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ABsTRACT. We give an example of the large deviations for the family (Xf);>0,e > 0 with
Xf = a(X{) + b(X§{)n: e, where n; is stationary process obeying the Wold decomposition:

N = fioo h(t — s)dNs w.r.t. homogeneous process Nt with independent square integrable
increments.
Key words: Large deviation, Skorokhod space, Wold decomposition

1. Introduction and main result

1. It is well known (see [3]) that a family X© = (X} )¢>0,¢ > 0 of diffusion processes:
dX; = a(X{)dt + /eb( X} )dW, (1.1)
subject to fixed X, where W, is a Wiener process and a(x), b(x) are Lipschitz continuous
and b%(x) > 0, obeys the large deviation principle (l.d.p.) in the space of continuous
function Cjg 1) and the corresponding rate function is given by the formula:

fe—alen) )2 gy = Xo, dp < dt
Ir(p) = { sy (P55t oo = Ko, de (1.2)

0, otherwise,

where the notation "¢y = Xy, dp < dt” is used for designating p; = Xg + fot Ysds, t < T,
and where ¢, is the Radon-Nikodym derivative of ¢;. Evidently the L.d.p. for (X§) also
holds in the metric space (C, p) with C = Cjg ),

_ Z 9 SUPi<n, | Xi — Y

= 1+ sup,<,, | X¢ — Vi
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and the rate function I(¢) = sup It (p) (see, e.g. [9]).
T

In the contrast to (1.1), in this paper we formulate the 1.d.p. for family of processes
X7 )t>0,€ > 0 defined by an ordinary differential equation
t)t>

X; = a(X7) + b(XF ) e, (1.3)

subject to fixed Xo, where (n;):cr is the restricted sense stationary and ergodic process

Since the Markovian property for (7;) is not to be assumed the general approach consists
in checking the 1.d.p. for the occupation measures of (1;) for, so called, "third level” of the
Donsker and Varadhan theory [2] and applying the contraction principle of Varadhan [11]
to get the 1.d.p. for X¢. To avoid an application of the ”third level” we restrict ourselves
by the consideration of (1;) obeying the Wold decomposition?

t
= / h(t — s)dN,, (1.4)
— o0
w.r.t. right continuous having limits from the left homogeneous process with independent
increments N = (N;)secr such that Ny = 0 and for any s,t € R E|N; — N,| = k2|t — 5],
E(N;—N,) = 0and [, h*(t)dt < oo (so the integral in (1.4) is understood as Ito’s stochastic
integral).
For such process (1;) a simple proof of the l.d.p. for X¢ is found, the explicit formula
for the rate function takes place and what is more this model serves different applications.
2. Formally, letting

t
We = 1/\/5/ Ns/ds, (1.5)
0

(1.3) can be rewritten to the similar form as (1.1): dX§ = a(X)dt++/eb(X§)dWE. But the
l.d.p. even for (/eW§) would be difficult to obtain by the method from [3]. Nevertheless,
it is possible by different method and by virtue of (1.4). Two reasons are for (1/eWy) to
obey the l.d.p.:

1. By virtue of the Birkhoff - Khinchin theorem for any fixed T > 0 (P — a.s.)
lim Sup|\/_Wt | =0.

e=0¢<
2. Under weak dependence assumptions

/ (t)]dt < o0
/ 1/ h2 )dsdt < oo. (1.6)

the functional central limit theorem for (Wy) holds, i.e. £ — hm(Wt) = X(W}), where

(W) is Wiener process, £ means convergence in the dlstrlbutlon sense , and

z:/o h(t)dt (1.7)

Lfor discrete time case the corresponding result can be found in [4]
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(see [8, Ch.9,Sec.2,Ex. 2]).
Along with (1.6) assume that

/OOO (/too h(s)ds)zdt < . (1.8)

Also the Cramer type conditions for jumps (AN; = N; — limgyy N,) of N, are required
for getting the 1.d.p. of \/EWf/ .- As any process with square integrable and independent

increments N is characterized by its continuous Gaussian component N¢ = (Nf);cr with
E(Y)? = 0?|t| and the Levy measure K (dx)dt,x € R® = R\{0},t € R, [, 2>K(dx) < co.
Taking into account that for any A € R

EZ (eAANt —1-)AN,) = / (e’\f” —1—z)K(dz)
RO

t<1

E) (eMOAN_ 1 - Xh(t)AN,) = / / (e} —1 — \h(t)z) K (dx)dt
>0 0 RO

assuime

(A.1) forany A € R
/ (em —1-\z)K(dz) < oo;
RO
(A.2) for any A € R
/ / 0T 1 \h(1)2]K (da)dt < oo,
o Jro

