formulation of Lemma 3.1. Moreover,

since this family is C-exponential tight, it obeys the MDP in the metric space (C, ρ).
Thus, to establish the statement of the lemma, it suffices to show that the process
1√

nκ+1
[Vtn − V0] is locally C-exponential negligible, that is for each T > 0 and γ > 0,

limn→∞
1

nκ log P
(

1√
nκ+1 supt≤T |Vtn − V0| > γ

)

= −∞. We derive that property from

(3.2) lim
n→∞

1
nκ log P

(

supt≤T |Vtn|√
nκ+1

> γ
)

= −∞.

To verify (3.2), set αk = supT (k−1)≤t≤Tk |Vt|, k ≥ 1. Noticing that (αk)k≥1 forms in the
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restricted sense stationary sequence and using the Chernoff inequality, we find

P
(

1√
nκ+1

sup
t≤T

|Vtn| ≥ γ
)

= P
(

sup
t≤Tn

|Vt| ≥ γ
√

nκ+1

)

≤ P

(

max
k≤
√

nκ+1
αk ≥ γ

√
nκ+1

)

≤
∑

k≤
√

nκ+1

P (αk ≥ γ
√

nκ+1)

≤
√

nκ+1P (α1 ≥ γ
√

nκ+1)

≤
√

nκ+1e−γ
√

nκ+1
Eeα1 (Chernoff)

=
√

nk+1e−γ
√

nκ+1
Eesupt≤T |Vt|.

Hence

1√
nκ+1

log P
(

1√
nκ+1

sup
t≤T

|Vtn| ≥ γ
)

≤ − 1
nκ log

√
nκ+1 − γ

√

n
nκ +

1
nκ log Eesupt≤T |Vt|

and so (3.2) holds provided that

(3.3) E exp
{

sup
t≤T

|Vt|
}

< ∞.

Thus, only (3.3) remains to be verified. Assume for a moment that there exists a positive
martingale Lt (with respect to the filtration Fη

t ) such that

(3.4) |Vt| ≤ Lt and Ee2LT < ∞

and show that (3.3) is implied by (3.4). In fact, using the Jensen, Cauchy-Schwarz, and
Doob inequalities we get

E exp{sup
t≤T

|Vt|} ≤ E exp{sup
t≤T

Lt}

= E sup
t≤T

exp{Lt}

= E sup
t≤T

exp{E(LT |Fη
t )}

≤ E sup
t≤T

E (exp{LT }|Fη
t ) (Jensen)

≤
√

E sup
t≤T

E (exp{LT }|Fη
t )2 (Cauchy-Schwarz)

≤ 2
√

E exp{2LT } (Doob)

< ∞.

To find the required martingale Lt, we use an obvious representation Vt = VT −
∫ t
0 ηsds+

(NT − Nt)Σ, t ≤ T, the martingale property of Nt, and the fact that Vt is measur-
able with respect to Fη

t . So, we get Vt = E(VT −
∫ t
0 ηsds|Fη

t ) and therefore |Vt| ≤
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E(|VT |+
∫ T
0 |ηs|dsFη

t |), that is Lt = E(|VT |+
∫ T
0 |ηs|ds|Fη

t ) can be taken as the required
martingale, provided that for each λ ≥ 2

(3.5) E exp

{

λ

[

|VT |+
∫ T

0
|ηs|ds

]}

< ∞.

We examine (3.5) by using the Cauchy-Schwarz and Jensen inequalities:

(

E exp

{

λ

[

|VT |+
∫ T

0
|ηs|ds

]})2

≤ E exp{2λ|VT |}E exp

{

2λ
∫ T

0
|ηs|ds

}

(Cauchy-Schwarz)

= E exp{2λ|V0|}E exp

{

1
T

∫ T

0
2Tλ|ηs|ds

}

≤ E exp{2λ|V0|}E
1
T

∫ T

0
exp{2Tλ|ηs|}ds (Jensen)

= E exp{2λ|V0|}E exp{2Tλ|η0|}.

Thus (3.5) holds if for any positive λ we have E exp{λ|V0|} < ∞ and E exp{λ|η0|} < ∞.
The direct proof for the validity of these inequalities would be difficult. It is more
convenient, instead of V0 and η0, to take V ′

0 =
∫∞
0

∫∞
s h(u)dudNs and η′0 =

∫∞
0 h(s)dNs

having the same distributions as V0 and η0 respectively. Moreover, taking into account
an obvious inequality e|x| ≤ ex + e−x, for any λ ∈ R it suffices to verify that

E exp{λV ′
0} < ∞

E exp{λη′0} < ∞.

