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Abstract: A low-loss CFAR algorithm for Weibull
background is discussed. The two parameters
(shape and scale) of the background statistics are
estimated using a maximum-likelihood algorithm.
A CFAR threshold based on parameters estimated
in this way exhibits a smaller variance, and hence
a smaller CFAR loss, than thresholds based on
other estimation algorithms such as moments or
order statistics. The analysis covers both complete
and censored background sample sets.

1 Introduction

The Weibull probability density function (PDF) is known
to represent sea and ground clutter at low grazing angles
or at high-resolution situations [1, 2]. The Weibull PDF
is a two-parameter distribution, of which the Rayleigh
distribution is a special case. In cases of large clutter-to-
noise ratio, the clutter PDF dominates the background.
This paper deals with such a situation, and assumes that
the background can be described by a Weibull PDF

Cc-1 C
f=% (%) exp [—(%) ] M)

where the random variable x is the output of the
envelope detector, B is the scale parameter, and C is the
shape parameter.

Constant false-alarm rate (CFAR) detectors for
Weibull background have been suggested in the past
[3-5]. The adaptive threshold was effectively based on
the estimation of the scale parameter and the shape
parameter, using either moments [3] or order statistics
[4, 5]. Both techniques exhibit extensive CFAR loss [5].
It has also been demonstrated that the loss is related to
the variance of the estimated parameters [5]. To reduce
the variance, and therefore the CFAR loss, a CFAR algo-
rithm in which the parameters are estimated using
maximum likelihood, was developed and is described
here. The maximum-likelihood (ML) algorithm is more
computational-intensive than the other two approaches;
however, modern processors may be able to handle the
additional processing. Even if not implemented, the
expected performances of the ML algorithm can serve as
a comparative reference for the simpler algorithms.

In the following sections we will develop the
ML-CFAR algorithm and analyse its performance,
beginning with the simple case in which the shape param-
eter is known, and proceeding to the case in which both
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parameters are unknown. For that general case we will
show that the maximum-likelihood (ML) CFAR thresh-
old is implemented as shown in Fig. 1, by setting the

decision

cut \

comparator

maximum-likelihood
estimator

Fig. 1 Maximum-likelihood CF AR for Weibull background
adaptive threshold according to
T = Ba'/€ 2

The ML estimates of B and C are obtained [6] from the
M background samples

X=Xy, X35 .00s Xp) " 3
by solving iteratively for C the equation
M
xf In x; L LM
lﬂT——E=—A}Zlnxj (4)
>
=

and using this C, obtain B from
~ 1 M NUe
B= <ﬁ ¥ xf) )

The coefficient « is a function of the number of reference
samples M and the desired probability of false alarm
Pg,. a is independent of the parameters B and C.

The performances of the ML CFAR will be analysed
and compared against the performances of the Weber—
Haykin algorithm [4], which is based on order statistics
[5). The threshold-determining algorithm and its per-
formances will also be given for the case in which it is
desired to censor a given number of the highest-ranked
background samples, to gain immunity against inter-
fering targets.

2 ML CFAR for Weibull background with known
shape parameter

Our analysis will begin with the more simple case in
which the shape parameter is known, and we will show
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that « can be explicitly expressed in terms of M, Pg, and
the known C.

2.1 Uncensored ML CFAR (known C)
The background is represented by a set of M-
independent identically distributed (IID) samples x;, X,,
..., Xy, with a Weibull probability density function
(PDF), with a known shape parameter C, and an
unknown scale parameter B.

For the special case C =2, the PDF becomes Ray-
leigh, for which it has been shown [7] that the maximum-
likelihood estimator of B is

B= (L ix?>m ©)
M=
and a threshold of the form

T(x) = aB )

yields an optimal detector, which maximises the prob-
ability of detection for a given probability of false alarm.
Such a detector is called a uniformly most powerful
(UMP) test. It has also been shown [8] that the resulting
probability of false alarm is given by

Pr=(1+2)" ®

In an analogy to this special case (C = 2), we will use the
same kind of threshold, with the ML estimate of B, when
C is known but is not necessarily equal to 2. References 9
and 10 show that for such a case the ML estimator is
given by

