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An effective way to increase the bandwidth of a coherent
pulse-train is to add a frequency step Af between consecutive
pulses. A large Af implies a large total bagdwidth, hence
improved range resolution. However, when the product of
the frequency step times the pulse-duration - is larger than
one (tPA f > 1), the autocorrelation function (ACF) of the
stepped-frequency pulse-train suffers from ambiguous peaks,
known as “grating lobes.” It is well known that replacing the
fixed-frequency pulses with linear FM (LFM) pulses of bandwidth
B can reduce those grating lobes. We present a simple analytic
expression for the ambiguity function (AF) and ACF of such a
signal and derive from it very simple relationships between Af,
B, and t, that will place nulls exactly where the grating lobes are
located, and thus remove them completely.

I. INTRODUCTION

Range resolution in radar is inversely related
to the signal bandwidth. A coherent train of
stepped-frequency pulses is an efficient method to
achieve large overall bandwidth while maintaining
narrow instantaneous bandwidth. One advantage of
uch an approach is that it allows utilizing the interval
etween pulses to adjust the center frequency of
other narrow band components of the radar system,
e.g., a phased array. One difficulty with this signal is
the grating lobes that appear in the range response

if t,Af > 1. Replacing the fix-frequency pulses

with linear FM (LFM) pulses is known to lower
those grating lobes. A stepped-frequency train of
LFM pulses is sometimes called frequency-jumped
burst (FJB). It is one of the waveforms used in the
Target Resolution and Discrimination Experiment
(TRADEX) radar, operating from the Kwajalein Atoll
in the central Pacific Ocean [1].

The amplitude and frequency of a train of
stepped-frequency LFM pulses is schematically
depicted in Fig. 1. It is constructed from N pulses,
each of duration 7,, with pulse repetition interval ¢,.
Each pulse is LFM with bandwidth B, and the center
frequency step between pulses is Af.

Methods to further lower range sidelobes and
grating lobes in this type of signal were recently
discussed [2—4]. In [2, 3] grating lobes are reduced
by varying the pulsewidths, thus destroying the
periodicity. The main theme in [4] is to use variable
frequency steps according to a nonlinear law. This
mitigates grating lobes and reshapes the spectrum
resulting in a reduction of range sidelobes as well.

In the work presented here, 7,, Af, and B remain
constant throughout the pulse train. However the

.. relationship between these three parameters is set in

" " such a way that the grating lobes disappear. Toward
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that purpose we need to develop the autocorrelation
function (ACF) of the signal. It turns out that it is
simpler to develop the ambiguity function (AF)
first. Note that even with fixed parameters, when

B > Af >0, the overall spectrum is not uniform

B anymore, but shaped in a way that emphasizes the

center of the band.

fl. AMBIGUITY FUNCTION OF STEPPED-
FREQUENCY LFM PULSES

We begin with the AF of a singleALFM pulse

- whose complex envelope u,(¢) has unit energy -

u,(t) = Lrect (ti 1)

v ) exp(jmkt?)
14 r )

. where k is the frequency slope, related to the

bandwidth B, (> 0) of the single pulse according to
B,

%

k== 2)

IEEE TRANSACTIONS ON AEROSPACE AND ELECTRONIC SYSTEMS VOL. 39, NO. 2 APRIL 2003



! 2

01, t,

Fraquency

.

L

L

Bl

? overlap V
[z af
Fig. 1.

where a “+" sign stands for a positive frequency slope
and a “—” sign stands for a negative frequency slope.
Henceforth we assume a positive frequency slope

{(k > 0), but the results apply to a negative slope s
well. Note that & and B are not the ultimate values of
the smgle pulsc slope and bandwidth. For the sake of
brevity ‘we’also use the following notation:

51n(7rx)
X

sinc (x) =

The AF of such a smgle LFM pu]se is well known
(seee. g 5D :

]
of

).s‘inc [t‘-}(u-% kT)'(l f%‘;—l)} \»,
T . EY R €'

Next we create a- uniform pulse train of N such LFM
pu]ses separated by [ -

bl

bq-(r;i/)l =
! p

(1) = Zul(r
Unit energy is,maintained due to the ‘division by. vN.
" For delay 7 shorter than the pulse.duration tp the AF
of the coherent pulse train is related to the AF of a -
single pulse according to

T @

sin{N=ut,)
N sin(rvt,)|’

)l

Ixn (m0) = x; (7, v

(5)

We now add LEM to the entire train of pulses,. usmg
an acldltlonal (but dlfferent) slope k : .