Under (A.1) the cumulant function is defined as:

\2o2

a0 ==,

+/ (e’ —1— \z)K(dx), A € R. (1.9)
RO
Due to (A.1) G()) is twice continuous differentiable with

G'(\) = \o? +/ z(er — 1)K (dx)

RO

G"(\) = o? +/ 22N K (dx). (1.10)

RO

and so it is nonnegative (G(0) = 0) and convex function. The Legendre-Fenchel trans-
formation of G(A) is defined in the usual way (see [10]):

Hox(y) = sup [Ay = G(V)], y € R. (1.11)

As G()\) is continuous sup in (1.11) may be taken over rational A\ and so H,2(y) is
measurable function in y. In the notation H,2(y) a dependence on o2 is emphasized.
In particularly, property H,2(y) T Ho(y), 02 — 0 is used in proving the l.d.p. below.
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3. For any ¢ € C, letting % =0, put

I Ho2(2)dt, o =0,dp < dt

i (1.12)
0, otherwise,

rie) = {

where 7y = 0, dp < dt is used for designating ¢; = fg psds, t > 0, and where ¢, is the
Radon-Nikodym derivative of ;. Evidently, if > = 0 then

o ={0 a

oo, otherwise.

Now, we are in the position to formulate the 1.d.p. for the family (v/eWy).

Theorem 1.1. 1) Let assumptions (1.6), (1.8), and (A.1), (A.2) be fulfilled. Then the
family (/eW§) obeys the Ld.p. in (C, p) with the rate function I(y) is given by (1.12).

The main result is implied by Theorem 1.1 and the contraction principle of Varadhan
[11].

Theorem 1.2. Let functions a(z) and b(z) be Lipschitz continuous and there exist con-
stants ¢ and C such that
0<c<|b(z) <C.

Then under assumptions of Theorem 1.1 the family (X[ ) defined by (1.3) obeys the l.d.p.
in (C, p) with the rate function J(yp), ¢ € C defined as:

Jpy = | o Hor (Pesd)dt, o = Xo, dp < dt
0, otherwise.

The proof of these theorems are situated in Sections 4 and 5. In Section 3 we formulate
the 1.d.p. for eNy/.. Section 2 contains an auxiliary result. In the last Section an example
is considered having an independent interest.

2. Properties of f(f nsds

1. Taking into account (1.4) and well known property of the stochastic Ito inte-
gral we find E(nns,s < 0) = fo.; h(t — s)dNs; P-a.s. On the other hand, by (1.6)

Jo- 4/ [ h?(s)dsdt < co. Both facts imply

/000 \/E(E(nt\ns,s < O))Zdt < 00.

Then by [8, Lemma 9.2.1] there exists a semimartingale (V;);>0, w.r.t. the filtration
F = (F})ter generated by (1), satisfying the general conditions, such that

t
vt=v0+/ nods — M, (2.1)
0
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where (M) is a square integrable martingale with in the restricted sense ergodic stationary
increments and (V;, 7;)¢>0 forms in the restricted sense stationary process. For 1, obeying
the Wold decomposition (1.4), we have (with ¥ given at (1.7))

Mt - ENt

v, = /too </t Bu — 5)dN, ) du (2.2)

— 00

( for more details see [8, Ch.9, Sec.2, Ex.2].
The aim of this Section is to show an exponential integrability of sup |V;/|.
t<T

Lemma 2.1. Let (1.6), (1.8), and (A.1), (A.2) be fulfilled. Then for any A >0 and T > 0

Eexp {Asup|Vi|} < oo.
t<T

Proof. Assume there exists some a positive martingale (L;) w.r.t. F such that

Vi| < Ly, vt <T
Eexp {ALr} < 0o, VA > 0. (2.3)

Then the result holds. In fact, using Jensen’s, Cauchy-Schwartz’s, and Doob’s inequalities
we get

E exp {Asup H/}|} < Eexp {)\suth}
t<T t<T

= Esupexp {/\Lt}
t<T

= Esupexp {E(\L7|F)}.

t<T

< EsupE(exp {)\LT}|.7-"t> (Jensen)
t<T

< \/E sup E ( exp {\Lr} |]-'t) ] (Cauchy-Schwartz)
t<T

< 2y/Eexp {2ALz} (Doob) < oo,

Thus, it remains to find (L;) satisfying (2.3). Two facts are used here: decomposition
(2.1) and F;-measurability of V;. From (2.1) we find V; = VT—fg Nsds+X(Np—Ny), t <T
and what follows from martingale property of (/V¢) that is V; = E(VT — fot nsds]]:t). So

