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Abstract

Estimators for the original length of a continuous 3-D curve given its digital representation
are developed. The 2-D case has been extensively studied. The few estimators that have been
suggested for 3-D curves suffer from serious drawbacks, partly due to incomplete understanding
of the characteristics of digital representation schemes for 3-D curves.

The selection and thorough understanding of the digital curve representation scheme is
crucial to the design of 3-D length estimators. A comprehensive study on the digitization of
3-D curves was recently carried out. It was shown that grid intersect quantization and other
3-D curve discretization schemes that lead to 26-directional chain codes do not satisfy several
fundamental requirements, and that cube quantization, that leads to 6-directional chain codes,
should be preferred.

The few 3-D length estimators that have been suggested are based on 26-directional chain
coding that naturally provides a classification of the chain links which is necessary for accurate
length estimation. Cube quantization is mathematically well-behaved but the symmetry and
uniformity of the 6-directional digital chain elements create a challenge in their classification
for length estimation.

In this paper length estimators for 3-D curves digitized using cube quantization are de-
veloped. Simple but powerful link classification criteria for 6-directional digital curves are
presented. They are used to obtain unbiased length estimators, with RMS errors as low as
0.57% for randomly oriented straight lines, about five times better than in the best estimators
that have been so far available.
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1 Introduction

Suppose that a continuous curve in three dimensional space has been quantized and is given
in digital form, e.g. as a 3-D chain code. Can the length of the original continuous curve
be recovered? Since information is lost in the digitization process, the answer is no. Each
digital curve could have been obtained from an infinite number of continuous curves. Unique
reconstruction, and length recovery, are thus impossible.

Had the set of continuous curves that have the same digital representation been roughly
similar in shape and length, the original length could have been estimated to be some average
of the lengths of continuous curves in that set. However, in such a set there are continuous
curves that exhibit sub-voxel fractal behavior that is not captured by the digitization process.
The existence of such curves, including curves of infinite length, precludes meaningful length
estimation by set averaging.

In any practical image analysis system quantization must be sufficiently fine to capture
the essential shapes of objects to be analyzed (at the relevant scale). Then, for practical
purposes, curves can be considered smooth except at a small number of corners. If the
curves can be assumed to be nearly straight in small neighborhoods around most of the
digital curve points, meaningful length estimation becomes possible.

The 2-D length estimation problem has received considerable attention. Relatively recent
references are [4, 14]. The standard approach to length estimation is to classify the chain
code elements according to certain criteria, and estimate the length as a weighted sum of
the number of chain elements in each class. Once the classification criteria are selected, the
corresponding weights are designed to yield unbiased and in some sense optimal estimates
of the length of straight lines. Unbiasedness for straight lines implies that when applied to
general curves with varying tangent orientations, local length estimation errors are likely to
cancel out, and excellent total length estimation can be expected.

The increasing importance of three dimensional shape analysis in medical imaging, range
image processing, navigation and other domains has recently led to interest in the development
of length estimators for digitized 3-D curves. The few estimators that have been suggested are
based on 26-directional chain code representation of the digital curve. That representation
provides natural classification of the chain code links to three classes, which is very convenient
for length estimation. Certain methods [1, 3] rely on global properties of digital straight lines
and are thus applicable only to straight lines and cannot be extended to estimating the
length of general curves. The work of Verwer [18] deals with the design of local weights for
distance transformations. Kiryati and Székely [15] have however observed that in 3-D, the
shortest digital path between two voxels obtained by a search algorithm in a chamfer distance
transformation is not necessarily a digital straight line (i.e., the digitization of a continuous
straight line) that passes through two voxels. This leads to a fundamental difference between
the design of length estimators and of local weights for Euclidean distance transformations



in 3-D. That distinction is missing in reference [2]. That paper too should be regarded as
dealing with distance transformations rather than length estimation. An estimator of the
length of a continuous 3-D curve given its thinned cube quantization (TCQ) representation
(see section 3) has been presented by Kiryati and Kiibler [11].

The cumulative experience in 3-D length estimation thus indicates that thorough un-
derstanding of 3-D digital curve representation is crucial for the development of valid and
accurate 3-D length estimators. The extension of 2-D curve digitization schemes to 3-D is
surprisingly nontrivial and important properties of 3-D schemes are unobvious and somewhat
counterintuitive.