J-‘

|T|<t

NIl

u ) =u (t)exp(]rrk tz} = ——epr'rrk tz)z uy (- nr )
g Y \{I_V- n=0"

®)
-

where A
i_i

T

k, = A f > O

where a *+" sign stands for a- posmve frequency
step and a “—" sign stands for a negative frequency
step. Henceforth' we will assume a positive frequency

Bl )
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Stepped-frequency LLFM pulses.

step (k, > 0), but:the results apply to a negative step
as well. Adding LFM to a signal modifies its AF
according to a simple ;’ule [5]

Ixs(m )l = Ixn(rv + k7). (8)
Applying (8) to (5) we get
’ 51n[N7r(V +k), ]
Ixs(r )] =¥ (r.p + k; )| m
! |7] < I, (%)

Using (3) in (9) we get the AF of ‘Lhe combined signal

[xps(m )] = b ( - @) sine [fp[y_ +(k+k)7] (I "~ i:’_!)] [
? P
sinfN7(v + k]
Nenn+ kel 1S 1O

Note that the LFM slope &, introduced to create the
frequency step, adds to the. ongmal slope k of the
single LFM pulse. Hence the u]tlmate bandwidth of
each pulse in the train is

—|k+k|r

Using (7) and (11) in (10) the AF expressmn is
simplified to

[xns(r>0)i = ’(1 — !til) sinc[ti7 (u +B[1) (1 -

R i . P N
sin [N% (u + Af;) :,} i
Nsinl[rr (1/+Af%)t,] i

NULLIFYING GRATING LOBES

an

Il
1

)

x

Ir| <1,
(12)
.

We now nulhfy the grating lobes at the zero
Doppler cut of the AF, which is alsc the magmtude
of the ACF R(7). |R(r)| is obtained by setting = 0 in
(12) yielding

sin(N7TAf)
Nsin(rr AN [’

(13}

Tl <1,

695



tpAf = 5.0,

th =125

i

: WS_‘. .

I
0 0.1 02 03

06 07 08

Fig. 2. Stepped-frequency train of LFM pulses with grating' lobe cancellation. Top: |R; (7| (solid) and |R,(7)| (dash). Bottom: partial
ACF (in dB). N =8, 1 Af =5, 1B =125

Equation (13)is a product of two terms. The ﬁrst is
due to a single LFM pulse with increased slope

o1 =] (1 ) e o (1- 2]
) » 2

Ir| <t (14)
The second term describes the graﬁng lobes
_ | sin(NmTAf)
B = | Fsntrrap” TS 19

Clearly |R,(7)| exhibits peaks (mainlobe and grating
lobes) at

Tutes = 5 & =0ELEL 1A,

(16)

where |x| implies the largest integer not exceeding x.

Nullifying the grating lobes of [R,(7)| is based
on requiring that the nulls of |R,(7)| coincide with
them. Finding such cases is based on requiring
coincidence in two of the grating lobes. In some cases
this requirement nullifies all the grating lobes.

The general procedure is discussed in Section VI,
while here we present a simple example. Requiring
that |R, ()| will exhibit it’s 2nd and 3rd nulls exactly
at the first two gratings lobes, namely at 7 = 1/Af
and 7 = 2/Af, respectively, yields the following two
relationships: ’

Iri<t,

tPAf.= 5 17)
and

t,B=1235. (18)

The relationship in (17) implies that there must be
exactly five grating lobes within the pulse duration.

696

It turns out, howeyver, that in this case, as in many
others, not only the first two grating lobes are
nullified when conditions (17) and (18) are met, but
all five grating lobes are nullified. This property is
demonstrated in Fig. 2 (top) where |R,(7)| and |R,(7)|
are plotted on top of each other (for 0 <7 < tp). The
resulting magnitude of the ACF on a logarithmic -
scale is plotted in Fig. 2 (bottom). No grating lobes
can be seen. For comparison the ACF-obtained with
fixed-frequency pulses is presented in Fig. 3, where
the grating lobes are prominent. Note that Figs. 2
and 3 were obtained using N = 8 pulses, which
explains the 6 smaller lobes easily observed between
every two grating lobes in Figs. 2 and 3. Other

than that dependence on N, the figures are universal
in the sense that they are functions only of 1,B

and 1,Af. :

IV.  AMBIGUITY FUNCTION PLOTS

It is interesting to look at the AF of stepped-
frequency pulse-trains, with LFM (whose parameters
are set according to (17) and (18)) and without
LFM. The two plots are presented in Figs. 4 and 5,
respectively. Again the AFs were plotted for a signal
with N = 8 pulses. However here we need to specify
the duty cycle which was ¢, /t, = 1/9. In both figures
t,Af =5.In Fig. 4 1,B = 12.5. Note that N1,, which
normalizes the Doppler axis, is the entire duration of
the signal.

