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1. Introduction

The multifrequency complementary phase-coded (MCPC) radar signal, first described in the IEEE
RADAR’2000 conference [1], is further expanded on in this paper. MCPC employs M subcarriers
simultaneously. The subcarriers are phase modulated by M different sequences that constitute a complementary
set. Such a set can be constructed, for example, from the A cyclic shifts of a perfect phase-coded sequence of
length M (e.g., P4). The subcarriers are separated by the inverse of the duration of a phase element ¢,, yielding
Orthogonal Frequency Division Multiplexing (OFDM), well known in communications. The signal exhibits a
thumbtack ambiguity function with delay resolution of 7, /M . The power spectrum is relatively flat, with

width of A7 /¢, . The signal can be constructed by power combining M fix-amplitude signals. The resulting

signal, however, is of variable amplitude. A single AMxM MCPC pulse, based on a specific complementary set
of sequences, can be generated in M! different permutations. In each permutation the M sequences are arranged
in a different order along the M frequencies. With some permutations the peak-to-mean envelope power ratio
(PMEPR) can be maintained below 2.

This paper emphasizes the use of MCPC in a coherent train of M pulses. The pulses are not completely
identical. Each pulse is constructed using a different permutation of the same complementary set. The
permutations are chosen so that a complementary set is found both in each pulse and in each frequency.
Combining such a coding arrangement with a weight function along the frequency axis yields significant range
sidelobe reduction. The behavior in the presence of Doppler shift is demonstrated in plots of the ambiguity
function.

2. Single MCPC pulse

A schematic description of an MxM MCPC pulse is given in Fig. 1. It shows M (=5) sequences modulating
M subcarriers. Each sequence is constructed from A bits each of duration 7, . The autocorrelation mainlobe
width of such a signal is ¢, /M . This is M times shorter than the mainlobe width of a single frequency digital

radar signal (e.g. P4). We will also show that the MCPC pulse exhibits an efficient spectrum usage. As depicted
in Fig. 1, the power spectrum is nearly rectangular with cutoff at 7 ~ M/(Zzb).

The autocorrelation sidelobes will be lower if instead of repeating the same sequence on all frequencies,
the sequences will be different, but will constitute a complementary set. A complex valued sequence X; , whose
K™ element is s;(k), forms a complementary set if the sum Z(p) of the a-periodic autocorrelation function R, of

all sequences from the set is equal to zero for all nonzero time shifts p, i.e.,
M -1

M-1 M-1-p
R.(0), =0
Z(p)=2, 2 s.(k)s/(k+p)= ;) (0, p 0
e 0 . p#0
where * denotes complex conjugate, p is the (positive) time shift, and R, (0 ) is the energy of the sequence ;.

When the set has only two sequences (a complementary pair), the two sequences (of equal length A7) must have
aperiodic autocorrelation functions whose sidelobes are equal in magnitude but opposite in sign. The sum of
the two autocorrelation functions has a peak of 2M and a sidelobe level of zero.

An MxM complementary set can be constructed using Popovic’s [2] result which states that all the different
cyclic time shifted versions of any sequence having an ideal periodic autocorrelation function, form a
complementary set. Useful polyphase sequences which exhibit ideal periodic autocorrelation function are the
P3 and P4 signals [3]. Useful two-phase sequences with ideal periodic autocorrelation were suggested by
Golomb [4]. Binary phase sequences (using 0° and 180°) with ideal periodic autocorrelation are rare. Barker
code of length 4 is an example. However, binary NxA complementary sets can be constructed by methods
other than cyclic shifts. The mathematical expression of the complex envelope of a phase coded NxM MCPC
pulse is given by
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@, ,, is the m™ phase element of the 1" sequence, 6, is an arbitrary phase shift added by the transmitter
hardware to each carrier (known to the receiver) and W is the amplitude weight assigned to the »™ subcarrier.
n

We first consider a phase element ¢, ,

of the MxM matrix constructed from all the cyclic shifts of a P4
phase coded sequence, described by

0 | 225 | 90 [ 2025 | 0 [ 2025 ] 90 | 225
T ) 225 | 90 | 2025 | 0 | 2025 | 90 | 225 | 0
$, = —(m - 1) - 71'(”1 - 1), m=12,..M 90 | 2025 | 0 2025 | 90 | 225 | 0 | 225
M 2025 | 0 | 2025 | 90 225 | 0 | 225 | 90
_ 0 | 2025 | 90 | 225 0 | 225 | 90 | 2025
or a P3 sequence described by 2025 | 90 | 225 0 225 | 90 | 2025 0
90 | 225 | o0 225 | 90 | 2025 | 0 | 2025
T ) 225 | 0 | 225 | 90 | 2025 | 0 | 2025 ] 90
9, = M(m —1), m=12,..,M, M even (5) Tqple 1. Phasc matrix [deg.] of 8x8 MCPC based on P3

