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Abstract

A simple proof of Donsker-Varadhan’s large deviation principle (LDP) for oc-
cupation measure of Markov process, valued in R, with the discrete time is
given. A proof is based on a new version of Dupui-Ellis’s large deviation prin-
ciple for two-dimensional occupation measures. In our setting, an existence
of the invariant measure does not assumed. This condition is replaced (from
point of view of applications) on more natural one. It is given an example of
Markov process, defined by non linear recursion, for which sufficient conditions
of existing the large deviation principle are easy verified.
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1. Introduction. Main Result.

1. It is well known from Donsker and Varadhan [1], the LDP for occupation measures
(T, m > 1)
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Zn: I(& € A) (1.1)

of Markov process & = (& )r>0, valued in R, with fixed initial point & = x. It takes
place under the assumptions:

(F) € = (& )r>o is Feller’s process;

(I) there exists the unique invariant measure a(dx): o(I') = [pw(z,T)a(dz), T € R;

(H*) there exists non negative measurable function v(z) such that for every N > 0
Sup|, <y v(z) < 0o and for the function

— 1 €
wiz) =log Jre'Wn(z, dy)



the following properties hold inf,cpw(x) = w, > —o0,  lim;_,o infj, s [w(x) —
w,| = oo;

(RM) there exists o-finite measure [ = [(dx) such that 7(x,dy) = p(y|z)l(dz) o —
a.s. and for every x p(y|z) >0, [ —a.s.

Introduce a metric space (S, p) (S is space of probability measures on R, p is Levy-
Prokhorov’s metric.

Theorem. (Donsker, Varadhan). Assume (F), 1), (H*), and (RM). Then the
family m,,n > 1 obeys the LDP in (S, p) with the rate function

eu(:c)

J(n) = sup [ log p(dz), (1.2)

ueN JR Ir eu(y)7($7 dy)

where N is set of compactly supported continuous functions. Level sets of J(u), pu € S
are compacts in (S, p).

2. Here and in the sequel the following notations are used
A (dx, dy) = m(x, dy)y(dz), Yy €S

and S, for designating of a set of probability measures on R? with the same marginals
7. Let A € S,,,. Following Donsker and Varadhan, a value

S 2 log %(m,y))\(dzp, dy), A< A,

0, otherwise

HAN) = { (1.3)

is named the conditional entropy of A with respect to A.

A difficult part of Donsker-Varadhan’s proof, concerning to the lower bound, is iden-
tity

Ty = i HOX)(= T (0). (1.4)
i
It would be noted that the inequality J(u) < J'(u) is obvious while the proof of the
opposite one, even for the compact case, (see Donsker and Varadhan [2]), seems suffi-
ciently complicated. Later, Donsker and Varadhan have establish the LDP, avoiding
the identity J(u) = J'(1) and using Varadhan’s contraction principle [3] and the LDP
of occupation measures for, so called, “third level”, [4].



3. The aim of this paper is to obtain the LDP not applying neither J(u) = J'(u) nor
the result for the “third level”. Our proof is based on a new version of Dupui-Ellis’s
large deviation principle for two-dimensional occupation measures. In the present
paper, instead of (I) and (RM) we introduce assumptions:

(I’) there exists a probability measure on R?* X' = MN(dx,dy), obeying the same
marginals, say, a = a(dz), such that ' ~ X2 and H(N|\S) < oo (it would be
noted (I) implies (I’) with X' = A2);

(RM”) transition probabilities 7(z,dy) and 7'(x,dy) (N (dz,dy) = 7'(z, dy)a(dx))
obey conditional densities with respect to some o-finite measure [ = [(dx), say,
p(y|z) and p'(y|x) such that for every = € R

m(z,dy) = pylz)l(dy),
m(z,dy) = p(ylr)l(dy), o—as.
Plylz) > 0, (Ixa)—as.

In this paper, & is a random variable distributed with oy = «ag(dz) for which
the following condition is assumed

(Hp) Let v(z) be from (H*) and u(x) = v(x) +
such that

[w(x) — w,]. There exists b > 0

N

/eb“(x)ao(dx) < 0
R

[ pkojan(ds) > 01-as

We give new proof of Donsker-Varadhan’s type theorem.

Theorem 1.1 Under (F), I’), (H*), (RM’) and (Hy), the family (m,,n > 1) obeys
the LDP in the metric space (S, p) with rate function

J'(p) = inf H(AN,) VueS.

€S,

4. We derive the statement of this theorem by using Varadhan’s contraction principle
and LDP for two-dimensional occupation measures 72 (dx, dy),n > 1, where
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R(AXB)= -3 16 € A G € B) (15)

k=1

Following Varadhan [3], the LDP for the family (72,n > 1) in the metric space (S?, p?)
(S? is a space of probabilistic measures on R? and p? is Levy-Prokhorov’s metric) is
defined as:

(0) there exists (rate) function J%(\), A € S? values in [0, oo] level sets of which are
compacts;

(1) for every closed (open) in the metric p* set F? (G?) from S?

1
li “log P(n? € F?) < — inf J?*(\):
1mnsup - og P(m; € F*) < )\lenFQ J=(N);

hminfllogP(wi cG* > — inf J2(\).

n n AeG?