Fig. 4 shows that the nullifying is effective for
extended Doppler. The grating lobes build-up with
Doppler is relatively slow. This behavior is typical of
all the cases discussed here. Comparing Figs. 4 and 5
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Fig. 3. Stepped-frequency train of fixed-frequency pulses. Top: |R;(r)| (solid) and [R,(r)| (dash). Bottom: partial ACF (in dB). N =8,
t Af =5t B=0.
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Fig. 4. Ambiguity function of stepped~freq;1ency train of LFM pulses with grating lobe cancellation. Delay axis limited to |7 < 1,
N=8 1,Af=5, th =123, :,/z‘D =9,

we also note that the height of the main diagonal ridge  overlap is responsible for the relatively strong AF
(around zero delay) of the AF in Fig. 5 decays very peaks at multiples of ¢,. Figs. 6 and 7 extend the delay
slowly with Doppler; while in Fig. 4 the ridge height axis of Figs. 4 and 53, to include the first rectrrent

decays faster. . lobes, and confirm the conclusion stated here. The AF
Comparing Figs. 4 and 5, the-volume underneath. volume distribution in the recurrent lobes depends on
the AF, removed from the strip || < ¢,, must show the order of pulses. If the pulse order is permuted, the
up elsewhere. It will be found in the recurrent lobes volume in the recurrent lobes will be redistributed.
(around multiples of 2,). As Fig. 1 shows, having Note that rearranging the order of pulses does not
B > Af creates some frequency overlap between -. alter the ACF for |7| <t,, hence does not affect the
pulses despite the frequency steps. Such an overlap  mullifying process, which is confined to'this delay
does not exist with fixed-frequency pulses. The span.
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Fig. 5. Ambiguity function of’ stepped -frequency train of fixed- frequency pulses. Delay axis limited to 7| <f,. N =8, f,Af =5,
t,B=0,1/t,=9.

Fig. 6. Ambrgulty functlon of stepped-frequency train of LFM pulses with grating lobe cancellation. Delay axis extended to include the
nearest recurrent lobes. N =8, ¢ Af 5, t, B =125, 1t /t =9.

For comparison with Figs. 4 and 5, Fig. 8 presents
the well-known AF of a train of identical LFM
pulses (no frequency steps). Each pulse has the
same total frequency deviation as the combined
frequency deviation B + (N — 1)Af of the entire train.
of stepped-frequency LFM pulses. Fig. 8 displays
the well known Doppler resolution of a coherent
train of 8 identical pulses. Such Doppler.resolution is
completely lost in stepped-frequency pulse-train (Fig.
5), and partially lost in our stepped-frequency train of
LFM pulses.

V. SPECIAL CASES WHEN 7,Af <3

Before presenting a general search method for
parameters which results in nullifying the grating
lobes, we discuss the special case in which tPA f <3,
namely when there are no more than three grating
lobes (positive delay). These cases are affected by the .
symmetry about 7 =1¢,/2 of the sine argument in (14),
nBT(1—|7|/t,). :

Inserting the location of the first gratmg lobe
7, = 1/Af in the expression of the sine argument and
equating it to 7 will place the first null on the first
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Fig. 7. Ambiguity function of stepped-frequency. train of fixed-frequency pulses. Delay axis extended to include the nearest recurrent
' : " lobes. N =8, tpAf .=5, th =0, tr/tl', =9

Fig. 8. Ambiguity function of a train of identical LFM pulses. Delay axis limited to || <#,. N =8, £,A f =0,¢,B=475,1/t,=9.

grating lobe. The resulting relationship is

(t,Af)?

th = ZAf_—l_ (19)

