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Abstract

We proposea new algorithm for denseoptical 
o w computation. Denseoptical 
o w
schemesare challenged by the presenceof motion discontinuities. In state of the art
optical 
o w methods, over-smoothing of 
o w discontinuities accounts for most of the
error. A breakthrough in the performanceof optical 
o w computation hasrecently been
achievedby Brox et al. Our algorithm embedstheir functional within a two phaseactive
contour segmentation framework. Piecewise-smooth 
o w �elds are accommodated and

o w boundariesare crisp. Experimental results show the superiorit y of our algorithm
with respect to alternativ e techniques. We also study a special caseof optical 
o w
computation, in which the camerais static. In this casewe utilize a known background
image to separatethe moving elements in the sequencefrom the static elements. Tests
with challengingreal world sequencesdemonstratethe performancegainsmadepossible
by incorporating the static cameraassumption in our algorithm.

1 In tro duction

Optical 
o w is the apparent motion in an image sequence,observable through intensity

variations [1]. Although optical 
o w is generally not equivalent to the true motion �eld,

they arequite similar in typical cases.Optical 
o w computation is a key step in many image

and video analysisapplications, including tracking, surveillance, dynamic super resolution

and shape from motion.

Various approachesto optical 
o w computation have beensuggested[2]. Theseinclude

di�eren tial techniques[3, 4], phasebased[5] and statistical methods [6]. Variational optical


o w computation is a subclassof di�eren tial techniques,that usethe calculusof variations to

1



minimize a functional embodying the constancyof featuresin the imageand smoothnessof

the resulting 
o w. Brox et al [7] have signi�cantly improved upon the original work of Horn

and Schunck [3], by incorporating coarse-to-�ne strategies[8, 9, 10], robust statistics [1, 9]

and gradient constancyin a nonlinear objective functional.

Denseoptical 
o w methods, i.e. algorithms that estimate the optical 
o w everywhere

in the frame, tend to fail along strong discontinuities in the optical 
o w �eld. Even with

the algorithm of Brox et al [7], that employs a robust smoothnessterm, most of the error

developsthere. Coupling optical 
o w estimation with segmentation o�ers better support for


o w discontinuities [11, 10].

In other approaches, the preciselocation of the boundary is consideredto be of higher

importancethan the overall accuracyof the optical 
o w �eld. Wangand Adelson[12] decom-

posedthe image sequenceinto layers of a�ne motion with successively decreasing�delit y.

Cremersand Soatto [13] segmented the sequenceinto regionsof a�ne motion boundedby

evolving contours, including an explicit spline based implementation, and two-phaseand

multi-phase level set implementation. However, thesemethods focus on the segmentation

of the image, and their assumptionof motion a�nit y limits their precisionas optical 
o w

computation methods.

In this paper, we embed the functional of [7] within an active contour segmentation

framework. The goal is to pro�t from the excellent performanceof that method, while

producing crisp 
o w boundaries. Following [11, 10, 13] we restate the optical 
o w problem

as that of determining piecewisesmooth 
o w �elds bounded by contours, simultaneously

minimizing the length of the contours and the optical 
o w functional of [7] insidethe smooth

regions.

Due to the presenceof unspeci�ed discontinuities in the integration domain, minimiza-
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tion of Mumford-Shah [14] type functionals is di�cult. Notable solution approaches in-

cludeAmbrosioand Tortorelli's �-con vergencetechnique [15], and Veseand Chan's level set

method [16]. We follow the latter, becauseit explicitly limits the thicknessof the bound-

ary. Experimental testing demonstratesthe accuracyof our piecewise-smooth optical 
o w

algorithm.

A specialcaseof the optical 
o w problem is computing optical 
o w for a sequenceknown

to be taken by a static camera. This additional information can be used in several ways,

such asexplicitly forcing homogeneousareasto zeromovement [1], or using a long sequence

for background subtraction in a tracking context [17]. We proposeusing this information

and a background imageto aid in classifyingthe pixels asmoving or being part of the static

background.

The conceptualroots of our approach aredescribed in section2. The proposedpiecewise-

smooth 
o w algorithm is derived in section 3. The experimental results, presented in sec-

tion 4, demonstratesigni�cant performanceimprovement with respect to the best published

methods. In section5, the static cameracaseis formulated and the performanceboost made

possibleby incorporating the static camera constraint is demonstrated. Our preliminary

results werepresented in [18].