Theorem 1.2 (comp. Ellis [5] and Dupui and Ellis [6], [19]) Under (F), (T’),
H*), (RM), and (Hy), the family (72,n > 1) obeys the LDP in (S?, p®) with the

rate function

J2()) = 00, marginals of A are different
- H(>\|)\§), marginals of X are the same (= 7).

5. Despite Theorem 1.2 is closed to corresponding results from [5] [6] its proof is
essenially different. It requires the following notions.

Definition 1. ([7]) The family (72, n > 1) is said to be exponentially tight in (S?, p?),
if there exists a sequence of compacts K JQ € S?,7 > 1 such that

1
limnsup - log P(m2 € $*\ K) = —o0 (1.6)

Definition 2. ([8]) The family (72,n > 1) is said to be LD relatively compact in
(S?, p?), if any of infinite subsequence (72,) of () contains further subsequence (77),
which satisfies the LDP in (S?, p?) with some rate function J? = J?(\).
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Definition 3. (comp. [9]) The family (72,n > 1) is said to be satisfied the local
LDP in (S?, p?) with local rate function I = I()), if for every \ € S?

1
li%n iglf liminf — log P(p*(72,\) < 6)
— n n

1
= lunsuphmsup logP(pQ(ﬁfl,)\) <9)
6—0

= —I(\). (1.7)

The exponential tightness for the family (72,n > 1), under (H*) and (Hp), is estab-
lished in Theorem 2.1 (Section 2). Theorems 3.1 and 4.1 (Sections 3 and 4 respec-
tively) bring the local LDP for this family with I(\) = J2(\).

The next link in proving Theorem 2.1 is Puhalskii’s theorem [8] or, more exactly, its
straightforward statement:

“exponential tightness” = “LD relative compactness”. (1.8)

Thus, a scheme of the proof for Theorem 1.2 is the following. By Theorem 2.1 the
family (72,n > 1) is exponentially tight. By (1.8) one can take a subsequence (72),
obeying the LDP with rate function jZ(/\). All these facts imply the local LDP for
(72): for every A € S?

1
— <
hrénqlglf hrn inf n log P(p*(m2,\) < 0)

= limsup lim sup — logP( 2(72,0) < 9)
6—0 n

= —J*(\). (1.9)

On the other hand by virtue of the local LDP for the original sequence with the local
rate function I(\) from (1.7) and obvious inequalities lim inf,, < liminf; < limsup; <
lim sup,,, we arrive to an identity J2(\) = J?(\), what in turn implies that J2()\) is
rate function (the same method has been used in [10]). The upper and lower bounds
from (1) and (2) are checked also by using Puhalskii theorem (see (1.8)). Other
approaches for proving LDP for (7,) and (72) can be found in Akosta [11], Gartner

n

[12], Orey and Pelikan [13], Veretennikov [14].

6. As was mentioned above, (1.8) is implied by Theorems 3.1 and 4.1, which give us
the upper and lower bounds in the local LDP for the family (72,n > 1). A proof of
the lower bound requires only conditions (I’) (RM?”). It uses a change of probability
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measures, proposed by Donsker and Varadhan in [1], [2] and a regularization method
borrowed from recent Wu’s paper [15]. Other approach can be found in Jain [16].

A proof for the upper bound in the local LDP requires condition (F) and the expo-
nential tightness for family (72,n > 1).

2. Exponential tightness.

Due to Definition 1, (1.6) has to be verified. To this end, we need a few auxiliary
results.

Letting v = v(y),y > 0 a positive decreasing function such that lim, .., y(y) = 0,
put

K2=({re$ ;/ C Adx, dy) < ()} (2.1)
i>j (lz[>9)U(ly[>7)

The set KJ2 is tight and, by virtue of Prokhorov’s theorem (see e.g. [17]), is relatively
compact. Since {z,y : (|z] > 1) U (Jy| > [)} is open set, a limit of each converging
sequence from K7 belongs to K7 too, i.e. K7 is compact. Evidently K7 C K7, .

For j > 1 X € S2, put

LG, A) =min (i > j : /( gy M) > (). (2.2)

Lemma 2.1. The family (72,n > 1) is exponentially tight in (S, p?), if
o 1 _
lim lim sup — log P(L(j, 7)) < 00) = —00. (2.3)
J n n

Proof: Taking defined in (2.1) compact K7 and noticing that {r} € S*\ K7} =
{L?(j,7,) < o}, we derive (1.6) from (2.3).

Lemma 2.2. For every measurable sets A,,n > 1 and B, ;,n > 1,1 > 1 obeying a
property lim; ., lim sup,, % log P(B,,;) = —o0, the following equality holds

1 1
lim sup — log P(A,) = limsup limsup — log P(A,,, 2\ B,,).
n n n

1—00 n



Proof: The required statement follows from obvious inequalities: P(A,) > P(A,, 2\
B,.), P(A,) < 2[P(A,,Q\ B;) V P(By;)|.