R 1 M ¢ 1/C
5= (3 2%) ©

yielding a threshold

. . 1 M c 1/C
() = aB = a(ﬁ D x,.> (10)

i=1

A false alarm happens when the value in the cell under
test (CUT) exceeds the threshold, yielding

Py = j P[CUT > T(X)]f(X) d% (11)
o
The first term in the integrand is

P(CUT > T) = J “ o0 dx
= J:O C);:Cﬂ exp I:—(%)C] dx
S

Substituting the threshold from eqn. 10 in eqn. 12 we
obtain, for the first term in the integrand

tZC M X C
P(CUT > T) = exp -V ¥ EL (13)
i=1

The second term in the integrand of eqn. 11 is the joint
PDF of the M samples, which is

M Cc-1 C
=152 e[ -(3)] (19
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Inserting eqns. 13 and 14 into eqn. 11 we obtain

M aoc<x'>C71
Pry= b
=115 G

X exp |:—<1 + %)(%)C:l dx; (15)

Substituting y; = (x;/B)° we obtain

M © (IC
Pea=11 J exp|:—(l +M>yj:| dy; (16)
i1 Jo

i=1

from which we obtain

(ZC -M
Pra= (1 + —M) (17)

Eqn. 17 indicates that the algorithm is indeed CFAR, as
the false-alarm probability is independent of B. Using
eqn. 17 in eqn. 10 results in a rather simple expression for
the threshold

1/C

T(x) = [(PEA”“ - l)i Xf] (18)

22 Censored ML CFAR (known C)

The presence of interfering targets among the reference
cells can drastically degrade the performances of the
CFAR detector. To reduce this degradation, Rickard and
Dillard [11] proposed to censor the M — K largest cells.
For the case of Rayleigh distributed samples, the
maximum-likelihood estimator of B, using the K smallest
cells, was shown by Epstein and Sobel [12] to be

R 1 K 1/2
B= {E [(M — K)x}, + Z xfn]} 19)

P
where
Xy € X2y €S X S X (20)

It has been shown that this estimator has the same dis-
tribution as the ML estimator of B based on K uncen-
sored reference cells [12]. The censored ML estimator for
the Rayleigh background and square-law detector was
discussed by Ritcey [13].

For the Weibull background we propose to use the
ML estimator of B based on the K smallest samples out
of M reference samples, which was shown [9, 10] to be

N 1 K 1/C
B= {E [(M - Ko+ X xﬁ»,]} (21)

In References 9 and 10 it was also shown that the estima-
tor presented in eqn. 21 has the same distribution as the
ML estimator of B based on K uncensored cells. If the
threshold remains as in eqn. 7, the relation between P,
and «, given in eqn. 17, will apply after replacing the total
number of cells M, by the highest rank used K. Thus, for
the censored case we obtain the following relation
between Py, and T:

K 1/c
T(%)= {(P; MK _ 1)|:(M — K)xGo + ;xg.,}} (22)

2.3 Square-law detector
The analysis has so far assumed a linear detector, but
adapting to a square-law detector is straightforward.
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Note that if the random variable x is Weibull distributed
with the shape parameter C, the product of a square-law
detector y = x? is also Weibull, with the shape parameter
C/2. Hence, for the uncensored case the threshold will
become

M 2/C
() = [(PEA”M - 1)';)’?’2] (23)

3 ML-CFAR for Weibull background with
unknown shape parameter

When both the scale parameter and the shape parameter
are unknown, they need to be estimated simultaneously
from the reference samples. The adaptive threshold will
be based on the estimates of B and C. In this Section we
will derive the maximum-likelihood estimates of B and C,
prove that the threshold described by eqn. 2 is indeed
CFAR, and discuss the relation between the controlling
coefficient « and the probability of false alarm Pg,.
Unfortunately, we could not find an analytic expression
for that relationship, and the results will be expressed in
graphs, produced with the help of Monte-Carlo simula-
tions.

3.1 The ML estimator of the shape and scale
parameters

The derivation of the ML estimators for B and C was
reported in References 6, 9 and 10. We will repeat this
derivation briefly: to obtain the ML estimators, we derive
the joint PDF of the M reference cells f(%), differentiate
its logarithm with respect to B and C, and equate to zero.
The resulting set of equations can be solved iteratively to
obtain the ML estimates of B and C.

