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Abstract

The Large Deviation Principle is established for stochastic models defined by
past-dependent non linear recursions with small noise. In the Markov case we
use the result to obtain an explicit expression for the asymptotics of exit time.
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1 Introduction.

The simplest example of a stochastic model defined by past-dependent recursion with
small noise is a linear model

Xi=) a X +¢& (1.1)
i=1

subject to fixed X7 = x;,i = 0,1,...,m — 1, where ¢ is small parameter and (&x)k>m
is an i.i.d. sequence of random variables. In the present paper we consider a general
non linear model:

Xli = f(Xli—h X Xli—mmggk)? (1'2)
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where f(z1, ..., Zm, y) is continuous function. Note that (refl.2) includes (refl.1) as a
special case. For m = 1 model (1.2) defines a discrete time Markov process. When
¢ — 0 random variables X} converge to deterministic ones, say, X and X, k > 1 are
determined by the recursion

Xk: = f(Xk—ly"'an‘—m70)7 (13)

subject to the same initial condition. Furthermore (X} )g>n, converges to (Xi)g>m in

the metric p(z,y) = X5 277 152 :g]y']‘ This fact provides the motivation to consider
the large deviation principle (LDP) for family (X{)gsm in the metric space (R, p).
For Markov case (m = 1) the LDP was considered in [5], [7] and [8]. The choice of the
metric space (R, p) is a natural one for obtaining the LDP for the family (X)x>m.
Recursion (1.2) defines continuous mapping (£&)k>m — (Xf)r>m in the metric p.
This implies that the LDP for (X§)g>m follows from the LDP for (££)g>m by the
continuous mapping method of Freidlin [3] and contraction principle of Varadhan
[11]. Since (&k)g>m is an i.i.d. sequence, the LDP for (£ )g>m holds if it holds for
the family £, where £ is a copy of &,,. It must be mentioned that not only the rate
function but also a norming factor ¢(¢) depend on the distribution of .

In Section 4, sufficient conditions for the LDP for the family £ are given. Section
3 contains examples for which rate functions can be explicitly calculated, and in
the Markov case asymptotics for the probability of {max;<x<p |Xf| > 1} is found
(Theorem 3.1). Main results are formulated in Section 2. One of them gives the
asymptotics of the exit time from the interval [—1, 1] for the Markov family (X} )x>1.

2 Main results.

Following Varadhan [11], family (X¢)g>., is said to satisfy the LDP in the metric
space (R*, p) with norming factor ¢(¢) (a function decreasing to zero as ¢ | 0), if

(0) there exists a function J = J(u@),u = (uq,us,...) € R® which takes values in
[0, 00| such that for every o > 0 the set ®(a) = {u € R>* : J(u) < a} is compact in
B>, p);

(
(1) For every closed set F' € (R*, p)

lim. _oq(e) log P((X})k>m € F) < — inf J(u);

uck

(2) For every open set G € (R™, p)

lim,._oq(e) log P((X{)ksm € G) > — inf J(u).

uelG



The function J = J(u), satisfying (0), is called rate function.

As was mentioned in the introduction, the LDP for (X} )i>, is implied by the LDP
for family £ (€ is copy of &,,). Therefore sufficient conditions for the required LDP
are formulated in term of the distribution of £. Here and in the sequel we assume the
following conditions.

E¢ =0, (2.1)
and Cramer’s condition is satisfied:
Ee'* < o0, t € R, (2.2)
and the cumulant function
H(t) = log Ee'* (2.3)

is twice continuously differentiable with
H'(0)=0 and H"(t) >0. (2.4)
For H(t) define Fenchel-Legendre’s transform:

L(v) = ig}}g[tv — H(t)]. (2.5)

Now we define a norming factor ¢(¢). Assume there exist a function ¢(g), decreasing
to 0 as € | 0, and a non negative function I(v),v € R such that for every v € R

e—0

lim q(e)L(g) = I(v). (2.6)
Additional assumptions on the function I(v) are:

I(0)=0 and lim I(v)= oc; (2.7)

|v|—00

if for some vy I(vy) = oo, then for vy > 0 (vy < 0) I(v) is left (right) continuous
function); if I(v) < oo, then the value #{ = argmax(t2 — H(t)) is finite and such that

q(e)

lim._o——=|t{] < oo and lim e2H"(t5) = 0. (2.8)
£ e

The main results are given in the theorem below.