Vil < E(\Vie| + [ nslds| ), e Ly = B([Ve| + [ [nslds|F).
Thereby, it remains to show only that

E exp {\[|Vr] —I—/O nslds]} < oc. (2.4)
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We examine (2.4) by using Cauchy-Schwartz’s and Jensen’s inequalities:

(Eexp {\|Vr| + /OT ’"’Is’ds]})z

T
< Eexp {2\|Vr|}Eexp {2)\/ Ins|ds} (Cauchy-Schwartz)
0

T
= Eexp {2)\|V0\}Eexp{%/ 2T \|ns|ds}
0

T

< Eexp {QA\VO\}E%/ exp {2TAln,|}ds (Jensen)
0

= Eexp {2A\|Vo| }E exp {2T'A|no|}.

Thus (2.4) holds if for any positive A Eexp {A|Vy|} < oo and Eexp {A|no|} < oo. The
direct proof for the validity of these inequalities would be difficult. It is more convenient
to use instead of Vy and 7 random values Vg = [° [ h(u)dudN, (V{ is defined by virtue
of (1.8)) and ny = [, h(s)dN, which coincide with Vy and 7o in the distributions and
furthermore, using the estimate e/l < e + e~ to examine only

Eexp {A\Vy} < o0
Eexp {\n} < oo, VA € R. (2.5)

Denote by H(t) any of functions h(t) or [, h(u)du. From the definition o V{ and nj it
follows that

{ ;fz :/OOO H{t)dN, (= Z..).

Thereby, the validity of
Eexp {)\Zoo} <00, VAER (2.6)

has to be checked. To this end define a square integrable martingale
= f(f H(s)dNg having as the limit point Z,, = 1tlim Z;. By the Fatou lemma

Eexp {)\ZOO} < limsup E exp {)\Zt}
t—o00

and so it is sufficient to show that for any A € R there exists constant C'(\) depending on
A only such that
Eexp {\Z,} < C(\). (2.7)

For finding C(\) we use the fact that (Z;) is the process with independent increments.
Namely, the Levy measure K (dx)dt is a compensator for the measure u(dt,dz) of jumps
of (N;) w.r.t. a filtration FV = (FN);>0 generated by (N;). Then the pour discontinuous
part (N&) of (N;) can be represented as Ito’s integral w.r.t. the martingale measure
wu(dt,dx) — K (dz)dt :

Ng = /Ot /RO x[p(ds,dx) — K(dz)ds]
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and so

Ny = Nf +/0 /RO z[p(ds, dx) — K(dx)ds]. (2.8)

Zy = /Ot H(s)dN,

_ /0 H(s)dN® + /0 [ H()alulds.dz)  K(dr)ds

Then

and by [5,Ch.IT | for any A € R we find

)\2 2 t t
EAZt:exp 20 / H?(s)ds + / / (e’\H(s)m—1—)\H(s)a:)K(d3:)ds}. (2.9)
0 0 JRO

The right hand side of this inequality growth in t — oo to

C(A\) = exp { )\2202 /000 H?(s)ds + /OOO /RO (eAH(S)m —1- )\H(s):c)K(dx)ds} (2.10)

and only it remains to show that this C'(A) is finite. In case H(t) = h(t) it holds by (A.2).
In case H(t) = [ h(s)ds it it is implied by (1.8) and (A.1) since (Ao = |)\| sup |H(t)|)

MWz _ 1 _ XNH(t)x < N2H?(t)eMo!*l
S )\2H2(t> (6>\0$ + e—)\()x)

and for any XA € R [, #2e* K (dz) < oo
3. The l.d.p. for eNy,

In this Section the 1.d.p. is established for family of homogeneous processes with inde-
pendent increments (h.i.i) what kind is €Ny /.. Since IN; has paths in the Skorokhod space
D = Dy, of the right continuous having limits from the left functions we formulate the
l.d.p. in the metric space (D, d) with the Skorokhod-Lindvall metric d (see [6] or e.g. [8,
Ch. 6]). The metric d is equivalent to some sense to the metric p (see Section 1) and is
defined in the following way. For each X = (X;);>0 put X{* = X;min(1,n —1¢),0 <t <n.
IFX,YeDand X" = (X{)o<t<n, Y™ = (Y")o<t<n defined as it was mentioned above we

have
D
1+d (X7, Y")’

n>1

where d,,(X™,Y™) is the Skorokhod distance between X™, Y™ (see [1]).