2 Background

Our work relies on the superior performanceof the algorithm of Brox et al [7] in �nding

smooth optical 
o w �elds, the Mumford-Shah[14] segmentation framework, and its numerical

approximation by Veseand Chan [16].
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2.1 The optical 
o w functional of Bro x et al [7]

Optical 
o w computation is an underconstrainedproblem. The introduction of assumptions

or a-priori knowledgeis necessaryfor reliable estimation of optical 
o w. Brox et al's optical


o w functional represents the following principles and constraints:

Grey level constancy:

I (~x) = I (~x + ~w) (1)

Here I is the imageluminanceas a function of spatial position and time, ~x = (x; y; t) is the

spatio-temporal position in the imageand ~w = (u; v; 1) is the optical 
o w displacement �eld

betweenthe two frames.

Gradien t constancy: An extensionof the grey level constancyassumption, that accom-

modates illumination changesbetweenthe two images.

r I (~x) = r I (~x + ~w) (2)

Smoothness: The minimization of an optical 
o w functional relying only on the image

constancyassumptionsis ill posed. A constraint on the spatio-temporal smoothnessof the


o w �eld provides regularization. There are two versionsof smoothnesspresented in [7],

the 3D version usesspatio-temporal smoothness,while the 2D version usespurely spatial

smoothness.Note that in our implementation of the algorithm we usedthe 2D version.

Presence of outliers: Outliers appear in the 
o w becauseof imagenoiseand sharp edges.

They are handled in the functional by using robust �delit y and smoothnessterms.

Incorporating the grey-level and gradient constancyassumptionsinto a modi�ed L 1 norm
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	( x2) =
p

x2 + � 2, the following �delit y (data) term is obtained:

f of (u; v) = 	( jI (~x + ~w) � I (~x)j2 + 
 jr I (~x + ~w) � r I (~x)j2) (3)

Here 
 is the weight of gradient constancywith respect to grey level constancy. Using the

samerobust kernel for the smoothnessterm

sof (u; v) = 	( jr uj2 + jr vj2) (4)

results in the optical 
o w functional

Fof (u; v) =
Z

f of (u; v) + � sof (u; v)d~x ; (5)

where� is a weight coe�cien t.

Minimizing this functional is basedon solving the Euler-Lagrangeequations. The equa-

tions are highly non-linear and are linearizedusing nested�xed point iterations on a coarse-

to-�ne grid.

2.2 Mumford-Shah segmentation

The Mumford-Shahformulation is basedon the observation that natural imagesarepiecewise

smooth. De�ning the �delit y term

f (I ) = (I � I 0)2
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that comparesthe segmentation �eld I with the original imageI 0, and the smoothnessterm

s(I ) = jr I j2

leadsto the well known Mumford-Shah functional [14]:

FM S =
Z



f (I )d~x + �

Z


 nC
s(I )d~x + � jCj (6)

Here 
 is the domain of the image, C is the discontinuity (edge) set, jCj represents edge

length, and �; � are the relative weights of the smoothnessand edge-lengthterms. This

corresponds to requiring good approximation of the original image by a piecewisesmooth

segmentation �eld with few discontinuities.

Minimization of the Mumford-Shah functional is di�cult becauseof the presenceof the

unknown discontinuity set in the integration domain. One possibleapproach is Ambrosio

and Tortorelli's method [15] of using an auxiliary continuous �eld to describe whether a

pixel belongsto a smooth segment or to an edge.That method, however, doesnot explicitly

require sharp boundaries,and may yield a segmentation �eld with edgesthat are too thick.

2.3 Vese and Chan's segmentation scheme [16]

The level set method [19] is an e�ectiv e tool for computing evolving contours (an early

versionof this ideaappearedin [20]). It accommodatestopologicalchangesand is calculated

on a grid. In level set methods, regionsare de�ned by contours that have zerowidth. This

is the motivation for using the level-set segmentation approach in sharpening optical 
o w

discontinuities.
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In Veseand Chan's algorithm [16], two smooth functions I + and I � approximate the

original image, and the segmenting contour is the zero-level set of an evolving function � .

Using the same�delit y and smoothnessterms as in (6), the following functional is obtained:

FV C (I + ; I � ; � ) =
Z

(I + � I 0)2H (� )d~x +
Z

(I � � I 0)2H (� � )d~x

+ �
Z

jr I + j2H (� )d~x + �
Z

jr I � j2H (� � )d~x

+ �
Z

jr H (� )jd~x (7)

H (� ) is the Heaviside (step) function of � , indicating whether the valid approximation of the

imageat any given point is I + or I � (in practice a smooth approximation of H (� ) is used).

The contour length in this formulation is jr H (� )j. Veseand Chan suggestminimizing this

functional by iterativ ely solving the Euler-Lagrangeequationsfor I + , I � and � .

2.4 A�ne segmentation of optical 
o w

The �nal necessarybackground element is the a�ne optical 
o w segmentation approach [12,

21] that we shall usefor the initialization of the level-set function � .