Reference [9] is a comprehensive study of digital representation schemes for 3-D curves. In
that paper the concept of a mathematically “well-behaved” 3-D curve representation scheme
is formalized and summarized as a list of requirements. Those are used as a basis for qual-
itative and quantitative comparison of various methods. It is shown that 3-D grid intersect
quantization and other 3-D schemes that lead to 26-connected chain codes have serious draw-
backs and that cube quantization, an extension of 2-) square quantization to 3-D, that leads
to 6-connected chain codes, meets all the identified requirements and should be preferred.

In this paper we develop length estimators that are based on cube quantization. Unlike
26-directional chain elements that are of three types, 6-directional chain elements are sym-
metric, and uniform. The first challenge is therefore to obtain link classification criteria for
6-directional digital curves that are simple, local but sufficiently powerful to allow accurate
length estimation. Three unbiased length estimators are then developed. First a so-called
one sided estimator that is the basis for a greatly superior two sided estimator, with RMS
error of 0.57% for equally distributed straight lines. This is about five times better than
in previous estimators. The above two estimators rely on the availability of the chain code
representation of the curve, i.e., on knowing the order of the digital points along the curve.
We also present a high performance estimator that does not require ordered chain code input
and can operate directly on the digital image of the curve.

The organization of the paper is as follows. A generic mathematical framework for the
development of length estimators is described in section 2. The properties and advantages
of cube quantization are summarized in section 3. The derivation of the three suggested
estimators 1s straight-forward, but cumbersome. Therefore the main results are summarized
in a self-contained form in section 4. The detailed analysis is presented in sections 5, 6 and 7.
Experimental results that corroborate and complement the analysis are provided in section 8,
followed by a discussion (section 9). Reference [8] is a preliminary version of this paper.



2 Mathematical Framework for 3-D Length Estimation

This section describes a general mathematical framework for estimating the length of a con-
tinuous 3-D curve given its digital representation. The description is general in the sense
that the criteria for classifying the chain elements are not specified: different criteria lead
to different estimators. A similar approach was used by Kiryati and Kiibler [11]. Tt is an
extension to 3-D of 2-D perimeter estimation techniques, see e.g. [14].

Let I(t) be a three dimensional straight line:

(1) = [(1),y(1), 2(1)] (1)

and assume that its digital representation scheme is symmetric with respect to the axes.
Then, without loss of generality, the discussion can be focused on lines that satisfy
de _ dy _ dz
— > 2> —>0. 2
dt — dt — dt — )
For a line in general position, the probability for an equality in Eq. (2) is zero, hence this
case is not further discussed and it is assumed that

de dy dz 0 3
a~dr A )

This consideration is also applied in the sequel.

Define p ;
y 2
= = b= — 4
= e (4)
Yo = Y(1)|z(n=0 z0 = z(t)|z(t)=0 (5)
Then

y =ar + yo z=br+ z (6)

Assume that the digital curve representation scheme is invariant to integer translations. Then
without loss of generality the origin can be placed such that

I1>a>b>0 0<yo<1 0<zo<1 (7)

The length estimation problem is to estimate the original length of a curve in the preimage
given its digital representation. Suppose that one classifies the chain elements (digital curve
points or chain links) to k& mutually exclusive groups €Q;,Q,,...,Q;. Let N; denote the
number of elements in ;. The general form of a linear length estimator that is based on this
classification is

k
L= WN;, (8)
=1



where the weight W, is the contribution of an element in ; to the estimated curve length.

Applying this estimator to the straight line [ and assuming that its actual length I is
large, the estimation error is

I -
0= i T = i - ©)
Define N
PAI) = Jim =, (10)
then i
() =>_ P()T; — 1. (11)
=1

For almost all lines (except a zero measure set) the numbers 1, a, b are independent above
the integers. Then the length estimation error depends on the orientation of the line, i.e., on
the slopes a, b but not on the intercepts yo, zo. Hence ¢(I) can be expressed as ¢(a,b).