8 O.V.GULINSKIT*, AND R.S.LIPTSER**

Theorem 3.1. Let assumption (A.1) be fulfilled. The family eN;,. obeys the 1.d.p. in
the metric space (D, d) with rate function

[ Hyz(@0)dt, o =0,dp << dt
00, otherwise

1"(p) = {

with Hy2(y) from (1.11).

Formally Theorem 3.1 follows from general result of the 1.d.p. for Markovian processes
[12] or semimartingales [7]. We give here the direct proof. The reason for this is that the
process IN; has simpler structure than Markovian process or semimartingale considered in
[12] and [7] and so suggested proof is simpler and could be interested by itself. Nevertheless,
we use the method of proving from [7] which is based on the such notions as the exponential
tightness, the partial 1.d.p., and the Pukhalskii theorem [9]. Following it only two sets of
conditions have to be checked.

(C.1) C-exponential tightness: for any 7' > 0,7 > 0

lim lim._oelog P (sup|eN; | > ¢) = —
CcC— 00 tST

lim lim. g supelog P( sup [e(Ngir)/e — Nyje| >7) = —o0,
0—0 0<t<s

where “sup” is taken over all stopping times 7 (w.r.t. (thjyg)tzo) which is bounded by

T.
(C.2) C-local 1.d.p.: for any "> 0 and ¢ € C

A

Ir(p) = —mgeom%oelogP(fgg EN e — 1] < 6)

= _li—m5—>0h—m€—>0510gP(8up |€Nt/5 - §0t| S 5)
t<T

If (C.1) and (C.2) are fulfilled then the l.d.p. in (D, d) holds with rate function

() = { suprsoIr(p), ¢ €C (3.1)
00, peD\C.

Conditions (C.1) and (C.2) are examined below in three lemmas.
Lamma 3.1. Let assumption (A.1) be fulfilled. Then (C.1) holds.

Proof. For checking the first condition in (C.1) Chernoff’s, Jensen’s,
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Cauchy-Schwartz’s, and Doob’s inequalities are applied:

P(supleNy /| > ¢) < e ¢/*Eexp { sup [Ny /.| } (Chernoff)
t<T t<T

= e “/*Esupexp {|Nt/€|}
t<T

= e_c/EEsup exp {|E(NT/€|‘7:751>[5|}
t<T

< e °/°E sgg E ( exp {|Nr.|} ].7:9;) (Jensen)
t<

< e—c/e\/E[supE<eXp{]NT/€|}|}"Z>’E)}Q(Cauchy—SChwartz)
t<T

< 2e”¢/¢ \/E exp {2|Nz /.| } (Doob)

< 2e7/¢ \/E{ezNT/E + e 2N1/e ], (3.2)
Since (Ny) is the martingale with independent increments by virtue of (2.8) and

[5, Ch.II | we get

Eet2N1/e = exp {Z [20” + / (eﬁm —-1F 2x)K(dm)}
9 RO
< exp {T?Z}’ (3.3)
where £ = 202 + [, (€2* — 1 — 22) K (dz) + [po (e72* — 1+ 2x) K (dz)(< 00) (see (Cr.1)).
Then, as it follows from (3.2) and (3.3),

elog P(sup eN; /.| > ¢) < elog2— ¢+ const.T — —o0, € — 0, ¢ — 0.
t<T

For checking the second condition in (C.1) note that by virtue of strong Markovian
property (N4r)/e — N7 /c)¢>0 coinsides in the distribution with (/V¢/.):>0. So by the same
way as (3.2) and (3.3) have been obtained, we find for any A > 0

P( sup |e(Ngyrye — Nrje| >7) < 26_M/5\/E [62,\1\/5/5 + e 2ANs/e
0<t<s

1
< 2exp{—Ay/e + S0 fe},
where

((\) = 2)%02 + /

e 1 —2)\z)K (dz) + / e 14 2)\z) K (dx).
RO

RO
Then

- 1
lime_oelogP( sup |e(Nittry/e — Nyje| >7) < =My + 5(%()\). (3.4)
0<t<s

The function £(A), A > 0 is nonnegative, continuous, and increasing. If it is bounded then
the result evidently holds. If it is increasing to oo then taking As such that £(\s) = 2/§
we arrive to upper bound in (3.4): —Asy + 1 which decreases to —oco in § — 0.
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Lemma 3.2. Let assumption (A.1) be fulfilled. Then for any T > 0 and ¢ € C
mg_@me_}oslogP( sup |eNt /e — 1| < 5)
<T

< _ {fo Hy2(pr)dt, w0 =0,dp << dt

0, otherwise,

where H,2(¢; is defined in (1.11).
Proof. Let v(t) be a simple function of the form v(t) = >, vilj;, , +,1(t). Put