Wang and Adelson [12] suggesteddecomposing an image sequenceinto layers basedon

the assumption that motion is a�ne. Their method relies on an estimate of the optical


o w �eld. The 
o w �eld is iterativ ely approximated by a�ne motion layers of decreasing

accuracy. In each iteration the optical 
o w �eld of unassignedpixels is divided into blocks,

and an a�ne motion approximation of each block is computed. The quality of approximation

of each block is tested against a selectionthreshold Tr (increasedin each iteration). Blocks

that passthis test are mergedusing an adaptive k-meansclustering algorithm. The a�ne

�eld pertaining to the largest cluster of blocks is regardedas the result of the iteration;
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pixels whoseoptical 
o w �eld's distancefrom the resultant a�ne 
o w is within a threshold

Ta are assignedto this iteration's layer. The algorithm is terminated whensu�cien tly many

pixels have beenassigned.Borshukov et al [21] proposeda variant of this algorithm in which

mergingby k-meansclustering is replacedby using a mergethreshold Tm , and selectingthe

a�ne motion �eld with minimal error.

3 The Piecewise Smooth Flo w (PSF) algorithm

3.1 Ob jectiv e functional and Euler-Lagrange equations

The functional for discontinuity preservingoptical 
o w computation is obtained by substi-

tuting the expressionsfor (local) �delit y and smoothnessof the optical 
o w �eld (Eqs. 3

and 4) in the segmentation functional of Veseand Chan (Eq. 7). De�ning the two opti-

cal 
o w �elds ~w+ = (u+ ; v+ ; 1) and ~w� = (u� ; v� ; 1), the proposedobjective functional is

obtained:

F (u+ ; v+ ; u� ; v� ; � ) =
Z

	
�
jI (~x + ~w+ ) � I (~x)j2 + 
 jr I (~x + ~w+ ) � r I (~x)j2

�
H (�� )d~x

+
Z

	
�
jI (~x + ~w� ) � I (~x)j2 + 
 jr I (~x + ~w� ) � r I (~x)j2

�
H (� �� )d~x

+ �
Z

	( jr u+ j2 + jr v+ j2)H (� )d~x

+ �
Z

	( jr u� j2 + jr v� j2)H (� � )d~x

+ �
Z

jr H (� )jd~x (8)

Note the di�eren t scaling of the Heaviside function in the �delit y and smoothnessterms,

via the parameter � (� < 1). It stresses
o w variations near optical 
o w discontinuities and
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leadsto piecewisesmoothness.SeealsoEq. 14.

According to the calculus of variations, a minimizer of this functional must satisfy the

Euler-Lagrangeequations. Following the abbreviationsof [7], we denote:

I �
x

4
= @x I (~x + ~w� )

I �
y

4
= @yI (~x + ~w� )

I �
z

4
= I (~x + ~w� ) � I (~x)

I �
xx

4
= @xx I (~x + ~w� )

I �
xy

4
= @xy I (~x + ~w� )

I �
yy

4
= @yyI (~x + ~w� )

I �
xz

4
= @x I (~x + ~w� ) � @x I (~x)

I �
yz

4
= @yI (~x + ~w� ) � @yI (~x) (9)

The equationsfor ~w+ at � > 0 and for ~w� at � < 0 are

H (� �� )	 0(I �
z

2 + 
 (I �
xz

2 + I �
yz

2))( I �
x I �

z + 
 (I �
xx I �

xz + I �
xy I �

yz)) �

� � div(H (� � )	 0(jr u� j2 + jr v� j2)r u� ) = 0 (10)

H (� �� )	 0(I �
z

2 + 
 (I �
xz

2 + I �
yz

2))( I �
y I �

z + 
 (I �
yyI �

yz + I �
xy I �

xz )) �

� � div(H (� � )	 0(jr u� j2 + jr v� j2)r v� ) = 0 (11)
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The equationsfor ~w+ at � < 0 and for ~w� at � > 0 are the smoothnessconstraints:

div(	 0(jr u� j2 + jr v� j2)r u� ) = 0 (12)

div(	 0(jr u� j2 + jr v� j2)r v� ) = 0 (13)

Eqs. 10-13 are linearized using �xed point iterations (seeAppendix, A.2). The resulting

systemof linear equationsis sparse,and can be e�cien tly solved.

The gradient-descent equation for � is

@�
@t

= � � (� )r �
�

r �
jr � j

�

� �� (� )
�
sof (u+ ; v+ ) � sof (u� ; v� )

�

� �� (�� )
�
f of (u+ ; v+ ) � f of (u� ; v� )

�
(14)

where� (� ) = H 0(� ). We solve this equation using standard discretization of the derivatives

(seeAppendix, A.3).