To obtain an unbiased estimator, it is required that the average error for a uniform
distribution of line orientations will be zero:

g= %/ia/bzo e(1)dQ = 0, (12)

where d€Q is the differential solid angle element and ¢ is a normalization constant:
1 a
¢= / dQ. (13)
a=0/b=0
Substituting (11) in (12) gives
1 F 1 ra
e= (% wi/ PdQ) — 1 = 0. (14)
C i=1 =0/b=0

Defining
1 1 a
— - / P.dQ) (15)
C Ja=0/b=0

we obtain the unbiasedness requirement
k
E:Z\Dici—lzo. (16)
=1

The mean square length estimation error is

1 1 a
ensE = —/ 0/ ¢(1)d00. (17)
C Ja=0/b=0



The optimal (in the MSE sense) unbiased estimator can be obtained by using Lagrange

multipliers for the minimization of €y sg subject to the unbiasedness constraint Eq. (16). We

define the Lagrangian
T = epyse + A€

and obtain the following system of equations:

aT :
{ 5o, =0 1=1,2,....k

Differentiation gives

oT JersE Je

ov, ~ ou, T av,
1 r1 ga Oe
- z[;: b=0 268\111 i + )\Ci

9k 1 a 2 1 a
= 23w [ [ ppde-Z [ [ pao+a
C =1 a=0/6=0 C Ja=0/6=0

and

Using Eq. (15) and the notation
2 1 a
Q5 = —/ RdeQ
[ =0/b=0

we obtain a system of linear equations:

Zleozijqu—l—ci)\:Qci, 1 = ],2,...,]{7

Zle C]\Ij] = 1

(18)

(25)

The solution of this system gives the weights that should be used in Eq. (8) to obtain the
optimal (in the MSE sense) unbiased linear length estimator. This approach is used for the

development of 3-D length estimators in the sequel.



3 Cube Quantization

The properties and advantages of cube quantization over other 3-D digital curve representa-
tion schemes have been studied in [9]. A brief summary is provided in this section.

Square Quantization [5, 6, 13] is a scheme for digital representation of 2-D curves. The
image plane is divided to square pixels and the curve is implicitly segmented according to its
intersections with the square pixels. The digital representation is the sequence of points at
the centers of these pixels, following the order of the segments along the curve. For a curve in
general position, the probability of corner crossing between pixels is zero and can be ignored,
so diagonal links do not appear and a 4-chain is obtained. Other 2-D schemes can be used
to get 8-chains. In Grid Intersection Quantization (GIQ) [5, 6] the curve is represented by
selecting, at each intersection of the curve with a grid line, the closer grid point. The order
of points follows the order of intersections along the curve.

Cube Quantization (CQ) is an extension of Square Quantization to 3-D in which cubic
voxels replace square pixels and the digital curve representation is a 6-chain, see Fig. 1. Grid
Intersect Quantization (GIQ) can also be extended to 3-D [10, 12] and leads to 26-chains.
In 3-D GIQ, for each intersection of the curve with a grid plane, one selects the closest of
the four grid points. Several properties of 3-D GIQ are presented in [10], extended to multi-
dimensions in [12] (and used in [3]), but as shown by Stojmenovi¢ and Tosi¢[17], not all are
correct. In particular, as stated in the sequel, 3-D GIQ does not satisfy the line-to-arc and
projection properties.

A method used in [11] is referred to here as Thinned Cube Quantization (TCQ). The
26-chain obtained by that method is a subset of the 6-chain points obtained by Cube Quant-
ization. The chain begins with the first Cube Quantization point and at each stage proceeds
to the furthest possible point subject to maintaining 26 connectivity.

In an attempt to formalize and summarize the vague concept of a mathematically well-
behaved 3-D curve representation scheme the following list of requirements has been suggested

in [9].
(a) Coordinate system axis symmetry - The quantization should be symmetric with respect
to changes in the labels and directions of the axes.

(b) Curve direction symmetry - Reversing the starting point and end point of the continuous
curve should lead to the same chain in reversed order.

(¢) Invariance to integer translation - Integer translation of the continuous curve (or equival-
ently of the coordinate system origin) should lead to the same chain translated.

d) Finite memory - The representation of a curve segment should not depend on arbitrarily
distant Segmellts.