Theorem 2.1. Under (H*) and (Hy) the family (7%,n > 1) is exponentially tight in
(S%, p?).
Proof: Put

1
o Vinflpsy[w(z) —w,]

where w(z) is the function from (H*). Show that with such y(y) (2.3) holds. In fact,
by virtue of (Hp) and Chernoff’s inequality P(u(&y) > in) < e~ [ etu(@)aq(dr).
Consequently, for B,; = {v(§) > in} we get limsupnilogP(Bm-) < —ib —
—00, © — 00. Therefore by virtue of Lemmas 2.1 and 2.2, the exponential tight-
ness of (72, n > 1) takes place provided that

, (2.4)

1
lim lim sup lim sup — log P(L(j,72) < 0o, v(&) < in) = —oc. (2.5)
4 7 n n

To verify (2.5), use a chain of inclusions (recall that L(j,72) > j):

(L) <o} ¢ ([ e dy) > (LG, 7))}
(lz|>L (5,3 ) U(|yI>L(5,77))

72 (dx, dy
{/(|33>L(j:71'721)) /R ( )

+// o (dx, dy) > y(L(j, =,
i Jato pzy ™08 49) > AL ™))}

- 2/ /Wn dx
{ (lz[>L(572)) /R ( )

PG| > LG, 7)) > LG 7). (2.6)

N

Then (2.5) holds provided that

1
lim sup lim sup — log P(/ o (dx)
J noon |z[>j

o il > L7 > (LG ). uléo) < in)
o (2.7)



Put Z, = I} E#ﬁ))lg), where v(z) is from (H*). Due to Markovian property

E(e?@+1) | &) = B(e?@+1) | &, ...,&), P —-a.s. and, so EZ, = 1 what implies an
obviously inequality

1> BI( maldn) + 5 (] > LG, m2)) > AL, 72), u(6o) < in)Z,. (28)

|=[>L(j,77)

From the definition of Z,, and w(x) (see (H*)), it follows

log Z,, = Z (&) — Zlog/ 7(&k-1,dy)
= v(&) —v(&) + Zn: (Ek—1)
= (&) = (&) +mw + 1 [ fw(a) - w.m,(dr).

Evaluate now from below the value log Z,, on a set { i, (jx2) Tn(dz) + 5 1(160] >
L(j,72)) > 7(L(j,72)}. Arguing L(j, x2) > §, we find

log Z,,
: 1 . 1 "
> —olgo) tnwatninf | [wly) = w (530G m) = o (8l > LG 7))
inf oy w(y) — ws
> ol6) — 5 nt fuly) —w] + 5 s ],
2 >l 2 finfy L w?)[w(y) —w.]
1
- — — inf f « *
—vi&) ~ 3,k [l 2\/ Inf lwly) = w4 nw
1
> —in— — inf [w(y) — w,] + 0 [ing [w(x) — w,] + nws.
ly|>i 2V lyl>i
Hence, we arrive to
L P( / (d)
—lo o (dx
n & |z|>L(5,77)
1 .92 —
+ 5106l > L3, m)) > (L. 7))
1
< i+ — inf [w(y) — w,] inf [w(y) — w,] — w,
- 2n \y|>z[ 2\/Iy>J () 1=

— —OO,n—>OO,j—>OO,
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that is (2.7) holds.
Corollary.

1
lim lim sup — log P(/ 72 (dw,dy) > q) = —o0, ¢ > 0.
¢ no N (Jz[>2)U(ly|>4)

3. Upper bound for local LDP.

Theorem 3.1 Assume (F), (H*), and (Hg). Then for every A € S?

00, marginals are different

. . 1 2/ 2
lim sup hmsupglog P(p*(mi,A) <6) < —{ H(AAS), marginals ofA(= 1),

§—0 n

where H(A|X,) is the conditional entropy defined in (1.5).

Proof of this theorem is based on a sequence of auxiliary results formulated below as
lemmas.

Let P and @ be probability measures on measurable space (€2, F) and let U™(Q) =
{u(w) : [ou(w)d@ = 1} be a set of non negative F-measurable functions. Due to

(1.3), the conditional entropy H(P|Q) of measure P with respect to measure () is
defined as:

dP
H(pQ) - | lloriel il Fe
0, otherwise.
xloge+1—2z, >0
1, z = 0.
tinuous function and the following formula holds

Put V(z) =

It is clear, V(x) is convex non negative con-

JoV(§5(w)dQ, P<Q
0

, otherwise.

H(PIQ) = { (3.1)

For uw € U™, let G(u) = [ologu(w)dP. It is well known (see Donsker and Varadhan
2]) that H(P|Q) = sup,eym G(u). In fact, for P < Q (h = %) and any function
u € U™(Q) we have G(u) = [ohlogudQ = [y(hlogu + 1 — u)d@Q and, since for
r > 0 sup,sorlogy + 1 —y = V(z), inequality holds G(u) < [ V(h)dQ = G(h),
i.e. sup,eym G(u) is attained at point h € U™(Q). If P <« @ fails, denote by P* the



singular part of P with respect to (). Then one can choose a set I" such that Q(I") = 0
and P*(Q\ I') = 0. Taking un(w) =1+ NIp(w) from U™ (Q) we find

Gluy) = /Qlog(l—l—NIp(w))dP > /Qlog(umr(w))dps — log(14N) — 00, N — 0.