The equationsfor ~w+ ; ~w� and � are iterativ ely solved in alternation. Oncethe solutions

are determined,the �nal estimatedoptical 
o w �eld is:

~w =

8
>><

>>:

~w+ if � > 0

~w� otherwise
(15)

3.2 Initialization

The proposedfunctional is non-convex, and therefore may be prone to local minima. The

initialization scheme,basedon a�ne 
o w segmentation, facilitates the convergenceto the

correct minimum. The initial values of the �elds ~w+ ; ~w� and � are obtained by a single
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application of the original algorithm of [7], followed by detecting the dominant motion using

the algorithm of [21]. After thesetwo steps, ~w� is initialized (throughout the imagedomain)

to the �rst layer of the a�ne �eld, that correspondsto the dominant motion. ~w+ is initialized

(throughout the imagedomain) to the optical 
o w computedin the �rst step (the algorithm

of [7]), and � is initialized to

� =

8
>><

>>:

1 pixel belongingto the dominant motion

2 otherwise
(16)

The rationale for thesevaluesis the following: pixels classi�ed to the dominant motion,

i.e., to the �rst a�ne layer, belong to ~w� and their initial � value is low. The � value for

pixels classi�ed to other motion layers is high. Initially there is a bias towards the dominant

motion, becauseit is smoother than the combination of other motions. To compensatefor

this, all initial � valuesare positive.

3.3 Piecewise-Smo oth Flo w (PSF): algorithm summary

1. Calculate optical 
o w using [7].

2. Segment the optical 
o w �eld using [21].

3. Initialize ~w+ ; ~w� and � .

4. Iterativ ely solve Eqs. 10-14.

5. Assign the optical 
o w accordingto Eq. 15.
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4 Exp erimen tal results

We demonstratethe performanceof the piecewisesmooth 
o w (PSF) algorithm using syn-

thetic and real image sequences.The following parameters,taken from [7, 16], were used

in all the experiments: � = 80, 
 = 100, � = 0:02� 255. The numerical approximation of

the Heaviside function was H � (� ) = 1
2(1 + 2

� tan� 1( �
� )), with � = 1. The parameter � was

set to � = 0:03, and the number of iterations was 40. The imageswere pre-blurred using a

Gaussiankernel with � = 0:8. The parametersfor the initialization segmentation [21] were:

Tr = 0:5, Tm = 1, and Ta = 0:1 in the �rst iteration, and the block sizewas 5 � 5 pixels.

Figure 1 shows that the over-smoothing in [7], that forcesa gradual changeof the optical


o w �eld at the sky-groundinterfacein the Yosemitesequence,is replacedin our PSFmethod

by segmentation of the 
o w �eld that is crisp and close(� 2 pixels) to the ground truth

boundaries. Table 1 comparesour PSF algorithm with other denseoptical 
o w algorithms

on the Yosemitesequence(the angular error was computed as in [2]). As can be seen,our

method is superior to other published methods, even though it utilizes only two frames.

Primarily, our method is an optical 
o w estimation method, however it also generatesa

segmentation result aspresented in Figure 3. It can be seenthat the segmentation provided

by our method is much closerto the horizon than that generatedby the initialization step.

Similar performance improvement was achieved on the Street with car sequence[24].

The sequencewas converted from color to grey-levels. Due to the noisy nature of this

sequence,pre-blurring leadsto improved results. In this case,the best performanceof both

our algorithm and our implementation of [7] was obtained using a Gaussiankernel with

� = 1:0. The results for the Street with car sequenceare presented in Figure 2 and in

Table2. The angular error is againsigni�cantly lower than that of other publishedmethods,
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(a) (b)

(c) (d)

Figure 1: (a) Frame 8 of the Yosemitesequence.(b) The horizontal 
o w as a function of
vertical position, at the sky-ground boundary. Solid line: ground truth. Dotted line: Brox
et al's 2D result. Dashedline: our piecewise-smooth 
o w result. (c) Angular error in Brox
et al's 2D results. Dark meansno error. (d) Angular error using our piecewise-smooth 
o w
algorithm.

Technique AAE STD
Horn-Schunck, modi�ed [2] 9.78� 16.19�

M�emin-P�erez[10] 4.69� 6.89�

Brox et al (2D) [7] 2.46� 7.31�

Brox et al (3D) [7] 1.94� 6.02�

Our PSF algorithm 1:64� 5:82�

Table1: Comparisonbetweenseveraldenseoptical 
o w algorithmson the Yosemitesequence.
(AAE: Averageangular error. STD: Standard deviation of the angular error.)
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(a) (b)

(c) (d)

Figure 2: (a) Frame10 of the Street with car sequence.(b) Frame11. (c) Angular error with
Brox et al's 2D method (black: no error). (d) Angular error usingour piecewise-smooth 
o w
algorithm.