When 1 < tpA f <2 the first grating lobe is located
in the second half of the pulse duration t,/2 <7, <t,,
placing a null on it will also place a symmetrical null
in the first half, where there is no grating lobe. An
example. is shown in Fig. 9. Clearly in this case it is
impossible to match the first grating lobe with the
first null, but it is possible to match a null for any
location of the single grating lobe, hence 7,Af can .
take any value within the limits 1 <#,Af < 2. (For the

LEVANON & MOZESON: NULLIFYING ACF GRATING LOBES IN STEPPED-FREQUENCY TRAIN OF LFM PULSES

speciﬁc value of tpA f=2andt,B =4, the first and
second null coincide at #,/2, hence the first grating
lobe matches both the first and second null, and the
second grating lobe, at 7, = Ly matches the third null.)
When 2 <£,Af < 3 the first grating lobe is located
in the first half of the pulse duration 0 < 7, < t,/2,
placing a null on it using (19) will place also a
symmetrical null in the second half. For that second
null to match the second grating lobe, located at
T, = 2/Af, it is necessary that the following will also
hold

g WA

P2, -2) 0
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Fig. 9. Stepped-frequency train of LFM pulses with grating lobe cancellation. Top: |R,(7)| (solid) and |R,(r)| (dash). Bottom: partial
ACF (in dB). N =8, 1,Af =16, 1,B =4.27.

lpAf= 3.0, th =45

/ tp

Fig. 10. Stepped-frequency train of LFM pulses with grating lobe cancellation. Top: |R,(7)| (solid) and |R,(7)| (dash). Bottom: partial
' ACF (in dB). N =8, tpAf =3, th =4.5.

Both (19) and (20) will hold true only when VI. GENERAL SEARCH PROCEDURE
t,Af =3 and 7,B = 4.5. This case is shown in Fig. ‘
10. It is the only case in which the first two grating The search procedure tries to find coincidences
lobes match the first two nulls. When 7,Af >3 there ~ between two grating lobes of |R,(7)| and two nulls
are three or more grating lobes, and matching nulls of |R(7)| when 7,Af > 3. In some of the cases the
to the first two is more regular. A search procedure is  coincidence will hold for all the grating lobes of
described next. [Ry(7)].
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A step in the search requires that (R, ()| exhibits
it’s mth and nth (n > m) nulls exactly at the gth and
rth (r > g) gratings lobes, namely at 7 = g¢/Af and

T =r/Af, respectively. The entire search goes through -

all the possible choices of m, n, g, and r, that meet
the constraints above. Using a specific choice of m,
n, g, and r in (14) and (15) yields the followmg two
relationships:

(i)
and
nBALf (1 - ;;%?) = n. (22)
Thus
(o) i) @

Of special importance is the requirement to nullify.
the first two grating lobes, namely ¢ = 1 and r = 2.
Solving 7,Af yields

r? — ng? 4dm—n

tA = =
f mr —nq g=1r=22m—n’

Recall that n, m, g, and r should be all posmve and
that m < n and g < r. Note that [t A f] is the number
of grating lobes. To be a valid sofutlon it must be
positive and greater than r.

If a valid t,A f was found for a specific selection
‘of m, n, g, and r, using it in (22) leads to the pulse
time-bandwidth product as

(mr® —ng*)?
t B= ———(t, Af) =
oo, Af ( = qr(r —g)(mr —nq)
_ (4m—n)?
g=1r=22(2m—n)’ 25
The ratio B/Af, which we call overlap ratio (see
Fig. 1) is
B mAf  (mrP-ng®) _ 4m-n
Af T r@Af - grir—gq) e=irs2 2
(26)

The number of pulses N should be much greater than
the overlap ratio in order to get a meaningful increase
in bandwidth.

Once m, n, g, and r are selected (resulting with a
given pulse time-bandwidth product and an overlap
ratlo) the ACF can be written as a function of 1 B and

TR
sin (Nm,,Afi)

P 4
. T ’
Nsin (mPA f;>

x Tl<1 @)

14
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TABLE I
Examples of Valid Cases

m n q r tpAf Btp B/Af
* * 1 2 -2 4 2
1 1 1 2 3 4.5 1.5
2 2 1 2 3 9 3
2 3 1 2 5 125 25
3 3 1 2 3 13.5 45
3 4 1 © 2 4 16 4
4 4 1 2 3 18 6
4 5 1 2 3.667 20.1667 . 55
5 6 1 2 35 245 7
4 7 1 2 9 40.5 4.5

where the dimensionless parameters ,B and 7,Af
are functions of only m, n, g, and r. As pointed out
before, the nulls of |R,(7)| are symmetrical around
T =1,/2. Note also that the number of nulls is the
Smallest integer no less than #,B/2 (i.e., [t,B/2]).
The number of peaks in [R2(T)| (grating lobes) is
[£,Af | (plus the mainlobe) and the peaks positions
are symmetric around 7 = #,/2 when #,Af is an
1nteger