Assuming independence between the reference cells,
the joint PDF is

fx)= (ECE)M jllfll |:xf‘ Lexp (— %;)} (24)

from which we obtain

Inf(X)=MInC—MCnB

M 1M
+(c-1)21nxj—B—CZx,¢ (25)
j=1 j=1
dlnfx)  MC C X (x\°
B~ B +Bj; B (26)
dnf(x) M M
3 —C—MlnB+j;lnxj

_ i (%’)C In (’—I‘;) 27

Equating eqn. 26 to zero yields

. 1 ¥ .

=— ) X (28)
M
Equating eqn. 27 to zero and using eqn. 28 yields

M
xf In x; | M |

s — Y lnx;=x (29)
3 56 M & C
=l

Eqn. 29 can be solved iteratively to yield C, which will
then be used in eqn. 28 to yield B.
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We now have to justify the choice of the threshold as
described by eqn. 2. We first note from eqn. 12 that when
B and C are known exactly, the probability of false alarm
is

Ppa=exp [~(%>] (30)

Hence
T = B(—In P;)"¢ (31

When B and C are not known exactly, and are replaced
by their estimated values, which are not error-free, a
given threshold yields a larger P, than predicted by eqn.
30. To compensate for that, we replace —In Pg, by a
parameter o, which can be verified to determine the
desired Py 4. The threshold is therefore set according to

T = B¢ (32)

For a large number of reference cells M, and relatively
high P,,, we indeed expect « to be only slightly higher
than —In Pg,.

In Appendix A we will prove that the heuristic
approach that led to eqn. 32 was justified, and that eqn.
32 yields a CFAR detector. Furthermore, it can also be
shown that this is the only possible threshold based on
the ML estimators of B and C that maintains CFAR.

Using the simulation technique discussed in Appendix
B, we have obtained results for the relationship between «
and Py, for two values of M (16 cells and 32 cells). The
results are plotted in Fig. 2. We have also added the

80
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Fig. 2

a as a function of P, . The lowest curve is —In (P,)

curve of —In Py, to which « converges when M tends to
infinity. In Fig. 2, each point on the curve corresponding
to M = 32 was obtained from 100000 trials, and each
point on the M = 16 curve was obtained from 50000
trials. The curves are obtained using linear interpolation
between the points, without smoothing.

3.2 Censored ML-CFAR (unknown C)

To provide the ML-CFAR detector with immunity
against interfering targets, we resort again to the practice
of censoring the highest M — K samples. The improved
immunity will be achieved at the expense of decreased
estimation accuracy, and therefore increased CFAR loss.
The ML estimators for B and C in the censored case
were studied in References 6, 9 and 10, and are given by

X
(M — K)x&, In xg, + _lefn In x;,
=

—

1 K
— % —xLhnxg=3
(M — K)xGo + Y. x5 i=1
j=1

(33
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R 1 K 1/¢
=

Contrary to the case of a known shape parameter, where
the relationship between « and Py, depended only on K,
here we find that C, and hence the relationship, is a func-
tion of both K and M. An example of the relationship
between a and Pp, for M = 32 and various Ks, is given
in Fig. 3. This was obtained using the combination of
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Fig. 3  a against Py, for censored background sample sets. The lowest

curve corresponds to K = 32

M=32
K =20, 24,26, 28, 32

Monte-Carlo simulations and analytic calculations
described in Appendix B. Each point is the result of
100000 trials. The lowest curve corresponds to K = 32,
and the uppermost curve corresponds to K = 20. This
indicates that for a given M and P;,, decreasing K
requires an increase in o.