Technique AAE STD
Proesmanset al [24] 7.41�

Weickert-Schn•orr (3D) [25] 4.85�

Brox et al (2D) 3.03� 10.18�

Our PSF algorithm 2:01� 8:84�

Table 2: Comparisonbetweenseveral denseoptical 
o w algorithms on the Street with car
sequence.
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(a) (b)

Figure 3: Boundary after initialization and at the end state of our algorithm. (a) Sky seg-
mentation after initialization in white, black is the segmentation at the endof our algorithm.
(b) Detail of (a).

Yosemite Street with Car
� AAE STD AAE STD
0.03 1.64� 5.82� 2.01� 8.84�

0.06 1.79� 6.49� 2.03� 8.66�

0.015 1.62� 6.02� 2.14� 9.72�

0.12 1.95� 7.38� 2.22� 9.43�

0.0075 1.71� 6.60� 2.43� 11.12�

Table 3: Robustnessof the algorithm to variation in the parameter � when tested on the
Yosemiteand Street with Car sequences.

and the error around the motion boundary is smaller.

Parameter robustnessfor [7] was demonstrated in their work. We introduced in this

work an additional paramter: � . We tested its sensitivity by varying it by a factor of up to 4

from its optimum setting on both the Yosemite and Street with Car sequences.Table 3

demonstratesthat the algorithm shows high robustnesswith respect to this parameter on

both sequences.

To test the PSF algorithm on real data, weusedthe NASA sequence[2]. Optical 
o w dis-

continuities wereampli�ed by consideringthe 
o w betweenframes10and 15of the sequence.
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Figure 4: The optical 
o w betweenframes10and 15of the NASA sequence,computedusing
the suggestedPiecewise-Smooth Flow (PSF) algorithm. The computed 
o w is dense,but
for clarity, vectorsthat represent negligiblemotion are not shown.

In this sequencethe camera is moving toward the objects, and major 
o w discontinuities

arise near the two vertical pencils. Figure 4 shows that the 
o w edgescomputed using our

PSF algorithm are sharp. Comparisonwith the performanceof previous techniqueson this

sequence[2] revealsthe superior performanceof the PSF algorithm.

5 Special case: static camera

Homogeneousregions in an image sequenceprovide no cuesfor optical 
o w computation.

Optical 
o w methods that arenot committed to denseoutput, e.g.,Lucas-Kanade[4], simply

do not provide optical 
o w estimation in uniform regions.Denseoptical 
o w algorithms, that

emphasizethe smoothnessof the computed
o w, extrapolate 
o w from informative segments
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to adjacent homogeneousregions. This leads to large errors in static homogeneousareas.

The optical 
o w computedin uniform regionscanbe forcedto bestatic [1]. Obviously, errors

will arise wherever the underlying assumption (that homogeneousregionsare static) does

not hold. The inherent ambiguity about the motion of uniform regionscan be resolved by

exploiting additional information. In this section, the caseof a static camerais considered,

and the additional constraint is usedto reducethe optical 
o w estimation error.

5.1 The Static Camera Flo w (SCF) algorithm

When the camera is known to be static, an image of the static background can improve

the separationbetweenthe moving elements and the static parts of the frames. When the

background imageis not directly available, it can be recoveredusing temporal �ltering [22].

A simple background estimation method is temporal weighted median �ltering [23], with

weights inversely proportional to the magnitude of movement detected by the algorithm

of [7]. The weighted median �lter convergesto the background image much faster than a

non-weighted median �lter, becausemoving elements are mostly ignored.

In the piecewise-smooth 
o w (PSF) algorithm describedin section3, the estimatedoptical


o w in each pixel is taken either from the �eld ~w� (dominant motion) or from ~w+ (other

motions), seeEq. 8. Here, given the static cameraassumption,the optical 
o w assignedto

each pixel is either zero (static region) or ~w (moving). The likelihood that a given point ~x

in an image is moving is quanti�ed by the dissimilarity of the imageI and the background

imageI bg at that point:

f B G = 	
�
jI bg(~x) � I (~x)j2 + 
 jr I bg(~x) � r I (~x)j2

�
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In the static camera
o w (SCF) method, the objective functional embeds the selection

betweenthe estimatedoptical 
o w in moving areasand zero
o w in static regionswithin the

Vese-Chansegmentation framework [16]:

F (u; v; � ) =
Z

	
�
jI (~x + ~w) � I (~x)j2 + 
 jr I (~x + ~w) � r I (~x)j2

�
H (�� )d~x

+ �
Z

	
�
jI bg(~x) � I (~x)j2 + 
 jr I bg(~x) � r I (~x)j2

�
H (� �� )d~x

+ �
Z

	( jr uj2 + jr vj2)H (� )d~x

+ �
Z

jr H (� )jd~x (17)

Comparethis functional to that of the PSF method (Eq. 8). The term in the latter that rep-

resents the optical 
o w �delit y of the dominant motion is replacedby the image-background

dissimilarity term. The dominant motion smoothnessterm that appearsin Eq. 8, but is zero

in the static case,is discarded.