1 (7
Z7(v) = exp {/ t)dNy e — —/ G(v(t))dt}, (3.5)
0

where G()) is the cumulant given at (1.9). By [5,Ch.II] we have

EZ:(v) = 1 (3.6)
which implies
1 > EI(sup |eNy/. — @i < 6)Z7(v). (3.7)
t<T

Inequality (3.7) is the general tool in proving the upper bound. It is naturally to evaluate
Z7(v) from below on the set {sup,<r|eN;/e — @¢| < §}. Put by definition fo (t)dpr =

Z vilerat, — ©rat;_,]- Then

i

Z5 (v )>exp{1[/T ()dsot—/OTG@(t))dﬂ}

} (3.8)

X eXp ’ / t)[dNy /e — —dgot]

Taking into account that on the set {sup,<r [eN;/c — ¢ < &} the following estimate holds:

| fo t)[dNy e — —dgpt]| < const. é where const. depends only on v;, we derive from (3.7)
and (3 8) the following upper bound

T T
Ty —olim. oz log P (sup [Ny . — or] <) < | / V()dipr — / o
t<T 0 0

The equality

! ’ _ fT Hy2(94)dt, @9 =0,dp < dt
sup [/0 v(t)dey _/0 G(u(t))dt} = { 0 0

0, otherwise,

where sup is taken over all simple functions v(t), follows from [7, Lemma 6].
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Lemma 3.3. Let assumption (A.1) be fulfilled. Then for any T > 0 and ¢ € C

lim; _olim, _oelog P(sup|eN; /e — @] < 0)
t<T

>

{ foT Hoa(@e)dt, o =0,dp < dt

0, otherwise,

where H,2(p; is defined in (1.11).

Proof. Since the announced lower bound coincides with the upper one only the validity of
finite bound have to be checked, or it is sufficient to consider only the case "y = 0, dp <K
dt”.

Assume at first that

o2 >0
|| < N. (3.9)

Under these assumptions there exists a measurable bounded function v(t) satisfying for
a.s. (w.r.t. Lebesgue measure) ¢t > 0 the equality: G'(v(t)) = 0 (see (1.9)). Then we have

Hy2(41) = v(t)or — G(v(t)), as. (3.10)

For fixed T' > 0 put vp(t) = I(T > t)v(t) and define the process

Zi(vr) = exp | /

Since G(0) =0 tlim Zi (vr) = Z5(vr) and

t

vr(s)dN, ). — é /0 Glor(t))dt ). (3.11)

EZ:(vr) = 1. (3.12)

Noticing that Z%.(vr) > 0 P-a.s. and letting dP%. = Z%(vp)dP we get the probability

measure P5., which is equivalent to P and dlePgT = (Z%(I/T))il (the expectation w.r.t. P5,

is denoted by E%.). From identity

g g -1
P(sup|eN;/e — @i <0) = BI(sup [eNyje — o] < 0)Z7(vr)(Z7(vr))
t<T t<T

—1
= E%I(Sgg |eNy /e — pi| < 6)(Z3(vr))
t<

with (see (3.10) and (3.11))

(Zin) " = e {~ [ "oy, — e - / " Hoalg)ie}
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we find

li_nkﬂoglogP<Sup|€Nt/8 pi] < 5 / Hy2(p1)d
t<T

_ 1
— lim._g ‘8 log E <I(sup |eN; /e — i < 0)exp { / v(t) [dNt/E — ggbtdt] }) ‘
t<T 0

T
_/ HJQ(Sbt)dt
_7—11m€_>0’510gPT< (sup|5Nt/€ | <96, |/ dNt/E — —cptdtH < )‘

Thereby by the arbitrariness of v the desired lower bound holds if for any ¢ > 0

: v(t)[edNyje — ¢udt]| <€) = 0. (3.13)

lim e log P75 (I(sup leN e — i| <9,
e—0 t<T 0

To this end we examine some properties of the process Z¢ (vr). Taking into account (2.8)
and applying Ito’s formula to the right hand side of (3.11) we find that

de(VT) = Zf_ (VT)VT(t)dNt/E
+Z;_(vr) /RO (€7D — 1 —wp(t)a) [u(d(t/e), de) — K (dz)d(t/e)]

and so Z; (vr) is a martingale w.r.t. (P, (Fgg)tzo). Furthermore, it is a square integrable

martingale since E(Z;E(I/T))2 = exp {1/5 fOT [G(2v(t) - 2G(1/(t))}dt}. Also note that the

mutually quadratic variation for pair of martingales Zf (vr) and N/, is defined as:

