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Acoustic Hit Indicator

An improved acoustic target is considered. Acqustic targets
estimate the hit coordinates of a supersonic projectile using
the time of arrival (TOA) of the supersonic shock wave at
several acoustic transducers located in the vicinity of the
target. An improved target allows oblique hits, likely in firing
practices involving roaming infantry and armor. Four trajectory
parameters are estimated: two hit coordinates (x,/) on a virtual,
vertical, target plane; horizontal angle of incidence; projectile
velocity. Explicit expressions are provided of the expected TOA
measurements and their derivatives with respect to the estimated
parameters. The expressions simplify a least-squares iterative
algorithm and accelerate its convergence. Expected error contour
maps are provided.

. INTRODUCTION

The sharp rise-time of the pressure shock, created
by the passage of a supersonic projectile [1-3],
enables an accurate measurement of its time of arrival
(TOA). The TOA of the shock at various transducer
locations can yield information on the projectile
trajectory, in particular where it hits a target plane.
Among the advantages of an acoustic target relative to
a solid target silhouette are freedom from patching old
hit marks, and the ability to indicate miss coordinates
outside the silhouette. The subject of measuring an
acoustic shock wave and its TOA is well covered
in scientific journals [2, 3]. On the other hand, the
literature on utilizing these acoustic measurements to
estimate the projectile trajectory is constituted almost
entirely of patent disclosures. It is time to introduce
this interesting topic into the scientific literature as
well.

Existing acoustic targets, found in firing ranges
for target practice, can be divided into two categories.
1) Targets whose front is a thin acoustic chamber
[4], with face wall made of rubber membrane. The
acoustic transducers are located within the chamber
and detect disturbances created by the bullet while
passing through the chamber and are guided within
the chamber. 2) Open-air targets, in which the acoustic
disturbance is not guided. Open-air targets are
usually restricted to perpendicular hits, and utilize
very specific transducer locations (e.g., arranged in
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two triangular array [S5]). With these constrains it
was possible to find an algebraic solution of the hit
coordinates. On the other hand, Bowyer, et al. [6]
describe a general approach that makes almost no
assumptions about the trajectory. Bowyer’s approach
permits both horizontal and vertical components of
the angle of incidence, air drag, and three components
of the wind vector. In order to estimate the additional
parameters, additional transducers are required and
only an iterative solution is practical. Bowyer’s
patent contains a single implicit vector equation in
which both the measurements and the parameters are
inseparably embedded.

We deal here with large open-air targets. We show
that few practical assumptions about the trajectory
make it possible to express each individual TOA
measurement as an explicit function of the estimated
parameters'and of the three coordinates of the
corresponding transducer. We also present the partial
derivatives of the expected measurement with respect
to the estimated parameters. Explicit expressions of
the measurements and their derivatives simplify the
iterative algorithm (e.g., Gauss—Newton) and improve
its convergence rate.

Three assumptions are made about the trajectory:
1) negligible vertical incidence angle, 2) constant
projectile velocity (in the vicinity of the target), and
3) negligible wind. Assumptions 1 and 2 are practical
for most direct-fire cases. Assumption 3 is not always
true. Strong winds may induce bias errors. However,
in most cases the bias error caused by ignoring wind
are likely to be smaller than the increase in random
error when additional wind components are added to
the list of estimated parameters.

The main contribution of this work is the
mathematical handling of obligue hits. Allowing
and estimating a horizontal incidence angle is very
important. Modern firing practices involve roaming
infantry and armor, and pop-up targets that will not
always face the fire source. Horizontal incidence angle
of up to 45° can be expected. The ability to estimate
the incidence angle enables an acoustic array to also
determine the direction of hostile direct-fire. This
is an important application by itself. Furthermore,
the combination of incidence angle and estimated
projectile terminal velocity can yield a coarse estimate
of the location of the fire source.

Prototypes of the acoustic hit indicator were built
and tested successfully with both rifle bullets and tank
rounds. A U.S. Patent [7] was granted.

In the remaining sections the TOA equations and
their derivatives are derived. The iterative algorithm
is outlined, and the theoretical error expressions
are given. Finally, for one example of transducer
arrangement, the distribution of the expected position,
angle, and velocity estimation error, over the target
plan, is presented in a set of contour maps.
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Fig. 1.

Geometry of perpendicular hit.