Figure 1: The Cube Quantization method for 3-D digital curve representation is a generaliz-
ation of 2-D Square Quantization.

(e)

Line to arc - The discrete representation of a straight line should be a digital arc. This
requirement is necessary for minimization of the number of elements (subject to maintain-
ing connectivity) in the discrete chain. Since the shortest chain between two lattice points
is necessarily a digital arc, it is reasonable to require that a digital straight line should be
a digital arc.

The projection property - Let R;;x be the projection of a 3-D curve or chain onto the 1)
plane, where 7,7 are any two coordinate axes. Let () denote the quantization operator.
The projection property is that QR;;l = R;;Ql, 1.e., the projection of a 3-D chain onto a
plane perpendicular to any one of the coordinate system axes should be identical to the
2-D digital representation of the projection of the continuous curve onto that plane.

Table 1 compares Grid Intersect Quantization (GIQ), Thinned Cube Quantization (TCQ)



and Cube Quantization (CQ) with respect to requirements (a) through (f). The qualitative
superiority of cube quantization over GIQ and TCQ is apparent. In [9] it is also shown that
cube quantization compares well with the other schemes with respect to the minimization of
the distance between the discrete chain and the original continuous curve and with respect

to the compactness of representation (in terms of bits).

criterion CQ | GIQ | TCQ
a: coordinate system axes symmetry || + + +

b: curve direction symmetry + + -

c: invariance to integer translation + + +

d: finite memory + + -

e: line to arc + - +

f: the projection property + |- -

Table 1: Qualitative comparison of 3-D digital curve representation schemes.

4 QOverview of the Main Results

The key to the design of linear length estimators is the ability to classify the digital curve
points using simple criteria that reflect to local contribution to the length of the curve. 3-D
digital curve representation schemes that lead to 26-directional chain codes are problematic
in many respects, but allow very convenient link classification according to the three natural
classes (direct, minor diagonal and major diagonal). Here length estimators that are based
on Cube Quantization are developed. Cube quantization is mathematically well-behaved but
the symmetry and uniformity of the 6-directional digital chain elements create a challenge in
their classification for length estimation. The classification rules that are presented in the
sequel are based on the number of digital curve points in the 26-neighborhood of a given
digital curve point.

Consider a three dimensional curve and suppose that it is represented as a chain of voxels,
using Cube Quantization. For classification, define the groups le), le), le) such that a voxel
in the chain belongs to Q) if exactly m immediately preceding voxels in the chain are in its
26-neighborhood (Fig. 2). A voxel in a digital straight line must belong to one of the three
groups. A voxel in a general curve can have more than three immediately preceding voxels
in its 26-neighborhood and in that case would not belong to any of these groups. In the
development of the estimator it is assumed that the curve is usually smooth with respect to

the quantization lattice, hence such voxels would be rare.

The optimal (in the MSE sense) unbiased linear estimator based on this classification



Figure 2: In the one-sided estimator the digital curve voxels are classified according to the
number of preceding digital curve voxels in their 26-neighborhood. In (a), the highlighted
voxel has a single preceding 26-neighbor, and belongs to €. In (b), the highlighted voxel
has two preceding 26-neighbors, and belongs to Q3. In (c), the highlighted voxel has three
preceding 26-neighbors, and belongs to €;. For the special case of straight lines, these are

all the possible cases, and the links connecting the voxels within the 26-neighborhood include
a single link at most in the direction of each coordinate axis.

is obtained in section 5 using the general approach outlined in the previous section. It is
referred to as the one-sided estimator. The derivation is nontrivial and includes somewhat
cumbersome geometric and algebraic steps. The optimal estimator is

L1 = 089710 N + 0.65485 NS + 0.54218 VY. (26)

The RMS error for straight lines is 2.49%. The importance of this estimator is not in the RMS
error, which is comparable to the RMS errors attributed to previously suggested estimators,
but in being based on Cube Quantization and in being the foundation for the highly accurate
estimators presented in the sequel.

The one-sided estimator can be improved by separately counting the number of immedi-
ately preceding digital curve voxels and the number of immediately succeeding digital curve
voxels in the 26-neighborhood of any digital curve voxel. These refined classification groups
are denoted Q) (r < s): a digital curve voxel belongs to Q3) if exactly r immediately
preceding voxels in the chain and s immediately succeeding voxels, or vice versa, are in its

26-neighborhood.