1t
—/ ZE(vp)o?vr(s)ds
0

[ZE(VT)’N-/EL ~z

v 22 (vr) [l — tutdts/e).da)

and consequently, the mutually predictable quadratic variation, being the compensator for
it, is given by the formula:

(Z0). N ), = 2| [ Zin)a®ur(s)as

t
+ / Z;(VT)/ :c[e”T(S)f” - 1}K(da:)ds].
0 RO
Define new process NtT’8 = Nyje — égot/\T. It is easy to check that

1

t
NIE = Nye = = | (Z20om) " (Z5(or), N ),
€ Jo
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Then by [8, Ch.4] process N; ¢ is a martingale w.r.t. (Prfp, (Ft/g)t>o) and what is more

continuous component N, ’ Tee of it is Gaussian, E% (NtT e c) = o%t/e, and the Levy mea-
sure of it is: K& (dt,dx) = e’TM*K(dx)d(t/e). So it is a square integrable martingale
whose predictable quadratic variation is given by the formula:

(NT=) = 2t+// 2T K (da)dt].
RO

Consequently, by Doob’s inequality (see e.g. [8, Ch.I]) we have

ES (suplsNT“\ ) < 4e| 2T+/ / 2e"t M7 ¢ (da)dt].
RO

t<T
= ¢ const. (3.14)

Analogously we get

sup | / vr(s N§v€’0)|2) = € const. (3.15)

t<T

Since for t < T we have eN; * = eN, /. — ¢; (3.13) is implied by (3.14) and (3.15).
In the next step we show the validity of the lower bound under weaker conditions than
(3.9). Namely, taking into account that for dy < dt we have fg |ps|ds < 0o ¥t > 0, only

o? >0 (3.16)
has to be assumed.

For N > 1, taking ¢ = ¢, I(|¢s] < N) , put o = [} ¢Nds. Evidently ¢ satisfies
(3.9) and so by the obtained above result for any 6 > 0 we have

hmsupslogP(sup|5Nt/€ cpt|<5 /H (¢M)

e—0

On the other hand HO-Q(O) = 0 and so H,2(¢Y) = H,2(9)I(|9¢:] < N) what implies

inequality fo o2 (eN)dt < fo o2 (p¢)dt.
Then

h_maﬁoglogP(sup |eN /e — oi| <0 —sup |pr — <P£V|)
t<T t<T

> li_ma_)oglogP(igg !€Nt/e - 90?]’ < 5)

T
- / HO'2 (Sot)dt
0

The desired lower bound evidently holds since |p; — N | < fOT |o¢L(|oe] > N)dt — 0, N —
0.
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Thus, it remains to check only the validity of the lower bound under
o? =0. (3.17)
Due to 02 = 0 the Gaussian component of N; equals zero. Put
N = Ny + W,

where W; is Wiener process which is to be assumed independent of N; and v > 0. By the
obtained above result we get

lim_ 0slogP(sup|5N — | <6) > /H (pr)d

As it was mentioned in Section 1 function H,2(y) is increasing to Hy(y) in 02 — 0 and so
T . T . .
Jo Ho2(@e)dt < [ Ho(py)dt, ie.

lim, e log P(sup |5N: — @] <0) / Ho(py)d (3.18)
t<T

Now we use the following chain of the lower estimates:

QmaX{P(sup eEN; /e — o] < 26), P(ysup|eWy.| > 5)}
t<T t<T
> P(sup|eNy/e — ¢i] < 20) + P(ysup [eW,/c| > 6)
t<T t<T
> P(supleN;. — @i <0+ ysupleW,.|)
t<T t<T

> P(fgg [eN). — @i <) (3.19)

From (3.19) and (3.18) it follows that for any § > 0,7 > 0

lim__,4elogP( supy<7 [N je — @t < 20)
max 05
lim._,oclogP ( supy <7 |eWy/e| > 7)

- /OT Ho(pr)dt

and what follows from Lemma 3.1

20
lim llmgﬁoslogP(supkWt/E\ > 7) = —00.
r—

Thus, the desired lower bound holds.



EXAMPLE OF LARGE DEVIATIONS FOR STATIONARY PROCESS 15

4. Proof of Theorem 1.1

Decomposition (2.1), inlet M; = XN, (see (2.2)), implies
\/thE = 5(‘/75/3 - Vo) + ZSNt/E. (41)

The first step consists in showing of exponential negligibility of the process e(V;,. — V) in
a sense given below.