II. TOA EQUATIONS FOR A PERPENDICULAR HIT

While the main contribution of this work is
the shock wave time of arrival (TOA) equation for
an oblique hit (see (9)), we first develop the TOA
equation for the simpler case of a perpendicular hit
(Fig. 1). The virtual target plane is the y = O plane.
The supersonic projectile travels along the line defined
by x =0, z = h, and intersects the target plane at point
H(0,0,4). A transducer S(x,,0,0) is located on the
target plane (not a requirement). Let the time origin
¢t = 0 be defined as the epoch when the projectile
passed through an arbitrary point A(0,y,,4), located
early enough along the trajectory. The projectile B
generates pressure disturbances all along its travel.
These disturbances are detected by transducer S.
Because the projectile velocity is higher than the
speed of sound, the disturbances are detected at S
not in the order in which they were generated. The
disturbance from one special point B, will be the first
to reach transducer S. By definition its arrival matches
the detection of the shock wave by transducer S.

Fig. 1 and the following discussion help us find point
B, and from it the arrival time of the shock wave.

A pressure disturbance generated by the projectile
when it passes through an arbitrary point B, is sensed
by transducer S at a time ¢, (measured from when the
projectile crossed point A). The time duration ¢, is
the sum of two time durations. The first one is the
time it takes the projectile to travel distance R, from
point A to point B(0,y, k), at the projectile velocity V.
The second one is the time it takes the sound to travel
distance R, from point B to transducer S, at the speed
of sound C, hence .

z=&+&=y7y°+vy2+d2 (1)
S v o C vV C
where
d=/x2+h? 2)

and y is the distance of the corresponding point B
from the target plane (in Fig. 1 y <0).

To find the location of B f(O, y f,h), we find the
shortest 7, by taking the derivative of (1) with respect
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to y, and marking the resulting y as s

ot,

E = 0.

Y=yr

3)

Again, the physical meaning of ¥ 1s the location
of the projectile along its trajectory, from where the
pressure disturbance was the first to arrive at the
transducer. Performing (3) yields

2 vsc

V2
cz - 1
It is interesting to find a typical ¥s. Using the
typical values d =2 m and V = 2C yields V=
—1.15 m. This result implies that the leading edge
of the shock wave is likely to originate when the
projectile is about 1 m in front of the target.
Substituting y, instead of y in (1) yields the TOA
of the shock wave at the transducer

1 1
i
For the general case when there are N transducers
located at x, ¥, 7, k = 1,2,...,N and the hit

coordinate is at (x,0,4), the TOA of the shock wave
at the kth transducer is given by

I 1
f, = _{/—°+y7k + \/(x—xk)2+(h—zk)2\/63—ﬁ,

k=1,2,....N. (6)

Y= “)

ts,mm=—);/—°+d V>C.

&)

Note that the term —y,/V is an arbitrary delay term
common to all the transducers. It resulted from an
arbitrary definition of the reference time ¢ = 0, as the
epoch when the projectile passed through the arbitrary
point A. The reference time could be chosen at any
other instance of time. Hence we can replace the term
—Yo/V by a common time offset 7.5, and rewrite (6)
as :

Y /1 1
I = Liffger + —V£ + \/(x_xk)z +(h— zk)2 E - W’

k=12,...,N. )

A practical choice of ¢ g, is the epoch at which
the shock wave was first detected by one of the
transducers.

Equation (7) contains 4 unknowns: x,h,V ,t ..
Hence, at least 4 transducers are required. The speed
of sound C need not be included as an unknown.

C in m/s can be derived from the prevailing air
temperature 7 in deg Kelvin, using the well-known
approximation [8]

C[m/S] = 20.05’ / TioK]'

However, C can become an additional unknown,
and solved simultaneously with the other four, if the
number of transducers is at least five.

®
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Fig. 2. Geometry of oblique hit.

Ill. TOA EQUATIONS FOR AN OBLIQUE HIT

When the horizontal angle o between the trajectory
and the normal to the target plane is not necessarily
zero (Fig. 2), the derivation of the TOA equation is
more elaborate than the derivation which led to (7).
The new TOA equations for the k = 1,2,...,N sensors
become

1 .
B = fofree — 37 [(¥ — ) sina -y, cosal

+ /I~ x)cosa + y, sinal? + (h — hy)?

1 1
Ve v

Note that for @ = 0, (9) reduces to (7). It is important
to realize that (9) is a prediction of the noise-free
TOA measurement expected at the kth sensor if the
hit coordinates are (x,h), the projectile velocity is V,
and the incidence angle is a.