The optimal (in the MSE sense) unbiased linear estimator based on this refined classific-
ation is obtained in section 6. Again, the derivation turns out to be somewhat cumbersome.
The result is

Ly = 0988178 1+ 0.77296 N + 0.62154N 2 + 0.69037N2 4 0.60158 N2 + 05678282
(27)

10



This is referred to as the two-sided estimator. Here the RMS error for straight lines is 0.57%,
about five times better than in previously available estimators. The outstanding accuracy
of this estimator is especially noteworthy since the classification is based just on the 26-
neighborhood of the digital curve voxels.

Consider the classification groups Q) defined such that a digital curve voxel is in Q&) if
exactly m of the digital curve voxels are in its 26-neighborhood. For smooth original curves
without digital self intersections, the following relations to the classification groups Q) that
are used in the two-sided estimator hold:

0 = afy
o)) = aff)
0 = iy (28)
0 = 05
05 = af)

Using these classification groups for length estimation, the optimal estimator is:
Ly =0.98111NY 4 0.77539 N + 0.66483N + 0.60050 V¥ + 0.56479 N (29)

The RMS error for uniformly distributed straight lines is 1.13%. This estimator is unique
in the sense that it does not need the digital curve voxels to be ordered in a chain, and can
operate directly on the 3-D digital image. Its RMS error is twice as that of the two-sided
estimator, but still significantly superior than that of any other previously available estimator.
In applying this estimator one should be aware that since it is assumed that the ordering of
the digital curve voxels is unknown, then if the curve intersects itself (or is close to that), the
contribution of voxels near the intersection to the length estimate will be biased.

5 One Sided Length Estimator

Let [(t) be a three dimensional straight line and let V' be a voxel through which the line
passes. Without loss of generality set a coordinate system XY, 7 such that the voxel V' is
at [0,1]?, the line enters the voxel at the face that coincides with the X = 0 plane, and the
following inequalities hold:

g>0 ﬂ>g
dt ’ dt dt

Note that this coordinate system differs from the z,y, z coordinate system that is defined in

> 0. (30)

section 2 and satisfies inequality 3.

As in section 2, define

Yy dz
A= — B=— 1
dX’ dX (31)

11



and

Yo = Y (1)|x@#)=0, Zo = Z(1)|x (9)=o0- (32)

Then
Y = AX +Y,, 7 = BX + Z, (33)

where
A>B>0 0<Y<1 0< Zy<1. (34)

Consider the intersections of the line with the integer X coordinate planes {X = n}. At
each intersection, the line enters a voxel that can be associated with its own coordinate system
{XM Yy 7Y The entrance point of the line to the voxel in that coordinate system is

Y™ =Y, + An 7" = Zy + Bn. (35)

For almost all the lines (except a zero measure set), the triplet {1, A, B} is linearly independ-
ent above the integers. Hence, according to Kronecker’s theorem [7], for an infinite straight
line, the pair (YO(”), én)) is uniformly distributed modulo 1 in [0,1)%. Thus, for a randomly
selected voxel V' that the line passes, the entrance coordinates (Yj, Zy) are uniformly distrib-
uted in [0, 1)%

Suppose the line is digitized using Cube Quantization and represented as a 6-chain. Clas-
sify the digital line points to one of three mutually exclusive groups le), le), le) such that
a point belongs to Q) if the number of preceding digital line points in the 26-neighborhood
of the given point is m, as shown in Fig. 2. Thus, from just outside the neighborhood the
given point is reached by m chain links.