Lemma 3.1 Let Q = R?. Then

H(P|Q) = s G(u),

where U(Q) 1is subset of U™(Q) of continuous function.
Proof: Assume P < Q). Put h(w) = dg (w) and

72l

cN (Jo fnd@)™
h(w) en fn(w).

Evidently hy € U™(Q) and also

{ fn(w) { hw) iy n(h(w)) + (1 = -1 5 (h(w)))

Ghy) = /Q log hx (w)d P
= /Qh(w) log hn(w)d@
= logey + h(w)log h(w)d@

1/N<h(w)<N

= logen + h(w)log h(w)d@ +/1 hlog h(w)dQ.

1/N<h(w)<1 <h(w)<N

Since limy cy = 1, by Lebesgue dominated theorem we have

lim h(w) log h(w)dQ = / h(w) log h(w)dQ

N J1/N<h(w)<1 h(w)<1

and by Beppo-Levy’s theorem

lin /1 iy M) 108 R()AQ = /1 oy M) g h(w)dQ

Therefore limy G(hy) = G(h).

Let N be fixed. Choose a sequence of continuous function uy,,n > 1 such that
ﬁ <un, < 2N and Q — lim, uyn, = hy (and so lim, [,uy,d@Q = 1). Put Uy, =
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Unn/ Joun,dQ and note that uy, € U(Q). Due to P < @, P — lim, uy,, = hx.
Then, by Lebesgue dominated theorem lim,, G(uy,,) = G(hy). Hence, for any € > 0
there exist N(e) and n(e) such that G(hye)) + ¢ > G(h) and G(Un(e)ne)) +€ >
G(hN(E)).

Thus, for any ¢ > 0 there exists a function u. = Uy () n) € U(Q) such that G(u.) +
2e > G(h) = H(P|Q). The last means that under P < @ the required result holds.

If P < @ fails, then for fixed N choose a sequence uy,,n > 1 from U° such that
1/2 <uyn, <2N,n >1and P* —lim, un,, = uy, where uy(w) =1+ NIp(w). Then

Gluvs) = [ loguyadP = [ logl(ux,+1/2) —1/2dP
> / log(un ., +1/2)dP —log2 > /Qlog(uN,n +1/2)dP*® — log 2
Q

and so liminf, G(uy,,) > log(3/2 + N) —log 2 that is sup, ¢, G(u) = oo.

Lemma 3.2. Let \op and A, be probability measures from S? with marginals
a, B and p, v respectively. Then p*(Aag, Aw) > { ﬁgg”g)) and for any 6 > 0
{0*(Aap, ) < 0} C {p(,v) < 26 + p(ev, B)}.

Proof: Put F,3 and F),, distribution functions corresponding to measures \,3 and
A Tespectively. By the definition of Levy-Prokhorov’s metric

p2<)‘a57 /\,uu)

supmin [u : Fog(z —u,y —u) —u < F(2,y) < Fos(z +u,y + u) + uj
T,y

supmin [u : Fug(z —u,00) —u < Fj(z,00) < Fug(z + u, 00) + u

vV

pla, 1)

and analogously p*(Aag, Auw) > p(8, ). Consequently
{P*Naps Ar) <0} C {pla, ) < 63 N {p(B,v) < 5}

By the triangular inequality p(c, 8) < p(a, p) + p(p, 8), p(p,v) < p(p, B) + p(v, B8)
and so,

{P*(Nag, Aw) < 0} {p(B,1) <6+ ple, B)} N{p(B,v) <0+ pla, 6)}

{p(p,v) <20+ p(a, )}

N 1N
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Let vy, v, be probability measures from S? and Fy, F5 their distribution functions
respectively. Put a = p?(v1,v2) and © = (21, o).

Lemma 3.3. For compactly supported and continuously differentiable (by axlzxz)

function f = f(x)

[, F@l(da) - va(d))

0? o
< o f It f @it [ 12 @G+ a) - e o),

where F(x) is any of Fi(z), Fy(x).

Proof: Integrating by parts, we obtain [z f(x)dFi(z) = [g Bwlamf(x)ﬂ(x)dx.
Thereby

\/ )n(der) = va(da)]| < [ | J f@)[[Fi(2) — Fy(x)]d.

R2 8&:18:(:2

Due to the property of Levy-Prokhorov’s metric, we have Fi(x —a) —a < Fy(x) and
Fy(z) < Fi(x+a)+a, that is the required result holds with F' = Fy: |Fi(z) — Fy(x)| <
a+ |Fi(x+a)— Fi(zx —a).

For F' = F5, the proof is similar.

Corollary. If f = f(z) is compactly supported and continuous only, then, ap-
proximating it sup,cp | f(x) — f-(z)| < /2, where for each ¢ function f.(x) satisfies
assumptions of the lemma, we get

[, F@l(da) - va(d))
< cvaf |ZT @t [ 1S L@IFE +a) - P — s

The next lemma plays substantial role in proving Theorem 3.1.