From this functional the Euler-Lagrangeequationsfor ~w and � arederived. The equations

for ~w are (10-13), and the equation for � is

@�
@t

= � � (� )r �
�

r �
jr � j

�
� �� (� )sof (u; v) � �� (�� ) [f of (u; v) � �f B G] (18)

In practice, to account for noise, slight Gaussianblurring is applied to the imagesas a

preprocessingstep.

The initialization of ~w is to the optical 
o w calculated using [7]. The level set function

� is initialized to -1 throughout the image. Oncethe solutions ~w and � are determined,the
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optical 
o w �eld is estimatedas

~w =

8
>><

>>:

~w if � > 0

0 otherwise
(19)

5.2 Exp erimen ts with the Static Camera Flo w (SCF) algorithm

To test the static camera
o w algorithm with a known background imagewe useda sequence

from the TAU-Dance database[27]. Optical 
o w estimation in this sequenceis di�cult

becauseof the homogeneousregions in the frames. Figure 5 demonstratesthat the static

camera 
o w algorithm classi�es the background as static and the 
o w within the dancer

contour is smooth, while the algorithm of [7] and the piecewisesmooth 
o w (PSF) algorithm

classifymuch of the static background as moving.

The Ettlinger Tor sequence[26] showstra�c in an intersection,viewedby a static camera,

seeFig. 6a. The background imagewasextractedfrom the �ft y framesavailable,and is shown

in Figure 6b. Due to the limited number of frames and the motion of the large bus, the

estimatedbackground imageis not ideal, note the artifacts near the light post. The optical


o w computed using the algorithm of Brox et al is shown in Figure 6c-d. It is generally

adequate,but in certain areas,e.g., betweenthe bus and the precedingcar, oversmoothing

leadsto false
o w. The output of the static camera
o w algorithm is presented in Figure 6e-f.

It provides reliable estimation of the optical 
o w near optical 
o w discontinuities, while

maintaining the good performanceof [7] in other parts of the 
o w �eld.

Note that identical parameterswere used for both the TAU-Dance and Ettlinger Tor

sequences:
 = 100, � = 80, � = 0:04� 255, � = 1:5, � = 0:4, and the number of iterations

was50. The parametersfor the initialization segmentation [21] werethe sameasin Section4.
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(a) (b)

(c) (d)

Figure 5: (a) An image from the TAU Dance database. (b) Optical 
o w calculated using
the algorithm of [7]. (c) Optical 
o w calculated using the piecewisesmooth 
o w (PSF)
algorithm. (d) Optical 
o w calculated using the static camera 
o w (SCF) algorithm. In
(b)-(d), the computed
o w is dense,but for clarity, vectorsthat represent negligiblemotion
are not shown.
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(a) (b)

(c) (d)

(e) (f )

Figure 6: (a) Frame1 of the Ettlinger Tor sequence.(b) Background imagederivedfrom �ft y
images. (c) Optical 
o w calculated using Brox et al's algorithm. (d) Detail of (c): the bus
and precedingcar. (e) Optical 
o w calculatedusingour static camera
o w (SCF) algorithm.
(f ) Detail of (e): the bus and precedingcar. In (c)-(f ), the computed 
o w is dense,but for
clarity, vectorsthat represent negligiblemotion are not shown.
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6 Discussion

The primary contribution of this work is the novel piecewisesmooth 
o w algorithm, that

embeds Brox et al's optical 
o w functional within Veseand Chan's segmentation scheme.

The sharp discontinuities in the estimatedoptical 
o w �eld provide signi�cant performance

gains. Excellent results were shown for image sequenceswith two dominant motions. We

developedan initialization schemebasedon a�ne 
o w segmentation to facilitate convergence

to the correct minimum of the proposednon-convex functional.