Samples from a numer1ca1 search for possible
candidates for m, n, g, and r produced the parameters
listed in Table I. (Only a few are listed. Many more
exist). Table I includes cases in which nullifying two
grating lobes resulted in nullifying all the grating

lobes.

Table I contains only a small fraction of the
integer values of m and n over which the search was
performed. We scanned integer values of m and n
such that th is as high as 2000 (m and n are from
1 to 1500) and found that for each value of 7,B a
solution is feasible only for relatively small values
of t,Af. For example, for 7,B = 1600 we did not
find 7,Af > 60 that still nullifies the first and second
grating lobe. This result implies that when 7,B is large
a valid frequency step Af must be small, and the
number of pulses N should be very large in order to
get a noticeable increase in bandwidth.

In addition to the fact that the grating lobes were
nullified, there is interest in the mainlobe width and
the height of the near sidelobes. Both are affected
also by the number of pulses N. Regarding the
mainlobe width, the location of the first overall null
is determined by which of the two expressions: |R;(7)|
or |R,(7)|, exhibits an earlier first null (see (14) and
(15)). When t,B> 1 the location of the first null
of |R,(7)| is approximately the inverse of #,B. This
allows a simple expression for the location of the first
overall null,

Tist null : 1 1 )
———=min| —, 5.
1, (th Nt,Af

The height of the near sidelobes cannot be described
by a simple expression. However, when

(28)
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Stepped- frequency train of LFM pulses with grating lobe cancellation. Top: |R,(7)| (solid) and |R, (T)| (dash) Bottom: partial

ACF(mdB) N =38, tAf 3, tB-lS

t,Af=00, tB=390 ‘
1 B N B T T T
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‘:/t

Fig. 12. ACF of train of identical LFM pulses with same total frequency deviation as signal in Fig. 11. Top linear scale Bottom: log
. scale (in dB). N =8, 1,Af =0, 1,B=39. .

1,B~2/3Nt,Af the first null of |R;(7)| will,
approximately coincide with the peak of the first' (and
highest) sidelobe of |R,(7)|, splitting it into two lower
sidelobes. An example is given in Fig. 11. Thus, in
addition to nullifying the first grating lobes, we have
used the additional parameter N to place a null on the
first sidelobe peak. '

702

In Fig. 11 we used the case: m =4, n =4,
g=1,r=2,1,Af =3,¢,B =18. This resuits in
B/Af=6>» 1 and a relatlvely large m. As B/Af
and hence m are increased the mainlobe of the ACF
will be determined more by |R;(7)] than by [Ry(7)|. In
the limit, when Af = 0, the signal reduces to a train
of identical LFM pulses.
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It is interesting to compare the ACF given in Fig.
11, with the ACF of a train of identical LFM pulses
(no frequency steps), in which the entire bandwidth,
B + (N — 1)Af, is put in each pulse. The ACF of
such a signal is given in Fig. 12. Comparing the
two figures we note that stepped LFM yields lower
sidelobes and wider mainlobe. This is typical to the
outcome of a weighted LFM and nonlinear FM.

Both are designed to give more weight to the center
frequencies. Indeed, as pointed out in the introduction,
when B > Af > 0 the spectrum emphasizes the center
frequencies.

VII. CONCLUSIONS

Good range resolution requires wide bandwidth,
which can be obtained relatively simply by using
a stepped-frequency train of pulses. An associated
difficulty, however, are “grating lobes™ at delay
intervals of 1/Af. Replacing the fixed-frequency
individual pulses with LFM pulses can mitigate the
grating lobes problem. We showed that imposing two
specific relationships on the two signal parameters
(t,B and .'pAf) results in complete nullifying of
the grating lobes. We presented a search procedure

engineering.

for these two relationships, and provided several
examples. Our search revealed that for very large 7,B
a valid normalized frequency step 7,Af must be small;
hence the number of pulses N should be very high in
order to get a noticeable increase in bandwidth.
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