4 Probability of detection and CFAR loss

The probability of detection will be studied for the case
of a fluctuating target with Rayleigh PDF. As long as we
are dealing with a single-pulse case, both Swerling I and
Swerling II targets are covered. With this type of target
we encounter a difficulty in the cell under test (CUT). The
PDF of the target plus the background (which add as
vectors) cannot be obtained in a closed form. An attempt
to compute Pj, directly, using the exact PDF of the CUT,
results in a complicated triple integral which is hard to
evaluate numerically. We therefore seek an approx-
imation which is easier to compute. We note that when
the signal-to-clutter ratio is high, the contribution of the
clutter to the signal in the CUT is small, and the exact
PDF of that contribution is not very important. We will
therefore assume that the CUT contains the Rayleigh
target plus Rayleigh clutter with the same mean energy
as the Weibull clutter in the reference cells. This approx-
imation will become exact when the reference cells also
exhibit a Rayleigh PDF.

4.1 Known shape parameter

When the shape parameter C is known, the threshold is
based on the estimate of the scale parameter, as in eqn. 7.
The probability of detection will therefore be

Py = rP(CUT > oB)fy(B) dB (35)

where f5(B) is the PDF of the ML estimator of B, given in
eqn. 76. The probability of the CUT crossing a threshold
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T is obviously

HCUT>1v=jwka)w (36)

As indicated above, we will assume a fluctuating target
with Rayleigh PDF, and mean power of B?. The clutter
in the CUT will be approximated by a Rayleigh PDF
with the same mean power as the Weibull clutter in the
reference cells. The mean clutter power B2 will be related
to the scale parameter B, as

B2 = 32r<1 + %) (37

Since both target and clutter in the CUT are Rayleigh
distributed, the PDF of the CUT will also be Rayleigh
distributed

2

Yy -y
Jeury) = > eXp )
le“(l +E>+B,2 BZF<1 +E>+B‘2
(38)
Defining a signal-to-clutter ratio (SCR)
BZ
SCR = -—’—2— (39)
B -
(1+3)
and using it and eqn. 38 in eqn. 36, we will obtain
o —(aB)?
P(CUT > aB) = exp (B) 2 (40)
B*(1 + SCR)F(I + E)
Using eqns. 76 and 40 in eqn. 35 we can find P
j ® — () <M )"'
P, = exp =
o 2 2\ [\B
B*(1 + SCR)F<1 + E)
CyCM -1 _ MyC
41
o= P E )Y “1)
Substituting
M C
2= )

we obtain the result for the probability of detection when
SCR » 1:

— 1 mA'f*l
“‘w—mLz

2

_ 2/C

=2 (2 e

1+ SCR)I"(I + —)
C

For the special case of Rayleigh clutter (in which C = 2)

this integral can be solved explicitly, reducing to the well

known result
-M
} (44)

aZ

Pp=|14+——=
> [ * M + sCR)

Eqn. 43 is an approximate expression, because despite the

fact that the clutter in the reference cells is Weibull dis-

tributed, in the CUT we have assumed it to be Rayleigh

distributed (with the same mean power). In order to

X eXp
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check the accuracy of this approximation, we compare
the P, calculated using eqn. 43 with the Monte-Carlo
simulation in which the CUT contained Weibull clutter
(and a Rayleigh target). The results are given in Fig. 4, in

1 95
9
—_ 7
['LU o] 5
- 7
o e
o
= -2} ol
=3t 00!
~4 "
5 10 15 20 25 30 35 40

SCR,dB
Fig. 4  Probability of detection as a function of the signal-to-clutter
ratio. The solid curve is the theoretical approximation in which the cell
under test (CUT) is assumed to contain a target plus Rayleigh back-
ground. The dots represent results of Monte-Carlo experiments, in which
the CUT contained the target plus the correct Weibull background

Pro=1x107%
Cc=1
M=16

which the curve represents eqn. 43. The individual points
are each obtained from 1000 Monte-Carlo trials. For a
low SCR we expect the actual P, to be somewhat higher
than predicted by eqn. 43. The longer tail of the Weibull
PDF of the clutter in the CUT will cause more threshold
crossings. This is seen in Fig. 4, where the points are sys-
tematically slightly above the curve for low SCR. We
thus conclude that the expression in eqn. 43 accurately
describes the probability of detection of ML CFAR,
when the background is Weibull distributed with any
(known) shape parameter C, the target is Rayleigh fluctu-
ating, and SCR » 1. It is also accurate for any SCR when
C—-2.