Theorem 2.1 Let (2.1)-(2.3) and (2.5)-(2.8) be satisfied. Then 1) the family €&
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obeys the LDP with rate function I(v) given in (2.6);

2) the family (&) k>1 obeys the LDP in the metric space (R, p) with the rate function
(@ = (’Ul,UQ, ) € ROO)

I(v) = kf:[(vk); (2.9)

3) the family (X§)k>m obeys the LDP in the metric space (R, p) with the rate func-
tion (= (Up, Umy1,-..) € R)

Jo() :{ SR = i) T (O8), Wi = 3,0 = 0, m — 1 (2.10)
0, otherwise,

where inf(()) = co.

Remark 1. Verification of conditions (2.6) and (2.8) can be simplified if random
variable £ can be represented as a sum of two independent random variables £ =
& + " such that for each of them the Cramer’s condition (2.2) is satisfied. H'(t),
H(t) and L*(v), L%(v) are their cumulant functions and Fenchel-Legendre transforms
respectively. If for & all the formulated above assumptions are satisfied, and in
particular the rate function I*(v) and the norming factor ¢'(¢) are defined, then
under the condition

lii%qi(e)[/”(g) = —00, v # 0, (2.11)
the statements of the theorem remain true with I(v) = I'(v). Condition (2.11) always
holds for random variables with finite support.

Remark 2. The LDP for the model (1.2) can be verified not only in the case of
continuous function f(z1,...,Zm,y), but in a more general setting. If for every set
21, ..., Zm a cumulant function

H.(t,z1,..., z2m) = log E exp (tf(zl, ey zm,5£1)>,

is well defined and is continuous in zi, ..., z,, for every fixed ¢ and e, moreover there
exists a norming factor ()

lim q(e) sup[tu — He(21, ..., 2m)] = L(u, 21, ..oy 2m),
e—0 teR

then under some technical conditions on I(u, 21, ..., z,,) the LDP for the family
(X7)k>m holds and rate function is given by formula



Joo (U1, ug, ...) Z T (g, g1y vey Uk -
k>m
We do not persue this direction here since in this setting the conditions for the
existence of the norming factor and the rate function are not as natural in Theorem
2.1. Thus we limit ourselves by considering model (1.2) with continuous function
f(z1, -y Zm, y) only.

The asymptotics for exit time is the next result. Let
Xi = af(Xiy) + &, (2.12)

subject to X§ = zg € [—1,1], where f(z) is continuous function with f(z) = 2
for |z| < 1, and where & is Gaussian random variable with parameters (0,1) (or
& = & +£0" with independent random variables & and &', where £} is (0, 1)-Gaussian
random variable, all conditions from Remark 1 are satisfied). Let 7¢ be the exit time
from the interval [—1,1]:

7 =min{k > 1: |X7| > 1}. (2.13)

Theorem 2.2 1) If |a| < 1, then for any xy € [—1, 1] the ezit time obeys the following
asymptotics:

1
lime?log B¢ = ~(1—a?).
e—0 2

2) If la| > 1 and xy = 0, then

1

22]\4712] M:(),l,

lin& e?log P(1° < M) =

A proof of the first statement of the theorem could be obtained by applying a version
of Kifer’s result in [6], which is a discrete time version of the Freidlin-Wentzell result
on the asymptotics of the exit time for diffusion processes [4] with a small diffusion
coefficient. However, formally we can not do this since in [6] X} take values in a
compact while in our case X; € R. Therefore we give a selfcontained proof, repeating
some details from [6].



3 Examples and Applications.

1. We give two examples of random variable ¢ for which

1
qle) = & and I(v):§112

€
= d I(v) =|vl.

In the first case £ is (0, 1)-Gaussian random variable with cumulant function H(t) =
%. It is easy to verify all the assumptions in this case. In the second case,  is equal
to difference of two independent copies of Poisson random variable with parameter
1. Then the cumulant function H(t) = e + e — 2. For v # 0, we have t5 =
sign(v) log Lﬂ—i-O(EQ). Consequently, (2.6) holds with abovementioned norming factor.
Furthermore condition (2.8) holds too.

It is interesting to note that for & = & + €%, where £ and €% are independent random

variables from these examples with ¢'(¢) = €%, ¢%(e) = o] Tespectively, we get

q(e) = q¢"(e) and I(v) = |v].

2. If function f(z1, ..., 2m,y), appearing in (refl.2), is linear in y:

F(z1y e 2msy) = alz1, ooy 2m) + 0(21, o0y 2m) Y, (3.1)

where b(z1, ..., z,) can be zero for some values of the argument (z1, ..., z,,), then the
rate function J (@) is given by the simple formula (with the rule 0/0 = 0)

b(Uk— 150Uk —m)

P Zzo:m[(uk*a(uk—l ..... kam))’ Uy = X0, oy U1 = Tyt
oo () = :
0, otherwise.