Lemma 3.4. Assume (F), (H*), and (Ho). Then, for every X from S,,,,

1
hmhmsuphmsuphmsup—logP( 272, 0) <6, / | y )Wi(da:,dy) <q)
z|>1 y|>i

q— ) 6—0

< —HQN).
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Proof: Put A(n,i,q) = {p*(72,\) < 8, [(u=iuyl>i) Ta(dz,dy) < q}. Taking com-

ev(@9) :
e Gn(ads)” By virtue

of (F) u(z,y) is continuous bounded function such that [p. u(z,y)A; (dzr, dy) = 1. The
last means that u(z,y) € U°(X;). Let Z, = [Ti—; u(&r—1,&). By Markovian property
E(u(€-1,8&)|&-1) = E(w(€-1,&)|&k-1, - &) P —as. what implies EZ, = 1 and

in turn an obvious inequality

pactly supported continuous function v(z,y), put u(z,y) =

1> ElLyn,i ) Zn- (3.2)

Evaluate now from bellow, on the set A(n,1,q), the value of log Z,,:

log Z,,
= kf:llog w(&p_1,&k) = n/R2 log u(x,y)m2(dz, dy)
> n /R logu(z, y)A(de, dy) — n| /R logu(z, y)[Ndz, dy) — 72 (dx, dy)]|.
Choosing non negative continuous function ¢;(x,y) such that ¢;(z,y) = 1 on {|z| <

i—1}N{ly| <i—1} and ¢;(z,y) =0 on {|z| > i} U{|y| > i}, we get

log Z,,
n [ logu(z.y)A(de,dy) —n| | 6.(w.y)logu(w, y)\da, dy) — w2 (da, dy))

—nsup [logu(z,y)|
Y

v

(Jz|=)U(ly|=4)

/(|$Zi)U(y|Zi)
= n/ log u(x, y)AN(dx, dy) — nr' (i) — nr" (i) — nr"(i,n).
R2

Denote by F(z,y) the distribution function corresponding to \(dz, dy). By the corol-
lary to Lemma 3.3, the following estimates (on A(n,1,q)) hold:

(1)

< 496

2

0
2 |mfe($,y)|d$dy

82
— _ _ < (5
+ [ g g [P+ 8.y +9) = Fla = 8.y = 8)ldedy (< e+ 4/(i.2).

where f.(x,y) is "e/2-approximation” of ¢;(x,y)logu(x,y);
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r(i) = supllogu(e,y) [ A(de,dy) (= q"(0);
T,y (Jz|=)U(ly|=9)

" (i,n) < sup|logu(x,y)|q.
x7y

These estimates and (3.2) imply an inequality

1
“log P(A(n,i
~log ( (7%27(1))
< —/R log u(z, y)A\(dz, dy) + & + ¢'(i,€) + ¢" (i) + sup [logu(z,y)|g, (3.3)
2 Z,y

corresponding to which

1
lim lim sup lim sup lim sup — log P(A(n,i,q) < e — / log u(z, y)A\(dz, dy).
q—0 i §—0 n n R2

Thus, by virtue of sup,cye [p2 logu(z, y)A(dz,dy) = H(A|A;), Lemma 3.1, and an
arbitrariness of € the required result holds.

The proof of Theorem 3.1: Assume )\ from S? has different marginals, say, u and

v. Denote by 7, and 7/, marginals of 72: m,(A) = L7 I(&-1 € A), 7 (A) =

L5 1 I(& € A). Since the total variation ||, — m,|| < 2/n, we get p(m,,m,) < 2/n.
By Lemma 3.2 {p?(72,\) < 6} C {p(p,v) < 2§ + 2/n} and so, under 26 + 2/n <
p(p,v), log P(p(m3, A) < §) = —oo0.

Assume A from S? has the same marginals. Put

An) = {p*(m,, A) < 0}

Blnig) = {[  w(de.dy) > q).
(Jz[>)U(ly|>7)

The required result follows from Lemma 3.4, the corollary to Theorem 2.1, and Lemma
2.2, which, under

1
lin(l)limsuplimsup—logP(B(n,i,q)) = —©
q— i n n
A A O\ Bl i) = Alwivg),
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can be reformulated as

lim sup lim sup — logP(A( ))
6—0 n

= hmhmsuphmsupllmsup logP(A(n), Q\ B(n,i,q)).

Q 0—0 n

4. Lower bound for local LDP.

Theorem 4.1 Assume (I’) and (RM?). Then for every X from S* and § > 0

1
liminf — log P(p* (72, \) < &) > —J*(\).
non

Proof of this theorem consists in a few steps formulated below as lemmas.
Lemma 4.1. Assume (I’) and (RM’). Then o ~ .
Proof: By virtue of (I’) and (RM’) we get

a(dy) = 1(dy) [ p'(yle)aldr). (4.1

that is o < [. Also note = > ( l-a.s. what implies, by Lebesgue decomposition of [
with respect to «, that [ << .

Lemma 4.2 Assume (I’) and (RM’). Then p(z|y) = d)\o A ()P (ylz) (I xa)—as.
and p(ylz) > 0 (I X a)-a.s.