From the definition of the coordinate system it follows that each of these m chain links
is necessarily in the positive direction of one of the three axes. In each direction there is a
single link at most, otherwise the chain would have left the 26-neighborhood. Let Nx, Ny, Ny
denote the number of links (0 or 1) in the X, Y, Z directions respectively. Then

Since the line enters the given voxel at the X = 0 face, Nx is always 1. If at the entrance

point of the line to the 26-neighborhood Y < 0, there is a link in the Y direction. Since Y
grows monotonically along the line, its value at the entrance point to the 26-neighborhood is

)/ = maX{Y|X:_1, )/v|Y:_17 )/|Z:_1} (37)
Thus | |
_ 1 Y X1 < 0 and Y g < 0
Ny = { 0 otherwise ' (38)
Similarly,
. 1 Z|X=_1 < 0 and Z|Y:_1 < 0
Nz = { 0 otherwise ’ (39)

12



Substituting Eq. 33 and using inequality 34 one obtains

/
Ny:{] b < A (40)

0 otherwise

0 otherwise

{1 Zo<B and (Yo+1)B/A> 7,
Ny = :

The pair of slopes A and B is in one of the four following ranges:

1>A>B>0
2>A>1>B>0

A>2 and A/2>B>0
A>B>1 and A/2< B

(42)

SESECES

See Fig. 3a.

Figures 3b—e show m = 1 4+ Ny 4+ Nz as a function of Yy and 7, with A and B as
parameters, in the four ranges A — D respectively. With (Yj, Zy) uniformly distributed,
the area of a domain in which m = 1 represents the probability that a point in the digital
line belongs to QZ(I). By calculating the areas of the domains it is easy to show that the
probabilities are:

o

1— B+ (A=1)2B/24
1 - 3B/2A
AJ2B — 1+ B/2A

AB A
9B — AB/2 — B/2A B
3B/2A C
29— A/2B—BJ/2A D

A
B
C
D

A+ B—-2AB A
B
; (44)
D

p(A, B) = (45)

The X,Y,Z coordinate system is voxel-dependent (inequality 30). In order to proceed
we must return to the x,y, z coordinate system. There, in the digital representation of [, the
number of digital chain links in the z, y and z directions is respectively given by:

1
r = L, 46
" V1 4+ a?+ b2 (46)
a
N N 47
" 1+ a®+ 02 (47)

13



A=B
D A=2B
S
B Cc
A
=
1 2
@
A B (o D
z Y4 z z
0 0 0 0
A A A [ -
1 1 1 I
2
2
2 1 A BIA g
Bl 3
B BIA 3 BIA 3
3 2
= = = =
0 A 1 Y, o 1 Y, o ! Y, o 1 Y,
(b) (c) (d) (e)

Figure 3: (a) Partition of the slopes (A,B) to four ranges. (b)-(e) The number of preceding
digital line points (voxels) in the 26-neighborhood of a given digital line voxel, as a function of
the entry point to the voxel (Xg, Yp), with (A,B) as parameters. The four graphs correspond
to the four ranges shown in (a).

b
E——
VIita?+p?

For each voxel, the X,Y, Z coordinates correspond to a permutation of the (z,y,z) co-
ordinates. The X axis corresponds to the the direction of the link that enters the voxel z, y
or z. The axes Y and Z correspond to the remaining two axes from (z,y, z). Since %/ > %

do o dy o dz
and 0% > T >

ing the axis that corresponds to X. Thus, for voxel that is reached by an z directed link,
X =ux,Y =y, 7 =z, following a y directed link, X =y, Y =z, 7 = z and after a z directed
link, X =z, YV =uz,7 =y.

n, =

(48)

it follows that Y ,7 respectively correspond to x,y and z, after delet-

Having found the correspondence between the coordinate systems, the relation between the
slopes (A, B) in the (X, Y, Z) system and the slopes (a, b) in the (z,y, z) system can be found.

14



Following a link at z direction: A = a, B = b, following a link at y direction: A = 1/a,
B = b/a and after a link at z direction: A = 1/b, B = a/b. Substituting each of these
relations in the expressions for the class probabilities (Eqgs. 43,44 and 45), respectively gives
the class probabilities for voxels that have been reached by x, y and z links. Multiplication
by the number of links in each direction (Eqs. 46,47 and 48), yields the number of points that
belong to le) le) and le):

3

,%)nz(a,b), i=1,2,3 (49)

o= o=

b
Jny(a,b) + i

(e

1
Na,b) = piV(a, b)n,(a, b) + pi”

7 7 7

This expression can be substituted in Eqgs. 10, 15 and 24 to obtain the system of equations
(25). Its solution leads to the one-sided estimator, in the form of Eq. 8. The calculations,
including numerical integration and solution of system of linear equations, were performed
using the Mathemalica software system. The result is:

L =0.89710NY + 0.65485 N + 0.54218 NV (50)

The RMS error of the estimator is found, using (17) and taking the square root, to be 2.49%.