Note that eqn. 43 applies also to the censored case, in
which the scale parameter is estimated by eqn. 21. The
only change in eqn. 43 will be to replace the number of
reference cells M by the highest rank used — K.

Fig. 5 contains numerical solutions of eqn. 43 for
Py, = 1077 and M = 16 reference cells, for several values

10 15 20 25 30 35 40
SCR,dB

Fig. 5  Performance of the ML-CFAR for various (known) shape

parameters

Pry=1x107% 16 cells

of the shape parameter C. As C gets smaller, the clutter
PDF has a longer tail, which forces an increase in the
adaptive threshold. This explains part of the correspond-
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ing drop in P,. This effect of C on Pj should be
observed also in a fixed-threshold (non-CFAR) detector.
The other cause for the drop in Pj, as C decreases, is the
reduced accuracy in estimating B. This effect is found
only in the CFAR detector. In order to separate the two
effects, we will next calculate the dependence on C of the
CFAR loss, rather than the probability of detection.

4.2 CFAR loss (known C)

The CFAR loss is the ratio between the SCR required to
achieve a specified P, and Pg,, and the SCR of the non-
CFAR case, in which the clutter level is known and the
threshold is a constant, designated as T, . In the non-
CFAR case (Rayleigh target, Weibull clutter), the follow-
ing two relationships hold:

_ tg)
Pg, = exp < B ) (45)

)

2
a1+ SCR)F(I + E)

P, =exp (46)

from which we obtain the non-CFAR triple relationship
between SCR, Pr, and Pp,

- (In (]/PFA))Z/C _1 @7)

2
(In (1 /P,,))r<1 + E)

When the CFAR detector is employed, we find the SCR
for a given P ,, Pp, and K by first calculating o from the
required Py, using eqn. 17; using that «, eqn. 43 is solved
iteratively (using K in place of M) for the SCR. The
CFAR loss is defined by the quotient

SCR(Py,, Py, C, K)
SCR(Pr4: Pp, O
Using this procedure we have calculated the CFAR loss
as a function of C, for the case of K = 16, P, = 0.5 and

Py, = 1075, The results are presented in Fig. 6. By com-
paring Figs. 5 and 6 we note, for example, that the

SCR,,

CFAR loss = (48)

CFAR loss,dB

04 086 08 1 1.2 1.4 16 18 2
shape parameter

Fig. 6 The CFAR loss of the ML-CFAR against the (known) shape
parameter

Known C, Py, =1 x 107*

P, =05

K=16

increase of 13 dB necessary to maintain P, =05 as C
drops from 2 to 0.8 (Fig. 5), is constructed from about
2.4 dB additional CFAR loss (Fig. 6), and a balance of
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10.6 dB increase, that would have been required by a
fixed-threshold detector.

Another interesting observation from Fig. 6 is the
approximation

CFAR loss(Cy)gp &~ % CFAR loss(C,) 49)
1

which can also be justified analytically.
Fig. 7 shows the dependence of the CFAR loss on the
number of reference cells used. The abscissa is M in the

9.
8L
7+
g 6}
w 5F
8
% 4
5 3k
2L
1t ——T___
0 " "
5 10 15 20 25 30 35
K
Fig. 7 CFAR loss as a function of reference cells used out of a total of
32 cells
Pry=1x107%

uncensored case, or K (out of M = 32) in the censored
case. The CFAR loss for the ML CFAR is compared to
that of Rohling’s order statistics (OS) CFAR [14]. A
similar comparison for a Rayleigh clutter (C = 2) was
reported in Reference 15. In Fig. 7 we have added the
results for C = 0.8. In the censored case the losses of the
ML CFAR are a function only of K, while the losses of
the OS CFAR are a function of both K and M. Fig. 7
demonstrates that for K < 3M/4, the CFAR losses of
both algorithms are comparable.