Proof: By virtue of (I') X ~ X2 and, so 7(z, dy)a(dx) = d/\,( z,y)p (y|x)l(dy)a(dx).
The first statement holds since for every x we have 7(x, dy) = p(y|z)l(dy). To prove
the second, show that ©a > 0 (I x a)-a.s. To this end, use

d>\’
ax;, ,
Y > 0N —a.s.
N(dz,dy) = p'(ylo)l(dy)a(ds)

Pylr) >0 (Ixa)-—as.

Thereby XN (A) = 0 implies (I x «)(A) =0, that is (I X @) < N-a.s. and the required
inequality holds.

15



Lemma 4.3 Assume (I’) and (RM). If H(A|A) < o0, A € Sy, then p < 1.

Proof: Due to (1.3), \' < A7, is implied by H(A|);) < oc. In turn, (RM’) gives as
the consequence X}, (dz, dy) = p(y|z)l(dy)pu(dz). Let I(A) = 0. Then

N xA) = [ [ pylou(dnidy) = o.

Consequently u(A) = A(R x A) = 0.

Lemma 4.4. Let n = (ng)k>0 be a stationary Markov process values in R, having the
marginal measure p(dx) and transition probability m,(z, dy). Assume

Tz, dy) = pu(yle)l(dy) p— a.s.
pulylz) > 0 (Ixp) - as.

Then n is p-ergodic process.

Proof: By Theorem 4 (see §1, Ch. 4 [18]), u-ergodicity of n holds provided that an
equation

f@) = [ fl)mile.dy) p—as. (4.2)

obeys unique p-a.s. (to within a multiplicative constant) bounded solution. Let f(z)
be some solution of (4.2). Show that

p(x : sign f(x) = const) = 1. (4.3)

Since p is invariant measure we have

uldy) = 1(dy) [ pi(yl)u(de). (4.4)

(4.2) and (4.4) imply

L@ty = [ 1] F@payioidy)ud)
/R/R|f(y)|pu(y|f)l(dy)ﬂ(dx)z/le(y)m(dy)

IN

and, thus
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[ A1 @paylotdy) = | [ F@pyle)iy) ) = o.

The last means

Lo Ol [ F @Rl =0 p— a5, (45)

f=(y)>0

where a™ = max(0,a) and a~ = —min(a,0). By Lemma 4.1 [ ~ u. Thereby the
violation of (4.3) contradicts to (4.5). Thus, (4.3) holds.

If fi(z) and fo(x) are solutions of (4.2), then for any constants ¢; and ¢y the function
f(z) = e1fi(x) + cafa(x) is solution of (4.2) too. Constants ¢; and cg can be chosen
such that to violate (4.3). Thus (4.2) obeys the desired unique solution.

Lemma 4.5. Assume (I’) and (RM’). For every A from S, with H(A|A;) < oo
there exist families \* and p(e) (e € (0,1)) from S* such that

A° € Sueu(e)

and

AT~ A

H()\E|)\Z(E) < o0

)
lirr(l)pQ()\E,)\) =0
I HOCW ) = HOWY

Proof: Let X be the measure, involving in (I’), with both marginals «. Put

e ((L-eutea
A =X (T—e)h+eXN
() (1— 5)/\2 + e

and note that A° obeys the same marginals (1 — e)u + ca = pu(e).

Proofof (4.6). Let A}, (A) = 0. Then A} (A) = 0 and A3 (A) = 0. Since H(A[A;) < oo,
we get A < A7, and so, A(A) = 0. By virtue of (I’) X' ~ A%, what implies \'(A) = 0.
Consequently A\*(A) = 0. On the other hand, if A\*(4) = 0, then A\(A) = 0 and
N(A) = 0, while the equivalence of X' and A{ has as a consequence Ao (A) = 0.

17



Therefore A}, (A) = 0 holds provided that A;(A) = 0. The last holds by virtue of
Aa(A) = 0 and Ag (dx, dy) = p(yl|z)l(dy)a(dr) and N (dz, dy) = p(y|x)I(dy)p(dz) and
also by p < a (Lemma 4.3)) and \;, < A,

Thus, )\E ~ )\Z(E)
Proof of (4.7): Evidently p < p(e) and a < p(e). Denote by

ho(z,y) j}i\g: (z,y)
hz,y)  _ %(% y)
wl@) | (-9 ()
g(x) el (x).
Then
DC) (1) = bl ) (x) + hol.)guls) (= h(r.9)).
w(e)

Due to the definition of the conditional entropy (3.1) we obtain

HOEA) = /R V(2. 9) N (der, dy). (4.10)

Functions ¢g(z) and g,(z) are chosen such that to satisfy g(z) + go(x) = 1 p(e)-a.s.
(and A}, j-a.8.). V(x) is convex function and so, by Jensen’s inequality

V(r*(2,9)) < gu(@)V (h(2,y)) + 9(2)V (ha(2,y)) Nye) — ass. (4.11)

The last and (3.1) imply

HO )
< (=) [ Vil n)) g5 N ) + = [ Vilalo ) 3505 N ()
= (1-¢) /RQV(h(x,y)))\Z(d:c,dy) ++5/RQV(ha(:c,y)))\;(dx,dy)

= (=) HANX) + eH(N|A) < 0. (4.12)

Proof of (4.8): It is clear that the total variation [|A\° — || < 2¢, ie. p*(A\°,\) —
0, e — 0.