Lemma 4.1. Let Cramer’s conditions (A.1) and (A.2) be fulfilled. Then for any T >
0, v>0

lim e log P (sup [e(V;/e — Vo| > 7) = —o0.

e—0 tST

Proof. Evidently, only
lim elog P (sup [eV}/e| > ) = —o0
e—0 t<T

has to be checked. Let aj = sup |Vi], k > 1. Noticing that (ax)r>1 forms in the
T(k—1)<t<Tk h

restricted sense stationary sequence and using the Chernoff inequality (with parameter
A > 0), we find

P(esup |V;.| > v) =P( sup |[Vi| > 7/e)
t<T t<T/e

< P(krgl?;ceak > 7/e)

< Z P (o > v/e)
k<1/e
< (1/5)P(a1 > ’y/s)
< (1/e)e M/eEe**t (Chernoff)

(1/e)eM/EEeAswPisr Vil

Then

elogP(esup [V;/.| > 7) < —eloge — Ay +elog Ee? stPesr Vil
t<T

By virtue of Lemma 2.1 the right hand side of last inequality goes to —oo as limit

? lim lim._.q” is taken.
A—00

In the second step the fact that the family eV /., as well as XV, /., is satisfied conditions
(C.1) and (C.2) and Lemma 4.1 are used. Following them for any ¢ € C and T' > 0 we get

lims_olim. e log P (sup [SeN; /. — | < 6)
t<T
= m5_>0m5_>06 log P( sup |\/th/s - QDt’ < 5)7
t<T

= —Ir(p)
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and
li_m(;_)oli_ms_)oalogP(fgg SeN; /e — @il <)
= lim;_,olim, e log P_( sup IVeWy e — 1] <9).
= —Ir(p),

where, letting % =0,

Ir(p) =

) T (2 _
{fo H,2(£)dt, @o=0dp << di (42)

00, otherwise.

Thus by the method which has been used for proving Theorem 3.1 we get the l.d.p. for
family /eW§ in the metric space (D, d) with the rate function

I() = sup Ir(p)

which coincides as such at (1.12).
On the other hand, since for each e the paths of the process /W are continuous also
the l.d.p. for this family holds in the metric space (C, p) with the same rate function.

5. Proof of Theorem 1.2

1. To apply the contraction principle of Varadhan [11] a continuous mapping, serving
(VeWs) >0 = (X[ )i>0, has to be constructed.
Due to (1.3) consider differential equation

Xi = a(Xy) + b(X,)Yr, (5.1)

subject to Xy, where Y; is the Radon-Nikodym derivative of some absolutely continuous
function Y; from C.

We show that the mapping (Y;)t>0 = (X¢)¢>0 defined by (5.1) can be extend for any
function Y; from C.

Lemma 5.1. Let functions a(x) and b(z) be Lipschitz continuous and there exist constant
c and C such that
0<c<|b(z)| <C.

Then for fixed X there exists continuous in the metric p mapping

(Ye)iz0 = (Xt)t>0, (Xt),(Yr) €C
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such that for any absolutely continuous function (Y;) this mapping is defined by differential
equation (5.1).

Proof. Let

_ [Ty
F(m)—/o Tl (5.2)

By virtue of assumptions making function F'(z) is continuous differentiable having inverse
F~1(z) which is continuous differentiable too and both F(z) and F~!(z) satisfy the linear
growth condition: there exists positive constant ¢ such that

{ |F' ()]

F()] < L1+ |x|).

Put
a(F~'(z))

Y )
Let Y; be absolutely continuous function and X; be a solution of (5.1). Put 6; = F(X}).
It is easy to check that 6; is a solution of a differential equation

(5.3)

9:5 =g(0:) + Yt

subject to 8y = F'(X() which is unique by virtue of the local lipschitzianity of g(x). Then
we arrive to a mapping defined by

X, =F10)

Ht = F(XO) + /t g(@s)ds + [Y;s — Yo] (54)

Evidently this mapping takes place not only for absolutely continuous but also for contin-
uous function Y;. In fact g(z), involving in the integral equation from (5.4), is satisfied the
linear growth and the local Lipschitz conditions and so this integral equation obeys the
unique solution also in case of continuous function Y;.