To this end, with H(t) being any of functions h(t) or
∫∞

t h(u)du, we get

V ′
0

η′0

}

=
∫ ∞

0
H(t)dNt (:= Z∞).

Introduce a square integrable martingale Zt =
∫ t
0 H(s)dNs having Z∞ as the limit point

as t →∞. By the Fatou lemma

E exp{λZ∞} ≤ lim
t→∞

E exp{λZt}.

To estimate the right-hand side of the latter inequality, we use the fact that (Zt) is the
process with independent increments and find (see Ch. II in [14])

EeλZt = exp
{

λ2σ2

2

∫ t

0
H2(s)ds +

∫ t

0

∫

R0
(eλH(s)z − 1− λH(s)z)K(dz)ds

}

.

The right-hand side of this inequality increases, as t →∞, to

C(λ) = exp

{

λ2σ2

2

∫ ∞

0
H2(s)ds +

∫ ∞

0

∫

R\{0}
(eλH(s)z − 1− λH(s)z)K(dz)ds

}

,
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where C(λ) is finite for any λ ∈ R. In fact, for H(t) ≡ h(t) it holds due to (CR) while for
H(t) ≡

∫∞
t h(s)ds it holds due to (WD) and (CR) whereas, with λ0 = |λ| supt≥0 |H(t)|,

eλH(t)z − 1− λH(t)z ≤ λ2H2(t)eλ0|z|

≤ λ2H2(t)(eλ0z + e−λ0z)

and in turn
∫

R\{0} z2eλ0zK(dz) < ∞.

4. Proof of Theorem 1.1

We apply the contraction principle of Varadhan [4] (the continuous mapping method
of Freidlin [2]). To this end, we have to find a continuous mapping in the locally uniform
metric for

(

1√
nκ+1

∫ tn

0
ηsds

)

t≥0
=⇒ (Xn

t )t≥0.

If Yt is absolutely continuous function from C, then the required mapping is defined, due
to (1.4), by a differential equation (Ẏt is the Radon-Nykodim derivative)

(4.1) Ẋt = a(Xt) + b(Xt)Ẏt

subject to the initial condition X0. We show that the mapping (Yt)t≥0 =⇒ (Xt)t≥0 can
be extended for any function Yt from C.

Lemma 4.1. Let functions a(x) and b(x) be Lipschitz continuous and there exist con-
stants c and C such that 0 < c ≤ |b(x)| ≤ C. Then for fixed X0 there exists continuous
in the metric ρ mapping (Yt)t≥0 =⇒ (Xt)t≥0, (Xt), (Yt) ∈ C such that for any absolutely
continuous function Yt this mapping is defined by the differential equation (4.1)).

Despite this lemma is proved in [3] (Lemma 5.1), for reader convenience we give here
a sketch of its proof.

Sketch of the proof. Put F (x) =
∫ x
0

dy
b(y) . The function F (x) is continuously differen-

tiable having the inverse F−1(x) which is continuously differentiable as well. Moreover,
F (x) and F−1(x) satisfy the linear growth condition. Put g(x) = a(F−1(x))

b(F−1(x)) . For Xt being
a solution of differential equation (4.1) corresponding absolutely continuous function Yt,
put θt = F (Xt). It is easy to check that θt is a unique solution of a differential equation
θ̇t = g(θt) + Ẏt subject to the initial condition θ0 = F (X0). Therefore we arrive at the
desired mapping

(4.2)
Xt = F−1(θt)

θt = F (X0) +
∫ t

0
g(θs)ds + [Yt − Y0].

Thus it remains to check only that this mapping is continuous in the metric ρ or, what
is equivalent, for any T > 0

(4.3)

{

limm supt≤T |Y
(m)
t − Yt| = 0

(Y (m)
t ), (Yt) ∈ C, m ≥ 1

=⇒

{

limm supt≤T |X
(m)
t −Xt| = 0

(X(m)
t ), (Xt) ∈ C, m ≥ 1,
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where X(m)
t ,m ≥ 1 and Xt are solutions of (4.2) corresponding to Y (m)

t ,m ≥ 1 and Yt
respectively. It is clear that (4.3) is valid due to the local Lipschitz condition for the
function g(x).

Due to the contraction principle the family Xn
t obeys the MDP in the metric space

(C, ρ) with the rate of speed 1
nκ and the rate function J(ϕ), defined for absolutely con-

tinuous function ϕt with ϕ0 = X0, due to (4.1), as

J(ϕ) =
1
2

∫ ∞

0

[ϕ̇t − a(ϕt)]2

[νΣb(ϕt)]2
dt

and otherwise is equal to ∞.
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