18



Proof of (4.9): Due to (4.12), limsup,_o H(A\°[A;,)) < H(A[A;). The opposite in-
equality liminf._o H(A°|A}, ) > H(A|A}) is derived from (4.10) by Fatou’s lemma.

The proof of Theorem 4.1: It is clear that only the case J*(\) < oo has to be
checked. We use the fact that in this case

JH(A) = H(AIN,)

AES,,
AL AL
Presuppose first that
A~ AT, g ~ . (4.13)
and denote by
d\
h = . 4.14
(z,y) ax; (z,y) (4.14)

Let us define, on a mesurable space (R, B(R>*)) (R* = (zg,21,...), B(R™) is the
Borel g-algebra), probability measures () and Q* , where @) is the distribution of the
original Markov process £ and Q" corresponds to a stationary Markov process with
the marginal distribution p and the transition probability

Tu(@, dy) = h(z, y)m(z, dy)(= h(z, y)p(y|z)l(dy)). (4.15)

Due to (4.13) and Lemma 4.3, we have u < o9 and p,(y|z) > 0 (I x p)-a.s. Thereby,
applying Lemma 4.4, one can conclude that Markov process (zg, Q*)r>0 is p-ergodic.
Denote by @,, and Q” restrictions, on o-algebra B(R"!), of Q and Q" respectively.
Since u < g, we get QF < @, n > 0 herewith a process of local density (Z,(zf) =

Q—g, n =20,1,... is given by the formula:

Zn(xg) = C;l(ibo(a:o) eXp(kzn: log h(xg_1,xx))- (4.16)

Lebesgue’s decomposition of (),, with respect to Q* implies an inequality: for each A

from B(R"*1)
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Q) = [ 27 ()i, (417

Introduce now occupation measures 72(zf): w2(A x B)(z§) = L0 I(zp—1 €
A,z € B) and define sets

AL = PN < 0)
83 = 17 3 bl m) — HON)| < 6)
AC = {C;la'li)(xo)>1/c}. (4.18)

Put A" = Al N A2 N A°. Then, taking into account (4.17), we find

P(py (. A) < 0) Q(pn(my(x5), A) < 0)

> [z ey
> cQF(A™) exp(—nH()\|/\fL) —np).
Hence
lim inf log P(p* (w7, A) < 6) > —H(AA;) — 3+ lim inf log Q1 (A™).
Assume

d
lim p(zp : —M(xg) >1/c) = 1
o

li7£n QAL =1
imQL(AL) = 1. (4.19)
Then, accordingly to an arbitrariness of 3, the required lower bound holds. The first
part of (4.19) takes place since, as it was mentioned above, u < . The second part
is implied by the ergodicity of (zg, Q*)r>o as long as the two-dimensional distribution
of it is A and so, due to Birkhoff-Khinchin’s theorem, lim, p?(72(z5),\) = 0 Q"-

a.s. By making assumption oo > H(A|A}) = [p log h(x,y)A(dz,dy) and so, due to
Birkhoff-Khinchin’s theorem, the last part holds too.

Thus, under (4.13), the lower bound holds.
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Let the second condition (o ~ «) in (4.13) be valid and let A° and u(e) be measures
from Lemma 4.5. For these measures, the first part of (4.13) is valid. Show that
u(e) < ap. By virtue of Lemmas 4.1 and 4.3, 4 < « what implies p(e) < a. The
last, due to the second part in (4.13), implies the required absolute continuity.

By proved above liminf, *log P(p*(72,\°) < §) > —H(M|A ). Accordingly to
Lemma 4.5, one can choose ¢y such that for fixed § and ¢ < g7 an inequality takes
place: pQ()\, A®) < 60/2. Then, taking into account Lemma 4.5, we arrive to

hmmf—logP( (720 <8) > hmmf—logP( 2(m2,0°) <6/2)
2 —H(AEP\ZE)
N

—H(AA,), € =0,

that is the required inequality takes place provided that the second part in (4.9)
holds. To relinquish on it, introduce, following Donsker and Varadhan [1], a new
Markov process &' = (&} )g>0 with & = &..1. It has the same transition probability
7(x,dy) and initial distribution of(dy) = [, 7(z, dy)ag(dr) = I(dy) [ p(y|T)an(dz).
Hence and by virtue of (Hy), it follows that o) ~ [ and so, by Lemma 4.1 ag ~ «a.
Therefore, by the previous proof, the lower bound holds for 72(¢1), where

T2 (A x B(£Y) = 1 f: I(§ €A €EB) = 1 f: I(&, € A &y € B),
[y} Ly}
that is
lim inf — ! logP(p (m2(E4),0) < 6) > —H(AAL)- (4.20)

The required result now follows from (4.20) and the fact that the total variation
Iy = ma (€D < 2/n.