Thus it remains to show that this mapping is continuous in the metric p. Note that the
continuity in the metric p is equivalent to the following implication: for any 7" > 0

lim,, su Y"-Y =0 lim,, su X'— Xy =0
{ Pt§T| t t’ :>{ pt§T| t t] (5.5)

(¥7), (V) € Cn = 1 (X1), (X;) € Con > 1,

where X", n > 1 and X; are solution of (5.4) corresponding to Y;*,n > 1 and Y; respec-
tively.
The validity of (5.5) also is implied by the local Lipschitz condition for function g(z).
2. Taking Y; = /eWf we obtain X; = X7, i.e the contraction principle is applicable.
Then the family X¢ obeys the 1.d.p. in the metric space (C, p) with rate function

{ lan(@ZJ), @0:X0,d¢<<dt

0, otherwise,

J(p) =
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where I(1)) is the rate function corresponding to the 1.d.p. for (y/eW§) and inf is taken
over all absolutely continuous functions from C with ¢y = 0 such that (see (5.1))

o1 = alpr) + b(Xe)

Since this equation has the unique solution the inf is attained on

_ t(;bs_a(sps) 3
Ve ‘/o o)

6. Application

From application point of view more realistic model than (1.4) for process n;, involving
in (1.3), is

7, — /O "Bt — )N, (6.1)

where N; and h(t) are the same as in (1.4) (note that 7, is not stationary process). Below
we consider a such kind of process and show that nevertheless X¢ obeys the 1.d.p. with
the same rate function.

Let & = (&1, €2, ..., &) be vector-column Ito’s process

d&t == Aftdt + BdNt, t S R, (62)

where A and B are matrices of dimensions n X n and n x 1 respectively and also the
eigenvalues of A belongs to the left half of the plane. Under assumption making

t
b= [ My,

t
— eAt€0 + / EA(t—s)dNS
0
= ety + & (6.3)
As a process 7}, take £} (7, = £}). Following (6.3) we have for 7, decomposition (6.1) type
with

ht) =Y {e"}, B, (6.4)
j=1

where {eAt}l i 1 < j < n are elements of the first row of matrix e/’ and B;,1 < j <n
are elements of B.

Put

- 1 ¢
e = L / oo (6.5)
€Jo
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(comp. (1.5)). We show that the family /eW¢ obeys the 1.d.p. in the metric space (C, p)
with the rate function () given in (1.12) with ¥ = fooo Z?Zl {eAt}l’ij. To this end

introduce .
1
WE = —/ ¢lds. 6.6)
t \/g 0 (

Due to (6.3) & = [°__ h(s—u)dN, with h(t) from (6.4). Under assumptions making there
exist positive constants ¢; and cg such that |h(t)| < c;e®* and so Theorem 1.1 is applicable,
i.e. v/eW§ obeys the l.d.p. with the mentioned above rate function.

Thus, the desired result for \/EWf holds if for any 7' > 0 and v > 0

lim log P (sup |[ve(Wy — We)| > 7) = —c. (6.7)
e—0 t<T

To check (6.7) note that under assumptions making fooo Z?Zl HeAS}Lj |ds = ¢ < 00. Then
- t/e -
VEWE =10 =< [ (€l =&
0
<c [ e ias
0
e [T e s
<ee ) 18- (6.8)
j=1
The, using the Chernoff inequality, we find for any A > 0:

SRR ¥ 742 = J l
P(flﬁlgh/g(Wt We)| > ) < P(;I&ﬂ <)

<> P(lgl < --)
j=1

j v
<y (Pl < 20))

<n max {e*’W/(”CE)Ee’\'%‘}.
1<j<N

In accordance to the last inequality the follwing upper estimate holds:

elog P (sup |ve(Wy — We)| > 7) < elogn — Ay/(nc) + [max {elog E&\&@}
t<T <j<n

<elogn — A\y/(nc) + Zslog EeMl. (6.9)

=1



20 O.V.GULINSKII*, AND R.S.LIPTSER**

Assume that ,

Ee’ <00, VAER, j=1,2,...,n. (6.10)
Then, due to inequality e!*! < e® +e~*, we have for each j = 1,2, ...,n EeMél < oo for all
A > 0. Consequently under assumption (6.10) the right hand side of (6.9) goes to —oo if
limit 7 lim lim ” is taken and so the desired property (6.7) takes place.

A—o0 e—0

Therefore, only (6.10) has to be checked. From (6.3) it follows that {, = f_ooo e~ 4*BdN,
and by the homogeneity of increments of N; random vector &, coinsides in the distribution
with

& = /oo e’* BdN.. (6.11)
0
Let A = (A1, A2, ..., Ay) be a vector-row with A\; € R,j =1,2,...,n. Putting
H(s) = Ae™*B
analogously of proving (2.6) we get

Ecléo = Eeo
:Eexp{/ H(s)dN,}
0

< o0,

i.e. (6.10) holds.
Thus, /eW§ obeys the l.d.p. The Ld.p. for X{ follows from this result due to the
contraction principle of Varadhan [11] and Lemma 5.1.
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