Further research shouldbe conductedregardingsequenceswith more than two dominant

motions. One possibleapproach is to use Veseand Chan's four-phaseformulation [16],

which theoretically is equivalent to the Mumford-Shah formulation. However, while their

two-phasemodel hasa piecewisesmooth extension[16], their four-phasemodel is piecewise

constant, which is not directly applicable to our needs.An initialization schemefor a four-

phasepiecewisesmooth Vese-Chanmodel is a complex problem, and may warrant future

research by itself. A multi-phase segmentation model of motion is supported by Cremers

and Soatto [13]. They achieve this by restricting the motion to an a�ne space,and thus

in each phasethe motion has a constant parameter vector. This model supports complex

motion topologies,but is not e�ectiv e as an optical 
o w estimation method, as it doesnot

support non-parametricmotion.

Variational methods are often perceived asslow. However, it was recently demonstrated

that variational optical 
o w calculationcanbeacceleratedto real-time speedsusingmultigrid

methods [29]. The computational cost of our method is related to that of Brox et al [7],

becauseit applies[7] iterativ ely, in conjunction with the level-setevolution.

Optical 
o w calculation has traditionally focusedon grayscalesequences,with somere-
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search on color sequences[28]. The extension of the piecewisesmooth 
o w functional to

support color is straightforward, and the robust kernel in the �delit y term should protect it

from outliers due to edge-relatedcolor-channel mismatch.

The extension of optical 
o w to range sequences,also known as range 
ow [30] is a

greaterchallenge,becausethe brightnessconstancyassumptiondoesnot hold in that context.

To accommodate the brightness changescausedby objects moving perpendicular to the

imageplane, the 
o w calculatedmust be a 3D vector, the additional component representing

movement towards or away from the camera.

An additional contribution of this work is employing an estimateof the background image

when the sequenceis known to be taken with a static camera.We usedthe level set method

to separatethe static background from the moving elements in the frames. The static camera


o w algorithm performed better than state of the art optical 
o w methods on challenging

sequencesthat include large homogeneousregions.

App endix A: Numerical scheme

A.1 Basics

This appendix provides details on the numerical approximation and discretization methods

usedin the implementation of our algorithm. We denote

h
4
= � x = � y :
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Discretespatial indicesare denotedby subscripts,and the temporal index (iteration count)

by a superscript, as in

� n
i;j

4
= � (n� t; i � x; j � y) :

The numerical approximations of the Heaviside function and its derivative are

H � (x) =
1
2

�
1 +

2
�

arctan
� x

�

� �

� � (x) = H 0
� (x) =

1
�

�
� 2 + x2

The L 1 norm and its derivative are approximated by

	( x) =
p

x + � 2

	 0(x) =
1

2
p

x + � 2

Given the warping of an imageby an optical 
o w �eld, the imagevalueson the resampling

grid are obtained by bilinear interpolation.

A.2 Optical 
o w

Consider the linearization and discretization of Eq. 10 for u+ (� > 0). The treatment of

Eq. 11 at � > 0 for v+ , and of both equationsat � < 0 (for u� and v� ) are similar.

H (�� )	 0(I +
z

2 + 
 (I +
xz

2 + I +
yz

2))( I +
x I +

z + 
 (I +
xx I +

xz + I +
xy I +

yz)) �

� � div(H (� )	 0(jr u+ j2 + jr v+ j2)r u+ ) = 0
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This equation is highly non-linear. Using �xed point iterations of (uk ; vk), and denoting by

I k;+
� the adaptation of the abbreviations(9) to the functions in the k-th iteration, we obtain

H � (�� )	 0
�
(I k+1 ;+

z )2 + 

�
(I k+1 ;+

xz )2 + (I k+1 ;+
yz )2

��
�
�
I k;+

x I k+1 ;+
z + 
 (I k;+

xx I k+1 ;+
xz + I k;+

xy I k+1 ;+
yz )

�

� � div
�
H � (� )	 0

�
jr uk+1 ;+ j2 + jr vk+1 ;+ j2

�
r uk+1 ;+

�
= 0

To remove the non-linearity that still remainsin this equation,we usethe �rst order Taylor

expansion

I k+1 ;+
z � I k;+

z + I k;+
x duk;+ + I k;+

y dvk;+

I k+1 ;+
xz � I k;+

xz + I k;+
xx duk;+ + I k;+

xy dvk;+

I k+1 ;+
yz � I k;+

yz + I k;+
xy duk;+ + I k;+

yy dvk;+

where

duk;+ 4
= uk+1 ;+ � uk;+

dvk;+ 4
= vk+1 ;+ � vk;+

For conciseness,we introducethe abbreviations

(	 0)k;+
Fidelit y

4
= 	 0

�
(I k;+

z + I k;+
x duk;+ + I k;+

y dvk;+ )2

+ 

�
(I k;+

xz + I k;+
xx duk;+ + I k;+

xy dvk;+ )2 + (I k;+
yz + I k;+

xy duk;+ + I k;+
yy dvk;+ )2

��

(	 0)k;+
Smo oth

4
= 	 0

�
jr (uk;+ + duk;+ )j2 + jr (vk;+ + dvk;+ )j2

�
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Substituting the Taylor expansionsand applying the abbreviations,we obtain