In the case of the Markov model Xi = a(X5_;) + b(X_;)e&, with (0, 1)-Gaussian
random variable £; an analogy of Freidlin-Wentzell’s result [4] for the diffusion dX; =
a(X5)dt + eb(X;)edW; (W; is Wiener process) holds. Namely,

1 o) [uk_a(uk—l)]z —
Joo<u>:{ 3 2R ) U0 = o
00, Uy 7 Tg.

3. The next result plays an important role in proving Theorem 2.2, it also has an
independent interest. Notation P,, will be used for designating ‘X§ = z¢’.

Theorem 3.1. Let the assumptions of Theorem 2.2 be fulfilled and M > 1.
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1) If |a| < 1, then

1
lim hm sup |e?log Pxo(lmax | Xp| >1)+ 5(1 —a*)| = 0.

M—o0e—=0)4,1<1

2) If la] > 1 and zo = 0, then

1

. 2 el > =
fmy=loe P, WGl 2 = ~gerr

Proof: 1) Evidently

sup on( max, | X5 > 1) = Py max | X5 > 1),
|zo|<1 1<k

where &« =1 or — 1. By symmetry

inf P, ( max |X;|>1)= PO(IIS%%%|X;| >1).

|zo|<1 1<k<M

Consequently the desired statement holds if for xo = 0 and z¢y = +1
. . 1
ll_r)%€2 log PxO(fg}%ﬁ X5l >1) = —5(1 —a?). (3.2)

The family (X} )x>1, defined by recursion (2.12) with initial condition X§ = x¢, obeys
the LDP with the rate function

oo
> ue — af (up—1)]%, uo = xo

1
2 k=1

Hence by (1) and (2) of Section 2
lim, e log P,,( max |X{|>1) < —linffz(u —af(up_1))?
e—0 gxolngM Kl Z > 2 My & k k—1
lim, e”log Py, ( max |X7| > 1) > —linfi(u —af(ug_1))?
Ll .o g o 1<k<M k = 2M2 ~ k k—1 )

where M, = (u € RM : max <p<p |ug| > 1) and My = (u € RM : maxj<p<pr |ug| >
1). Obviously inf, = inf, and so we obtain

1. Y 1
: 2 £ — 3 — 2 = ——
lim e*log Py ( max [Xi| > 1) = zlﬂgfg:lﬁ(uk af(ur-1))” (= =5 Wi (xo)).



Put 7 =min{l <k < M : |ux| > 1}. Then

T

— : B 2

Wazo) =10l cr 1288 o ;(Uk at—1) (3:3)

To define the right hand side of (3.3), consider a control problem. Let uy, k = 0,1, ..., 7

be controlled sequence, defined by recursion uy = aui_1 + wy subject to initial vy =

xo, (|zo| < 1) and final condition |u,| = 1 and control wy, k = 1,...,7. We use an
obvious relation

T

min > (u — aug—1)? = min Zwk

k<1, 1<k<T—1; |ul-=1;—]

with constrations: wg, k = 1,...,7 : |ug] < 1,k < 7 —1,|u,| = 1. By virtue of
representation u, = a’xg + Yr_; a” *wj, and Cauchy-Scwartz’s inequality

T T
lu, — a"zo| <\ |Da?TR > w?
k=1 k=1
we get a lower bound:

(ur — aT:L'O)Q

-
2

Wi > s

k=1 Ek— (7=F)

 (ur—a T10)? ~(ur— a’zo)*(1 — a?) (3.4)
N T écﬂﬂ N 1 —a?" ’ ’

This lower bound is attainable on the control wy <uT aveo)(1- 2>, 1<k<T.