4.3 Unknown shape parameter

When both B and C are estimated by the maximum-
likelihood algorithm, their distribution is not available in
a closed form, to allow calculation of the Pp, in a similar
way to the procedure described by eqn. 35 for the ‘known
C’ case. Instead of using an expression such as eqn. 35 we
will use an approximation based on E(T), the expected
value of the threshold:

Py = ij(CUT > T)f({(%) d% ~ P[CUT > E(T)] (50)
o

The rationale behind this approximation can be
explained with the help of Fig. 8, which presents the
simulation results of a typical case. The dotted Gaussian-
like curve is the PDF of the threshold. The solid line is
the probability distribution P(CUT > T), when the CUT
contains only clutter, and the dashed line is P(CUT > T)
when the CUT contains target plus clutter. The param-
eters used to generate Fig. 8 were C =2, M =64,
SCR = 25 dB. Fig. 8 demonstrates that P(CUT > T) for
the ‘target plus clutter’ case is relatively constant over the
narrow interval of T in which its PDF is of any signifi-
cance. Therefore P(CUT > T) can be replaced by its
value at E(T). The same is not true for the ‘clutter only’
case. The curve P(CUT > T) in the ‘clutter only’ case
drops rapidly during the relevant interval of values of the
threshold T.
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With the assumption expressed in eqn. 50, the pro-
cedure of calculating P, is to determine, by simulations,
the expected threshold E(T) for a given situation (M, B,
C, P;,). With E(T) available, the probability of detection

log of COF or POF

o T 3 3 4 5 6 7 8 9 10

/B
Fig. 8 I — CDF of the cell under test with (- ——-) and without
( ) a target, and the PDF of the normalised threshold (- )

(assuming again Rayleigh target and Rayleigh clutter in
the CUT) is given by

()
"\ B

P, =exp — 7 (51
1+ SCR)I"(I + —>
C
from which we extract the required SCR
2,
SCR = ED) -1 (52)

1 2
2 (— {1+ 2
B “(P)r( +C>

In the non-CFAR case we will obtain the same expres-
sion, except for replacing E(T) by the constant threshold
T, . Thus

T2
SCR,, = 1 = 5
B in{— {1+
" (PD) ( * C>
The CFAR loss is, therefore, approximately

SCR EXT)
CFAR loss = SCR. ~orT

—1 (53)

54

Note that this approach for approximating the CFAR
loss was also used by Rohling [14]. We have checked the
approximation for an unfavourable case: M = 16, Pry =

1075, P, =05 and C =1. The required SCR (from
simulation) was 37.8 dB. The required SCR for the non-
CFAR case is 19.8 dB, hence the exact CFAR loss is
18 dB. The CFAR loss obtained from the approximation
in eqn. 54 was 18.8 dB. Thus for this unfavourable case
the error was 0.8 out of 18 dB. Note that the number of
Monte-Carlo trials required for the approximation is
smaller, because they do not extend beyond finding the
average threshold.

4.4 Performance comparison between the ML CFAR
and the WH CFAR

The performances of the ML CFAR in the case of

unknown C will be compared to the performances of the

Weber—Haykin (WH) algorithm [4, 5]. According to the

WH algorithm, the threshold is set using the ith and jth
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ranked reference cells:
T = xfy *xf, (5%

As pointed out by Levanon and Shor [5], this threshold
is also of the form

T = Bal/® (56)

where B = x,; and C is the percentile estimator suggested
by Dubey [16]. Dubey found that the optimal values for
i and j are the closest integers to 0.1673 M and 0.9737 M,
respectively. We have used these values in the compari-
son.

In order to run the comparison we used « from Fig. 2,
but we also needed § for the WH algorithm. § as a func-
tion of Py, for M =16 (i=3,j=16)and M =32 (i = 5,
Jj = 31) reference cells is given in Fig. 9. The CFAR losses

24

22

IEPTETIN M. T

169 104 103 102 10
Pra

Fig. 9  The coefficient B of the Weber—Haykin CF AR algorithm.

—--- M=16i=3j=16
—— M=3,i=5j=31

were calculated using the approximation in eqn. 54,
which applies also to the WH algorithm. The results for
M =16 and 32 and for C =1 and 2, are presented in
Figs. 10 and 11. In these two figures, the solid curve cor-

25
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Fig. 10 CFAR loss of the maximum-likelihood algorithm ( ) and
the Weber-Haykin algorithm (- — - -), for M = 16 cells, and C = 1 and
2

responding to the ML CFAR is the lower curve, indicat-
ing that its CFAR loss is always smaller than the CFAR
loss of the WH CFAR (dashed curve).