For P3 and M= 8§, the phase (modulo 2n) matrix is given in Table 1. The set of complex elements with uniform
magnitude, whose phase is described by Table 1, will remain a complementary set for any reordering of the

in (2) and (3), the resulting
complex envelope will exhibit an autocorrelation function and power spectral density as depicted in Figs. 2 and
3. Note that it was also assumed that £, =0 and 5, =1 for all ». The main results for such a multifrequency

rows. When one particular order (stated on the illustrations) is used as ¢

n,m

signal is an autocorrelation function (Fig. 2) whose main lobe extends as far as 7, /M with low sidelobes
elsewhere. In a single-frequency P3 or P4 signal, the main lobe will extend as far as ¢, . Note also a relatively
flat spectrum extending as far as A7 /2¢, . A P3 or P4 signal will exhibit a sinc-squared shaped power-spectrum
with first null at 1/7, . On the other hand, while each one of the subcarriers of an MCPC signal has a fix

real-amplitude, their sum exhibits a variable real-amplitude, as depicted in Fig. 4. (In Fig. 4, PMEPR =2.93.)

Finally we observe in Fig. 7 the 1% and 2™ quadrants of the ambiguity function of this particular MCPC
signal. Its shape resembles the ideal thumbtack. Recall that the ambiguity function of single-frequency P3, P4
or Linear FM signals exhibit a diagonal ridge.

3. Coherent train of complementary MCPC pulses

A train of M MICPC pulses can be complementary in time as well as in frequency. This happens when each
pulse in the train exhibits a different order of sequences such that a set of complementary phase sequences is
obtained in each frequency. There are also M! different ways to order the pulses. The autocorrelation sidelobes
are further reduced as demonstrated by comparing Fig. 5 to Fig. 2. Both pertain to a 8x8 MCPC signal. The
order of sequences in the 8 pulses is outlined within the drawing. We note from Fig. 5 that the
sidelobe-reduction applies to all but the sidelobes within the first bit. This should be expected because a
complementary set yields zero autocorrelation sidelobes only for ‘Z“ >1,-

The delay axis in Fig. 5 is limited to the duration of a pulse (= M, ). The autocorrelation within that delay
is not affected by the pulse repetition interval 7, as long as 7, is larger then twice the pulse width, namely
T. > 2Mt, . The pulse interval does affect the ambiguity function for non-zero Doppler. The dramatic

improvement in sidelobe reduction for 7, < |‘r| < Mt, by atrain of complementary MCPC pulses, invites a

method for further sidelobe-reduction in the delay range of |2'| <1, . Frequency weighting is a well-established

method for reducing autocorrelation sidelobes in linear FM radar signals [5]. We found out that it was not very
effective in a single MCPC pulse because it yielded meaningful sidelobe reduction only over the limited delay
range |T| <1, , but did not help over the larger remaining delay range of ¢, < |z’| < Mt, . However, once we

found out that a complementary train of MCPC pulses dramatically reduces sidelobes in that larger delay range
t, < |z-| < Mt, , it became obvious that combining complementary pulse train and frequency weighting can

reduce autocorrelation sidelobes over the entire delay range 0 < |1'| <M, .

In conventional constant-amplitude radar signals, weighting is usually implemented only at the receiver, in
order not to loose the constant-amplitude property of the transmitted signal. This is effectively a deviation from
matched filter processing and results in a small SNR loss. In our case, the signal is already of variable
amplitude (but of fix amplitude at each subcarrier). Hence applying different amplitude to each subcarrier adds
no difficulty. Despite the extensive knowledge regarding weighting windows, we limited our numerical trials to
a simple family of weighting described by

n

27(n - 1)1
W, = {ao +a, cos %} , n=1,..M (6)



Note that setting ay=0.53836 , a;=-0.46164 and o= 0.5 is equivalent to adding a Hamming window at
the receiver side. We found out that values of « slightly different from 0.5 yielded smaller peak sidelobes. The
weight 7, now multiplies the signal of the »’th subcarrier as noted in (2). To the M=8 MCPC complementary
pulse train used in Fig. 5, we added weighting according to (6). The resulted magnitude of the autocorrelation
function is plotted in Fig. 6.

The ambiguity function of a complementary train of M MCPC pulses, with or without weighting, depends
on the pulse interval 7,. The partial ambiguity function plotted in Fig. 8 was obtained for an arbitrary case in
which the pulse interval was 4 times the MCPC pulse duration, namely 7" = 4M¢, and the weighting was

according to (6). Because of the periodicity in time, the response in Doppler exhibits peaks at multiples of
V= T% = OM—zt: , the first of which is seen in Fig. 8. However, since the pulses in the train are different from
each other there are no pronounced peaks at multiples of 7,.. For comparison, Fig. 9 presents partial ambiguity
function of a coherent train of 8 single-frequency P3 pulses, each with M=64 chips (each of duration #.) and

with intrapulse and interpulse weighting. Note a similar main lobe (when 7, =7, /8), much lower Doppler

sidelobes, but repeated peaks at multiples of 7,. The constant volume property of the ambiguity function is

maintained by shifting volume from the additional peaks (in P3) to the pedestal strips (in MCPC).
Removing the spacing between the MCPC pulses creates a CW signal. Fig. 10 presents the periodic

ambiguity function of a train of 16 contiguous 16x16 MCPC pulses with different permutations (selected

randomly). The resulting signal exhibits pulse compression of AM° = 4096 . Note how the periodicity in
Doppler is almost gone. The sidelobe pedestal is relatively uniform, below —20 dB.