1—a27

Take first a”zo > 0 and u, = 1. Then w§ = a7~ kw, 1 <k < 7. To the
control sequence w; corresponds the controlled process

1—a7 1— 2 k
uz _ (ITJ:O‘i‘( al :L‘O)(Q a ZGT—‘,-]C 29)
—a?r

J=1

1 —a?* <k<r

= CLT.TU + (1 — aTxO)l_iaZT’ <

which has a property |uj| <1, k¥ <7 —1 and u? = 1. Therefore the abovementioned
control is admissible and optimal. In the same way the case a"x¢y < 0, u, = —1 is
investigated. Since the lower boud in (3.4) is attainable, we obtain

S -yt = I

2T
b 1—a

min
lug|<1, 1<k<t-1; |u|,=1



hence,
1 1

. (u; —a"xg)?
“Wa(zo) = = (1 — a? mm(—.
g"Wau(wo) = 5 S
This implies the statement of the theorem since
AT 2
im min M

=1.
M—oco 7<M 1 — a?7

2) Repeating previous computations we arrive to

1

1
. 2 £ _ - =
g%s long(lgllgag}&Wkl >1)= 2WM(0)) 2y T

4 LDP for &£.

In this Section we prove statement 1) of Theorem 2.1. There are different approaches
for proving the LDP (see e.g. [1], [2], [9]). In our case considered (cf. Theorem 1.3 in
[10]), it is enough to establish the exponential tightness:

lim lim._oq(e) log P(|e€| > ¢) = —oo, (4.1)
and the local LDP: for every v € R

(lsir%liims_,oq(a) log P(le& —v| <0) = (lsir%msﬁgq(g) log P(|e& — v| <0).
= —I(v). (4.2)
These two requirements are equivalent to the LDP for the family (¢£) with the rate

function I(v) and the same norming factor. Below we verify (4.1) and (4.2). Since
(4.1) holds when

lim lim._oq(e)log P(e§ 2 ¢) = —o0
lim Tim._oq(c) log P(e€ < —c) = —o0, (4.3)

both relations in (4.3) are verified separately. By Chernoff’s inequality
P(e€ > ¢) < exp(— (tc)/e + H(1)).
On the other hand, taking into account (2.4), one can conclude that for ¢ > 0:

suplt(c/e) — H(t)] = suplt(c/e) — H(t)].

t>0 teR



Hence by (2.7)
lim, oq(¢)log P(e€ > ¢) < —I(c) — —o0, ¢ — 00,

that is the first part in (4.3) holds. The second part is proved in the same way.

To check the local LDP put Z = exp (t{ — H(t)). Due to EZ = 1 we get an obvious
inequality

EI(|§ —u/e| <6/e)Z <1 (4.4)

which remains true when Z is replaced by its lower bound on the set {|{ —u/e| < §/e}:
Z=-exp(—(0/e)|t| +t(u/e) — H(t)). Thus,

q(e)log P(I§ —v/e| < d/e) < q(e)(d/e)[t] — q(e)[t(v/e) — H()]. (4.5)

Using (4.5) for every finite ¢, and taking ¢ = ¢ when I(v) < oo, we find by virtue of
the first part of (2.8) that

lims_glim. _oq() log P(|€ —v/e| < §/e) < —1(v). (4.6)

Let now for some vy I(vg) = 0o. We show that ‘—oo’ is the upper bound for
lims_olim. o log P(|e§ — v| < 4). Let vy > 0. Then by the triangular inequality
|e€ — vo| > |e€ — vo + 7y| — v with 0 < v < vy we get

P(le€ —vo| <6) < P(le§ = (vo =)l <0+ 7. (4.7)

By the assumption I(v) is left continuous function at point vy and so, I(vy —7y) < 0.
Then by (4.7) and (4.5)

q(e) log P(|§ — vo/g| d/e)
q(e)log P(|€ — (vo —7)/e| < (6 4+7)/e)

q(e)( +v/e)lt] — q(e)[t((vo —v)/e) — H(t)]  (4.8)

and by the first part (2.8) we obtain

IA N IA

limg_olim. _q()log P(|€ — vo/e| < §/e) < lim [const.'y — I(vo — ”y)} = —00.
’y—)

For vy < 0 the upper bound ‘—o¢’ is derived in the same way.

It is clear that in proving the lower bound only the case I(v) < oo has to be considered.
Put A;(y) = exp (ty — H(t)) and denote by P(y) the distribution function of £. Since
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EN(€) =1, Qi(y) with d,Q¢(y) = A(y)dP(y) is a distribution function too. It obeys
the following properties:

/R ydQi(y) = H'(t) and / ()]2dQq(y) = H"(1). (4.9)
Taking ¢t = t; we find dP(y) = exp ( — t{y + H(t))dQ: (y). Hence
Pllee—vl<0) = /y oo T (= oy + H(1))dQx (<)
> exp (= [t](0/e) — thv + H(17))

/ —(0/e)|<(5/¢) Qi (@) (4.10)

The desired lower bound
lims_olim, _olog P(I€ — v/e| < §/2) > ~1(v) (4.11)
follows from (4.10) and the lower bound

lim, / Qs (x) > 1, 6 > 0.
o~ (o/2)|<(6/2)

The latter holds by Chebyshev’s inequality, (4.9) and the second part of condition
(2.8) for every 6 > 0 we get

/ dQu(x) = 1- / dQ: ()
|lz—(v/e)|<(8/¢) |z—(u/e)|>(6/¢)
2

> 1- ;/@—u/e) dQs ()
== - ﬁH”(tE)
— 1, ¢—0.