6 Two-sided Estimator

The one-sided estimator classifies a digital curve point according to the number of preceding
digital curve points in its 26-neighborhood. In this section the estimation accuracy is im-
proved by refinement of the classification, in particular by taking into account the number
of succeeding digital curve points in the 26-neighborhood as well. Let r denote the number
of preceding digital curve points in the 26-neighborhood of a given point, and s the number
of succeeding ones. Classify the digital curve point to one of the mutually exclusive groups
Q). For a digital straight line r, s = 1,2, 3, hence there are nine groups.

From the direction symmetry of cube quantization it follows that the number of points
N2 in Q2% satisfies:

N(Z*) — N(Z*)

rs sr Y

r=1,2,3 s=1,23 (51)

For a digital line, the nine groups are related to the three groups {Q(D} defined in section 5:

ol | o) J o) = oY (52)
ol | ol U ol = ol (53)
ol | ol U el =l (54)

Since the nine groups {Q(2*)} are mutually exclusive and the three groups {Q)} are mutually
exclusive, a relation between the numbers of points in them follows:

15



Figure 4: Qﬁi*) type voxel. The highlighted voxel has two 26-neighbors, one in each side.
The line enters the 26-neighborhood through face R and leaves through face S.

N+ Vi 4 Nj” = N
2% 2% 2% 1

NG+ NG+ NG = Y (55)
2% 2% 2% 1

N1(3)‘|‘N§3)‘|‘N;§3):N;§)

This is a system of three equations with six unknowns. Once three of the unknowns are
independently determined, the rest can be found using Eqs. 55.

We first find Nl(f*), using the coordinate system (X,Y,7) defined in section 5. A voxel
in Qgi*) is illustrated in figure 4. Tt is clear that in this configuration the line always enters
one neighbor in the face marked R and leaves another neighbor from the face marked S.
Formally,

0<Yl|x=c1 <1
0<Z|x=c1 <1
0<Yl|xma<1l ° (56)
0<Z|x=2<1

Substituting Eq. 33 leads to:
0<Yy—A<1
0<Zy—B<l1
0<Yy+24<1 7
0<Zy+2B<1

(57)

16



or, in short,
{A<YO<1—2A (53)

B<Zy<1-2B °

As explained in section 5, (Y5, Zg) are uniformly distributed above [0,1)?, hence the probab-

ility of a point to be in QEQ]*) is:

(1-34)(1-3B) :>A>DRB

A ={ | (59

otherwise

We found pﬁ*)(A, B). Similar to Eq. (49), in the (z,y, z) coordinate system, in terms of
the slopes (a,b), the total number of elements Nl(f*)(a,, b) is

* * * 1 b * 1 a
N (a,b) = i (a,b)na(a, b) + 9177 (= =m0, 8) 4 pi (5 pons(ab). - (60)

We proceed to find Néf*), the number of elements in Qg*)

shown in Fig. 5, defined by the following sets of conditions:

. There are four possible cases,

a b
0<VYlx=c1 <1 —1<Y|x=-1 <0
—1 < Z|x=21<0 0< Z|x=01 <1
0<Yl|xma <1 0 <Yy <1
0< Z|x=2<1 0< Z|x=2<1 (61)
c d
—1<Y|X=_1<0 -1 < Xly=_1 <0
0<Z|X=_1<1 0<Z|Y=_1<1
0<X|Y=2<1 0<X|Y=2<1
0<Z|Y=2<1 0<Z|Y=2<1
Substituting (33) we obtain:
a b
0<Yy—A<l1 —1<Yy—A<0
1< 7Zy—B<0 0<Zy—B<l1
0<Yy+24<1 0<Yy+24<1
FO<ZO+QB<1 dO<ZO+QB<1 (62)
—-1<Yy,—A<0 —1<—=(Yo+1)/A<0
0<Zy—B<1 0<Zy—(Yo+1)B/A <1
0<(2-Y)/A<1 0<(2-Y)/A<1
0<Zo+(2-Y)B/A<1 0<Zo+(2-Y)B/A<1
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Figure 5: Four possible cases of Qgi*) voxels. In all the cases, the highlighted voxel has

two preceding 26-neighbors and one succeeding 26-neighbor. The differences are in the faces
through which the line enters and leaves the 26-neighborhood of the voxel.
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The pair of slopes (A, B) is in one of the following seven ranges, shown in Figure 6a.