To the best of our knowledge such an explicit
expression of the expected measurement of an
acoustic shock wave TOA for an oblique hit was not
derived before. Having such an explicit equation of
the expected practical measurement, together with its
derivatives (listed below), allows a very simple and
quick iterative solution of the hit coordinates.

In order to implement an iterative Gauss—Newton
algorithm, it is helpful to have explicit expressions
of the partial derivatives of (9) with respect to each
one of the estimated parameters. For convenience of
notation let us first define '

)

O = \/[(x —x)cosa + y, sinal? + (h— k)2,

k=12,...,N. (10)

From (9) and using (10) we obtain all the. required
derivatives:

o, sina 1 /1 1
B cz vz

x VvV g

X [(x —x)cosa + y, sina]cos o

(11)
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O ! [(x—x,)sina —y, cosa] + &

v -V N
Ve wm
o, h—z |1 1
o~ g V& v -
g_;’z = —[(x —x,)cosa + y, sina]
1 1 /1 1 .
X{V-'-Q_k E—W[(x—,vk)51na—ykcqsa]} i
' (14)
or,
-1 15
atoffset ( )
9% %
ac ~ NI (10)
Ve v

The last derivative is needed only if the speed of
sound C is estimated from the TOA measurements.
The actual measurements, an initial guess of the
trajectory parameters and (9)—(16), can now be used
in an iterative Gauss—Newton algorithm to produce a
least-squares estimate of the five parameters.

IV. ITERATIVE ALCORITHM

In order to simplify the notations we define our
equations in matrix and vector forms. The vector of
unknowns (assuming the speed of sound is known) is
defined as

x=[xhVatg,l (17)

where the superscript T represents the transpose
operation. The vector of calculated TOA is defined
using (9), as

M®) = [1,@5%), ... (y ]

The actual TOA measurements, are arranged in a
corresponding vector M, ..c...q. The partial derivative
matrix is an N x 5 matrix whose (%, j) element is
defined as

ot

H(E)k,j = ax.

J

(18)

(19)

where x; is the jth element of the vector of unknowns,
defined in (17).

A recommended initial guess of the iterative
algorithm is ¢ g, = 0, & = 0, x and & at the center of

the target, and V the typical velocity of the projectile.
The updated estimate following the ith iteration is

X = X+ HH) TH M, oreq — M(x;))]
(20)

where the partial derivative matrix in (20) uses the last
estimate of the unknowns, namely

H = H(x,). 1)
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The iteration process continues until the sum
of squares of the changes in the values of x, drops
below a predetermined threshold. When the number
of transducers is larger than the number of unknowns,
the vector of residuals after the last iteration

B(i) = [Mmeasured _M(z(i))] (22)

will not be identically zero. If one of its elements is
considerably larger than the rest, it can be considered
an outlier. In such a case it is better to ignore the
corresponding measurement and repeat the iterative
process with N — 1 measurements. When a transducer
repeatedly produces outliers it may be an indication of
a defective device.

a

V. EXPECTED RANDOM ERROR

Random TOA measurement errors cause random
errors in the estimated parameters. If the random
errors in the TOA measurements are independent
and identically distributed (IID) with a zero-mean
Gaussian distribution having a standard deviation
(STD) o,, then the random error in the jth estimated
parameters will also be zero-mean Gaussian with STD

given by
oy, = o,\/ (HTH); .

We are interested in the total hit position error, whose
distribution is Rayleigh with an rms value given by

(23)

0, = /0% + 0} = o, /(HTH) | + (HTH),} (24)

in the incidence-angle error

o, =0, /(HH), (25)
and in the velocity error
oy = at\/(HTH);;. (26)

In Fig. 3 we present an example of a 4 X2 m
target and a 7 transducer array. The transducer
locations are listed in Table I. Such a large target
(resembling a tank silhouette) is found in armor firing
ranges, where oblique hits are very likely. The tank
application also prompted locating the transducers
below the silhouette, to reduce their chance of being
hit.

Fig. 4 is a contour map of the resulting total
hit position estimation error rms (see (24)) for that
example. The TOA measurement error is assumed
to be normally distributed with zero mean and the '
STD is o, = 10 us. The projectile velocity is 800 m/s
and the incidence angle is zero (both unknown to the
estimator). The speed of sound was 345 m/s (known
to the estimator). Fig. 4 shows that the position of a
hit anywhere on the 4 x 2 m target is estimated with
rms error smaller than 4 cm.
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TABLE I
Transducer Location Relative to the Center of the Target Base

# 1 2 3 4 5 6 7
x [m] -22 -2.2 -1.1 0 1.1 22 2.2
y [m] -0.5 0 0 0 0 0 -0.5
z [m] -0.5 -0.5 -05 -0.75 -0.5 -0.5 -0.5

Fig. 3. Example of 4 x 2 m target and 7 transducer array.