Y

5 LDP’s for (¢&)r>1 and (X})g>m-

In this Section, the statements 2) and 3) of Theorem 2.1 and the Remark to it are
established.

Proof of Statement 2).For n > 1, let us check the LDP for the family (e£x)1 <<, in the
metric space (R", p"), where for z,y € R" p"(x,y) = Y p_; |Tr — yk|. Since (&) 1<k<n
is a vector of i.i.d. random variables the LDP holds with the rate function (see [12])

(v") = ki:[(vk) (5.1)
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Next by Dawson-Gértner’s theorem (see [13] or [1]), the LDP for family (££;)x>1 holds
too and what is more the rate function is defined as

I(v) = i I(vy). (5.2)

Proof of Statement 3). The continuity of the mapping (£&x)k>m — (X§)k>m in the
metric p is obvious. Therefore by the contraction principle (continuous mapping
method) (see [3] and [11]) the family (X} )g>m obeys the LDP with the same norming
factor and the rate function

Joo(W) = inf I (v),

(v, k>miup=F(Ug—1, Uk —m,Vk))

where inf{(}} = oo and I, (v) is defined in (2.9) and it remains to note that

[e.9]

inf I.(7) = inf I(v).
(g, k>miup=Ff(Up—1,- Uk —m,Vk) OO<) k;(vkakzmiuk:f(uk—l 77777 Uk—m,Vk)) ( )

Remark to Theorem 2.1 holds since by (2.11) the random variable &I is exponentially
negligible with respect to the norming factor ¢‘(g): for any § > 0

lir%qi(e) log P(|e&}'] > ) = —oo.

6 Asymptotics of exit time.

In this Section we prove Theorem 2.2.

1) Let M be an integer. It is clear that £?log E7° and £%log E% have the same
asymptotics as € — 0. The following bounds for F TM hold:

S P(rf > Mn)—2< E— <3 P(r* > Mn) + 1. (6.1)
n>0 M n>0
In fact, if [2] is integer part of z, that is [z] = n for n < z < n + 1, then, since

(2] <2z <[z]+ 1, we find

ETMgE[

IA
hE
N
— — A~ —
\]ﬂ)
WV,
=
S
N—
+
[S—

IA

NE
S
\]03
\V
=

S
+



and similarly,

Py 2 Pyl

- S r((]20)

> 3 P(r* > M(n+1))
n—1

> iP(T>Mn) — 2.
n=0

Estimates in (6.1) allow to conclude that lim._oe*log EL = (1 — a?), if
lim lim e? 1og§jop(7 > Mn) = ;(1 —a?). (6.2)

To establish (6.2) we use the Markov property of the process (Xf)r>1. By the def-
inition of 7¢ it follows that sets {7° > Mn} and {maxj<x<mmn |Xf| < 1} coincide.
Hence

P(r° > Mn) = P( max |X;|<1)

1<k<Mn

- E<I(1§kglz\%€;—1) Xl < 1)pXi4(”*1)<M(nfr%i}l§SMn|Xk| < 1))'

In turn, due to homogeneity of (X7 )i>1, we get recurrent inequalities:
< P(rf > M(n —1))(1 — inflyc; Pe(maxicpens [XE| > 1))

> P(t* > M(n—1))

Since P(7¢ > 0) =1,

P(1t® > Mn
( ) { 1-— suplx‘gl Px(maxlngM |X]i‘ Z 1))

P(Te S Mn) S (1 — il’lfmgl Px(maxlngM |X}§‘ Z 1))n
> (1 — SUp|y <y Pr(maxy<pnr [ X5 > 1))n~

Therefore .

o0 <-

Z P(TE > Mn) inf|;<1 Pz(mangkgM |X;§|21)

n=0 T supjy <1 Pz(maX1gkgM |X;§\Zl)
and so, (6.2) is implied by Theorem 3.1.

2) Since sets {7° < M} and {maxj<x<p |X5| > 1} coincide, we derive the desired
statement from the second statement of Theorem 3.1.

V
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