4.5 Comparison between ML CFAR and WH CFAR
(censored case)

When the highest ranked cells are censored to protect the

algorithms from interfering targets, the estimates of the

parameters are poorer, causing an increased CFAR loss.

The two algorithms were compared also in the censored

case, in which the lowest 26 cells out of a total of 32 cells

262

were used. In the WH algorithm this meant i = 5, and
Jj = 26. The corresponding « and f values as functions of
the P, are presented in Figs. 3 and 12. The CFAR loss

10,
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8| M=32
7|
8 ¢
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g 5
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0 PP Lo Snn,
16° 104 107 10° 10
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Fig. 11 CFAR loss of the maximum-likelihood algorithm ( ) and
the Weber—Haykin algorithm (— — — -), for M = 32 cellsand C = [ and 2
26
24
22|
2|
«Q
1.8
16
1.4
12
10° 16° 103 102 10’
Pra
Fig. 12  The coefficient B of the Weber-Haykin CFAR algorithm
M=32
i=5
j=26
K=26

curves for C = 1 and 2 are presented in Fig. 13. Note that
the ML CFAR exhibits a smaller loss also in the cen-
sored case.

18r
o
o
a
Ked
o
P
[s}
10° 6% 167 167 16!
Pea
Fig. 13  CFAR loss of the maximum-likelihood algorithm ( ) and
the Weber-Haykin algorithm (- — — -). In both algorithms the highest

rank used is 26 (out of a total of 32 cells). The Weibull shape parameters
areC=1and2
M=32

K=26
5 Conclusions

We have described a CFAR algorithm for Weibull back-
ground, based on a maximume-likelihood estimator of the
shape and scale parameters of the Weibull PDF. The
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algorithm, exhibits a lower CFAR loss than the Weber—
Haykin (WH) algorithm, in which the two parameters are
estimated using order statistics. Since the WH algorithm
was known to exhibit a lower loss than the moments
estimator, we can claim that the maximume-likelihood
CFAR for the Weibull background described in this
paper, yields the lowest CFAR loss of all the known
CFAR algorithms for Weibull background. However, this
does not mean that the ML algorithm maximises the
probability of detection for a given probability of false
alarm.

The loss improvement over the WH algorithm should
be weighted against the computational complexity. The
iterative solution of eqn. 33 is more difficult to implement
than the sorting required by the WH algorithm. The cri-
terion for halting the iterations was a step in C smaller
than 1/20 of the theoretical standard deviation of C. This
would entail a CFAR loss increase smaller than 0.05 dB.
With that halting criterion, when the initial guess of C
was correct, the average number of iterations was 4.4.
When the correct C was 2 and the first guess was C = 1,
the average number of iterations was 6.9.

It can be shown that the algorithm presented in this
paper exhibits a CFAR property for other background
distributions, in particular the log-normal distribution.
However, its performances in the presence of log-normal
background are inferior to the performances of the ‘log-r’
detector [17], which is a maximum-likelihood CFAR
algorithm matched to log-normal background. In fact,
every CFAR detector for Weibull background is also
CFAR for log-normal background and vice versa.
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7 Appendices

7.1 A test for the CFAR property

The general expression for the Py, in the case of Weibull
background is given in eqn. 11 and 12, which, when com-
bined, appear as

Pea= f " exp {—[%”ﬂﬂ(i) ax 7)
0

where the PDF is given in eqn. 14 and rewritten here as

M c-1 C
P T AR

Substituting

x;\¢
¥y = (;) (59)
we obtain
M
L) = D1 exp (—y) (60)

Using eqns. 59 and 60 in eqn. 57 we obtain
T8

«© M
Pry =j exp {—[—B—] } [] exp(-y)dy; (61)
0 ji=1
where
T(B9Y/€) means T(Byi’, ..., Byy°)
For the method to be CFAR, P, should be independent
of both B and C. A necessary and sufficient condition for

eqn. 61 to be independent from both B and C is to
demand that

+1/C\7|C
[LBBy——)] - 16) ©

or equivalently

76

Before we can apply this test to the threshold suggested
in eqn. 32, we also need to prove that the maximum-
likelihood estimates of B and C obey