5. Proof of Theorem 1.2.

By Theorem 2.1 the family (72) is exponentially tight. Then by (1.8) (Puhalskii’s

n

theorem) there exists a subsequence (72), obeying the LDP with the rate function

jz()\) and so, for 4 > 0 the upper and lower bounds hold:
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1 1
hmmf—logP( *(m2,0) <9) > liminf logP( (72, 0) < 0)

> — i f (v) > —J*(v). 1
> - Gnf Sw) 2 =) (5.1)
and
hmsup log P(p*(n2,0) <6) < — inf  J*(v). (5.2)
1 v:p?(v,A\)<8

From the deﬁnition of inf it follows that for every ¢ > 0 and 0 > 0 there exists a
measure 0 such that p?(v?,\) < § and

V:p2i(£1£)<6 JAv) > J2(10) —e. (5.3)

Since J2()\) is rate function (see condition (0) from the definition of LDP), it is semi-

contmuous from below. The last implies lim infs_q J?(¢/°) > J(\) and so, accordingly
to (5.2) and (5.3)

hmsup—logP( 2(72, M) < 9)

IN

lim suple — J2(10)]
0—0

= ¢ —liminf J2(Y)

§—0

< e—J¥N\) = —=J*()\), e = 0. (5.4)

Thus, (5.1) and (5.4) have as a sequence the local LDP (see (1.9) for (72).

As it was mentioned in the introduction, the identity J2(\) = J?()\) takes place .
Using this fact, one can establish the LDP upper and lower bounds for (7).

For closed set F? € S, choose subsequences (72,) and (72) such that

1 1
hmsup logP(ﬂ € F?) = hm—logP( € F?).

By (1.8), one can choose a subsequence (73) from (77,) such that (772) obeys the LDP
with rate function J2(\) = J?(\).

Then
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1 1
limsup —log P(r, € F?) = lim— log P(w, € F?)
n n n' n

ilog P(r: € F?) < — inf J*(\).

= lim
nn AEF?

The lower bound is proved in the same way.

6. Proof of Theorem 1.1.

Let A' A\? be from S2. Their marginals are denoted by (u', v1), (p?, v?). By Lemma 3.2
1,2
PE(AL A2 > { ﬁgﬁl’ZQ)) Therefore, a mapping \! — (!, v!) is uniformly continu-

ous in Levy-Prokhorov’s metric. Hence, by the contraction principle of Varadhan [3],
the family (m,,n > 1) obeys the LDP in (S, p) with rate function J'(u) = inf J2(\),
where inf is taken over all measures A\ from S? if only one marginal is g. On
the other hand, since J?(\) = oo for any A with different marginals we arrive to
J'(p) = infies,, H(AA).

7. Example

Let § = (§)k>0 be defined by a recursion &1 = f(&) + 9(8k) (1, where (Cr)i>1 is
i.i.d. sequence of random variable, which is independent of &.

Assume

1. f(z) and g(z) are continuous function such that |@| <a<l1 1/r <|g(x)| <
r, r>0;

2. the distribution of random variable (; obeys a density p(y) with respect to
Lebesgue measure and what is more p¢(y) is continuous function such that

r1exp(—raly|?) < pc(y) < rgexp(—raly]) ri >0,i=1,..,4, ¢ > 1;

3. There exists b > 0 such that Ee’lé! < oo.

Show that, under above-mentioned conditions, both LDP’s in (S?, p?) and (S, p) take
place.

Due to Theorems 1.1 and 1.2, the following implication has to be checked only.
{1.,2.,3.} = {(F),(I'),( "), (RM'), (Hy)}.
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By 2., for every z the transition probability 7(z, dy) obeys a density with respect to
Lebesgue measure: p(y|zr) = pc(%;f)). Thereby {1.,2.} = {(F)}. As X, one can
take the two-dimensional distribution of a stationary Gaussian Markov process (&}.)r>0
defined by a linear recursion &, = a&j, + (1, where ((,)r>1 is i.i.d. sequence of

(0,1)-Gaussian random variables, independent of &), which is (0,1/(1 — a?))-Gaussian

random variable. Then % (z) = / 1;7‘:2 exp (— ﬁiﬂ)) and X (dz,dy) = \/% exp (—
2

@)dya(dw). On the other hand, we get \(dz,dy) = pc(%m()z))dyoz(dx) and so,

LETL I (_ <y—;x>2)

N o~ XS with & (g, y) = Y22~ . Then, correspondingly to 1., 2.
«a dg, D (y (f() ))
g(z
N 1 y— f(x) 1 T9
- < J IV « _Z q
e (z,y) < - exp (] ) ") < e (Tllyl + alz)”),

what has as a consequence H(N'|AS) < —logry + [ps 22[|y| 4 a|z| 9N (dz, dy) < oo, i.e.
{1.,2.} = {(I)}.

To verify (H*), taking v(x) = c|z| ¢ € (a% %4)7 find

— f(=)

Y
wl(w) = cla| ~ log | exp(elylpe(*_ )y

Hence and due to 2. we arrive to an inequality:

w() = ~logra-+lol ~log [ exp (lyl = i )y

r r
> —logry+ cle| —log | exp (elyl = “y| +a|al)dy
T4 T4
— (c—ab)z| -1 ‘—1/ 1 dlyl)dy,
(e —ath)la| ~ logry —log [ exp(— [ — dlly]dy

ie. {2.} = {(H")} and, what is more, {2.} = {(RM')} and {2.,3.} = {(H,)}.
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