H (�� ) (	 0)k;+
Fidelit y

�
�
I k;+

x (I k;+
z + I k;+

x duk;+ + I k;+
y dvk;+ )

+ 
 I k;+
xx (I k;+

xz + I k;+
xx duk;+ + I k;+

xy dvk;+ )

+ 
 I k;+
xy (I k;+

yz + I k;+
xy duk;+ + I k;+

yy dvk;+ )
�

� � div
h
H (� ) (	 0)k;+

Smo oth
r (uk;+ + duk;+ )

i
= 0

We �nally obtain a linear equation by another, nested, �xed point iterations loop. The

internal �xed point iteration count is denotedby an additional superscript (n or n + 1).

H (�� n) (	 0)k;n;+
Fidelit y

�
�
I k;+

x (I k;+
z + I k;+

x duk;n+1 ;+ + I k;+
y dvk;n+1 ;+ )

+ 
 I k;+
xx (I k;+

xz + I k;+
xx duk;n+1 ;+ + I k;+

xy dvk;n+1 ;+ )

+ 
 I k;+
xy (I k;+

yz + I k;+
xy duk;n+1 ;+ + I k;+

yy dvk;n+1 ;+ )
�

� � div
h
H (� n) (	 0)k;n;+

Smo oth
r (uk;+ + duk;n+1 ;+ )

i
= 0

A similar linearized equation is obtained for v+ . Discretization of both equationsleadsto

a sparselinear systemof equations,that can be solved using successive over-relaxation, or

more sophisticatedsolvers. The solution for u� and v� is similar.
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A.3 Segmentation

We wish to numerically solve Eq. 14:

@�
@t

= � � (� )r �
�

r �
jr � j

�

� �� (� )
�
sof (u+ ; v+ ) � sof (u� ; v� )

�

� �� (�� )
�
f of (u+ ; v+ ) � f of (u� ; v� )

�

We adopt the notations [16]

C1 =
1

r �
� n

i +1 ;j � � n
i;j

h

� 2
+

�
� n

i;j +1 � � n
i;j � 1

2h

� 2

C2 =
1

r �
� n

i;j � � n
i � 1;j

h

� 2
+

�
� n

i � 1;j +1 � � n
i � 1;j � 1

2h

� 2

C3 =
1

r �
� n

i +1 ;j � � n
i � 1;j

2h

� 2
+

�
� n

i;j +1 � � n
i;j

h

� 2

C4 =
1

r �
� n

i +1 ;j � 1 � � n
i � 1;j � 1

2h

� 2
+

�
� n

i;j � � n
i;j � 1

h

� 2

and

m =
� t
h2

� � (� i;j )�

C = 1 + m(C1 + C2 + C3 + C4)
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The discretized�delit y and smoothnessterms are denotedby

�d n;+
i;j = 	

h�
I n;+

z i;j

� 2
+ 


�
I n;+

xz i;j

� 2
+ 


�
I n;+

yz i;j

� 2
i

�d n; �
i;j = 	

h�
I n; �

z i;j

� 2
+ 


�
I n; �

xz i;j

� 2
+ 


�
I n; �

yz i;j

� 2
i

gradn;+
i;j = 	

2

4

 
un;+

i+1 ;j � un;+
i � 1;j

2h

! 2

+

 
un;+

i;j +1 � un;+
i;j � 1

2h

! 2

+

 
vn;+

i+1 ;j � vn;+
i � 1;j

2h

! 2

+

 
vn;+

i;j +1 � vn;+
i;j � 1

2h

! 2
3

5

gradn; �
i;j = 	

2

4

 
un; �

i +1 ;j � un; �
i � 1;j

2h

! 2

+

 
un; �

i;j +1 � un; �
i;j � 1

2h

! 2

+

 
vn; �

i +1 ;j � vn; �
i � 1;j

2h

! 2

+

 
vn; �

i;j +1 � vn; �
i;j � 1

2h

! 2
3

5

The discreteevolution equation for � �nally takesthe form

� n+1
i;j =

1
C

�
� n

i;j + m
�
C1� n

i+1 ;j + C2� n
i � 1;j + C3� n

i;j +1 + C4� n
i;j � 1

�

� � t �� � (� n
i;j ) �

�
gradn;+

i;j � gradn; �
i;j

�

� � t �� � (�� n
i;j ) �

�
�d n;+

i;j � �d n; �
i;j

��
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