4. MCPC based on 2-valued complementary set

The P3 and P4 phase sequences used so far to construct the MCPC complementary set are polyphase
sequences. There are 2-valued phase sequences that also exhibit perfect periodic autocorrelation, and can serve
to construct a complementary set. One such alternative is the sequences described by Golomb [4]. One example
of such a sequence is based on Barker code of length 7 [+ + + - - + -], in which the two phase values are not 0
and 180° but 0 and 138.59° (= arccos(-3/4)). Golomb codes exist for lengths 3,7,11,15,19,23,31,35,43,47,59....
Implementing two-valued sequences is especially simple if the two are binary values (-1, +1). Binary
complementary sets can be constructed from Hadamard matrices. Hadamard-based MCPC pulses exhibit
especially low autocorrelation sidelobes, but relatively higher Doppler sidelobes and higher PMEPR.
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Fig. 2 Autocorrelation
of an §x8 MCPC pulse
based on a P3 sequence

Fig. 3 Power spectrum of

the signal used in Fig. 2

Fig. 4 Real envelope of
the signal used in Fig. 2

M=8 , MCPC (P3based) 4 72 18 365

L 4N,
g o

\ 2 n

AUTOCORR [dB]
&
(e»)

Nl IN

A A

AN
[

N
o

1 2 3 4 5

Delay/tb

M=8 , MCPC (P3based) 4 72 18 365

o

L
o

)
o

)
=)

Power spectral density [dB]

-40

-50

0

)]

]
05 1

frequency * (tb/M)

1.5

M=8, MCPC (P3based) 4 72 18 36 5

»
3)

w
o A

Real envelope

= N
- o N o w

0.5

2 3 4 5
Delay/tb




Train of M-frequencies pulses, M=8  MCPC (P3 based) Freq. Weight power=0 47 218 365
O Tr/((M*tb)=4 Time weight power = 0 number of pulses=8 (with permut‘ation) 2 4 ‘8 63751
71532684
28461537
-1 13758462 [
— Z 86243751
m S 35176248
.20 3 64825173
x ®© 57314826
% L 42687315
8 -30 n Pulses B
S 4 af\n 1
< Vi
Fig. 5 Autocorrelation of a
coherent train of 8 -
complementary MCPC
pulses (P3 based, no freq. ! — —
weighting) 1 2 Delgv/tb 6 7 8
Train of M-frequencies pulses, M=8 K MCPC (P3 based) Freq. Weight power=046 47 218365
Tr/((M*tb)=4 Time weight power =0 number of pulses=8 (with permutation) 2 4 8 6 3 7 5 1
-1
o
.2
nd
&
O -3
O
5
2 -4
Fig. 6 Autocorrelation of a A h
coherent train of 8 -50
complementary MCPC
pulses (P3 based, with freq. - -
weighting) 1 2 4 5 6 7 8

0.8

Fig. 7 Ambiguity function
of an 8x8 MCPC pulse (P3
based, no freq. weighting)

Dopplerth*th

Delay/tb

Delayth

| M=8 MCPC (P3based) 4 7298365 .




Train of M-frequencies pulses, M=8  MCPC (F3 _hased}-F'reqi'Wéi'gHi'hE{W'er; 0.46

0.8

0.6

04

0.2

0l

0.25

Fig. 8 Ambiguity function 0.2

of a coherent train of 8

complementary MCPC

pulses (P3 based, with freq.
weighting)

1

0.3

08

04

0.2

025
0.

Fig. 9 Ambiguity function of
a coherent train of § single

frequency P3 pulses (with DOPPIErMIC

freq. and time weighting)

Train of M cortiguous pulses,  M=16 , MCPC (P3 based) Freq Weight pover=05" 11 14 5 13
1 Trihtt)=4 - Time weight pooese =1 T nuinbier Of pulses=16 (with permutation) 9 4 7 5:15 &

08

06

04

0z

a
1

Fig. 10 Periodic ambiguity

function of 16 contiguous

(CW) 16x16 MCPC pulses

(P3 based)

0l

4721

G365

TriM*th)=4 T!WE.WEJghtpawer:U"E'n'umherDfpulsias=8 {with permutation)-2 4 8 8 3 7 51

015 ;
01
Doppler®™hb 005

2
015 3
0.1

0.05

Doppler ™ th

10

200
Delayic

B

50 100

j 30
20 Delayth

40

M=64 bits , P2 coding N:S_pu_l_s_e_s_,Timeweight{ﬁ:ﬁdw'e'r' :OSFreq wigight power = 0.5

200

12681386167
111413312 2

250
Delaywth



	Multifrequency Complementary Phase-Coded Radar Signal
	
	Nadav Levanon