J/5\V BT

2 = 64
B[(ﬂ)] p (©4
75V €

R N o) 65
C[(ﬂ)] ¥ (©3)

To prove eqns. 64 and 65, we note that the likelihood
eqns. 26 and 27, after being equated to zero, are both
functions of the format

{(3]-

If the samples x; are transformed into (x;/B)’, the new
solutions of the likelihood equations B and (', will
satisfy

x\ |
Gl (o
B/ | _ (gl) ©7)
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or
& =C (68)
BB = (Bf 6%
yielding
=< (70)
¥
. B
B = 7 (711)

which are equivalent to egns. 65 and 64 respectively.
Having proven eqns. 64 and 65, we are now ready to
test whether the threshold

T(X) = B(X)a11C® (72)

has the property required in eqn. 63. Replacing X by
(%/B)C in eqn. 72, and using eqns. 64 and 65, we obtain

{G]-4 Je=

[E(x)]c ac/(j(;)

B¢

ﬁ(i)allt’?(i) C
[A
[T
LB

7.2 Determining Pr4(a, M) by Monte-Carlo
simulations
An explicit expression for the Pp, is difficult to obtain
because it requires a knowledge of the distribution of the
ML estimators of B and C. The asymptotic distribution,
known to be normal, can be used, but the result will be
accurate only for a large number of reference cells. We
therefore relied on simulations to obtain Pg4(«, M).
Straightforward Monte-Carlo simulations will require
a huge number of trials if small values of P, are to be
simulated. Suppose an event with probability p is simul-
ated, and p is to be estimated by the number of events
over the number of trials. The relative accuracy of such
an estimator is

STD(p) - 1
P mp)
If the desired accuracy is 10%, the number of trials m will
have to be 100/p. To evaluate the performances for
Pr, = 1073 will require 107 Monte-Carlo trials.

Fortunately, in our case part of the process can be
described in a closed form, thus decreasing the number of

QED (73)

(74)
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required trials by two to three orders of magnitude. The
detection process consists of two ingredients: the refer-
ence cells, from which we determine the adaptive thresh-
old, and the cell under test (CUT). We do not have a
closed-form expression for the statistics of the adaptive
threshold, but we do know the statistics of the CUT. We
can use this fact and randomly generate only the refer-
ence cells, and from them the adaptive threshold. Given
the threshold, the probability of the CUT exceeding it is
given by eqn. 12. Thus, if we conduct m Monte-Carlo
trials, and therefore generate m adaptive thresholds {T;},
j=1,2,..., m the estimated probability of false alarm
will be given by

Pey= P(CUT > T)

j=1

n oo -G os

C and B in eqn. 75 should be the ones used in generating
the reference samples. The result, however, should be
independent of C and B. This estimator for Pp, can
easily be shown to be unbiased. Its variance is difficult to
compute because it requires a knowledge of the threshold
distribution. However, we can obtain some idea about its
performance by checking the variance of this estimation
technique for the simpler case of a known shape param-
eter. When the shape parameter is known, the PDF of
the ML estimator of B was shown by Harter and Moore
[9] to be

Bl

fol) = (%) G e (- M) s

From the PDF of B we can obtain the PDF of T = aB.
From this PDF, and from eqn. 75 the variance of the
estimated P, will be

1 24\ M
Var (Pra > o (1 + %!) a7

where M is the number of cells and m is the number of
trials. For P, = 1075, M = 16 and C =2, it is seen that
13000 trials are needed in order to achieve 10% estima-
tion accuracy. This is about three orders of magnitude
smaller than the 107 trials required in a straightforward
Monte-Carlo simulation. For the case of unknown shape
parameter, the reduction in the number of trials is less
dramatic. When Pp,=10"5, M=16 and C=2
(unknown to the estimator), the number of Monte-Carlo
trials necessary to obtain a 10% estimation accuracy of
the Pp,, was 6 x 10*. However, this is still a big
improvement over the 107 trials required in the straight-
forward approach.
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