Note that a TOA measurement error could be
attributed to a combination of actual error in time
measurement and to errors in the position of the
transducers. A 10 us TOA error corresponds roughly
to a 0.34 cm transducer position error. Note also
that while the silhouette in Fig. 3 is defined by
—2<x<2m,y=0,0<z<2 m, hits in the vicinity
but outside the silhouette are also measured. For the
given example the solved hit coordinates are given
relative to point x =0, z = 0 on the y = 0 plane. In
general the hit coordinates can be given relative to
a translation or. rotation of the coordinate system, as
long as the transducer locations are also given in the
new coordinates system. The role of the silhouette is
to present the target to the marksman. In that respect,
the location of a reference mark on the silhouette
must be known in the same coordinate system, if
scoring is based on how close the point of impact is
to the mark.

Figs. 5 and 6 present the rms error of the estimated
incidence angle and projectile velocity, respectively.
Fig. 5 indicates rms error of 0.6° or less in the
estimated incidence angle. Fig. 6 indicates rms error
of 16 m/s or less in the estimated projectile velocity
(out of a nominal value of 800 m/s). Both errors are
linearly related to the delay measurement error rms,
which was assumed as 10 ps.

Fig. 7 is a contour map of the resulting total
hit position error rms when the incidence angle is
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Fig. 4. Contours of expected total hit position rms error (in cm).
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Fig. 5. Contours of expected incidence angle error STD
(in degrees).
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Fig. 6. Contours of expected velocity rms error (in m/s).
Nominal velocity is 800 m/s.

a = 30°. Comparing it with Fig. 4 (a: = 0°) shows only
minor degradation.

Studies of error contour maps, for different
transducer locations, indicate that it is advantageous
to locate at least one transducer at a different
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Contours of RMS combined error [cm] ~ STD TOA error = 10 microsec, Horizontal angle = 30 deg,
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Fig. 7. Expected total hit position rms error contours (cm) when
incidence angle is 30°.

horizontal distance from the target, than the rest of the
transducers (1 and 7 in Table I). If the speed of sound
is also estimated, it is advantageous to position at least
on transducer below the rest (4 in Table I).

The linear dependence of the estimated error on
the measurement error, shown in (24)—(26), implies
that if the measurement error is different from the
assumed o, = 10 us by a factor, then the contour
values in Figs. 4-7 will be multiplied by the same
factor. :

Contrary to intuition, geometrically scaling
down the target and the array by a factor does not
scale down the values of the hit error contours. For
example, if the silhouette and the transducer array
were reduced by a factor of 4, the hit position rms
error contours will look exactly like Fig. 4, except that
the horizontal and vertical scales will be smaller by
a factor of 4. For example, the 3 cm error contour
line will still follow closely the edge of the smaller
(—0.5<x<0.5m, 0<z<0.5 m) silhouette, as it
does in Fig. 4 for the original silhouette. Furthermore,
the angle and velocity error contours will increase by
that factor.

The means to reduce hit position errors in a small
target are to improve the delay measurement error and
the accuracy of the transducer location, and to spread
the transducer array around the silhouette rather
than below it. Furthermore, since small competition
targets usually serve perpendicular firing, the angle of
incidence could be treated as a known parameter. This
will improve the estimation accuracy of the remaining
parameters.

VL. CONCLUSIONS

A practical algorithm was presented for
determining the trajectory of a supersonic
projectile intersecting a virtual target plane. The
algorithm utilizes measurements of the TOA of the
supersonic shock wave at a transducer array. The
algorithm handles an important additional estimated
parameter—a horizontal incidence angle. This feature
allows coverage of nonperpendicular hits. Oblique
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hits are likely to occur in modern armor and infantry
training ranges. This feature could be used also to
determine direction of hostile fire (counter-sniper).
The main contribution of this work is an explicit
equation of the measured TOA of the supersonic
shock wave, for an oblique hit, as a function of the
estimated parameters and the transducer coordinates
(9). The TOA equation and its derivatives with respect
to the estimated parameters (10)—(16) enable a simple
and fast solution for the trajectory parameters using

a Gauss—Newton least-squares iterative algorithm.
The array requires at least 5 transducers. There are
almost no restrictions on the transducer locations. The
partial derivatives also enable predicting the expected
accuracy of the estimated parameters for any given
array.
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