A: 1/3>A>B

B: 1/2>A>1/3>B

C: 3/2>A>1,1/2>B

D: 2> A>3/2, A/3>B . (63)
g.

f’

2> A>1, A+1 }
A>2 A/3>B

G : otherwise

Figures 6b—i show the domains of (Yp, Zy) that correspond to inequalities 62 with A and B
as parameters. The results depend on the range.

The probability of each of the four cases is obtained by calculating the respective areas:

(2%) (1-3A)B 1/3>A>B
lea (4, B) { otherwise ' (64)
(1-3B)A 1/3>A>B
A, B)Y={ (1=24)(1-3B) 1/2>A>1/3>B . (65)
0 otherwise
(A-1)(1-3B/2—-B/2A) 3/2>A>1,1/2>B
(2%) ) (A—=B—AB)?/2AB 2>A>3/2, A/3 > B
pac (A B) =3 (4 p_ aB)2248B 25> A>1, A > B> max(l, 4} - (60)
0 otherwise
(1-3B/A)(2A-3) 2>A>3/2, A/3>B
p2)(A, B) 1—3B/A A>2 A/3>B . (67)
0 otherwise
Summing the probabilities of the four cases gives the probability of a point to be in Qg*):
A+ B—-6AB 1/3>A>B
(1—-2A)(1 —-3B) 1/2>A>1/3>B
(A-1)1-3B/2—-BJ/2A) 3/2>A>1,1/2>B
(A, B)={ A+ AB/2+5BJ/A—5B—1 2> A>3/2 A/3>B . (68)
(A— B — AB)?/2AB 2> A>1, 45> B>max{l, 4
1-3B/A A>2 A/3>B
0 otherwise

We found pgi*)(A, B). Similar to Eq. (60), in the (z,y, z) coordinate system, in terms of
the slopes (a,b), the total number of elements Nl(f*)(a,, b) is

X « 15 o, 1 a
NG By = 98 s Dne0.5) 4 527 Dy 0,0) 4 o D). (69
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Figure 6: Conditions on straight lines for a given voxel to be of type Qg*) (a) Partition of
the slopes (A,B) to seven ranges. (b)—(i) The domains of (Y5, Zo) that lead to the the four

cases of Qgﬁ*) voxels (figure 5) are shown with (A, B) as parameters, and in reference to the

seven ranges shown in (a). Only combinations that lead to Qg*) voxels are shown.
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Figure 7: Three types of voxels in QL%*) (highlighted, and shown with their 26-neighborhood).
The coordinate system axes are set such that the entry point to the 26-neighborhood is always

in the X = —1 plane. The three types correspond to three faces through which the line exits
the 26-neighborhood.

For the calculation of Nég*), the number of voxels in ng,,* , we observe that a voxel centered

)
at (z,y,z) is in the chain and belongs to Qgé*) if and only if (x — 1,y — 1,z — 1) and (z +
l,y + 1,2+ 1) are in the chain. Hence, the number of the chain points in Qgé*) can be found
by counting the number of pairs of the form (z,y,z) and (z + 2,y + 2,2 4+ 2) in the chain.
Consider in turn a voxel through which the line passes. Use that voxel to define the (X, Y, 7)
coordinate system as in section 5. Now, one has to check whether that voxel is the first in a
pair of voxels in the chain that differ by 2 in each of their coordinates. If that is the case,
then there is a voxel located at (z + 1,y + 1,z 4+ 1) between them along the chain, that is in

02,

There are three possible ways for a line to pass through the said pair of voxels, defined
according to the face through which the line leaves the second voxel of the pair, as shown in
Fig. 7. The three cases, formally defined by the following inequalities, correspond to three
types of voxels in Qg?)

a b c
2<Y|X=3<3 2<X|Y=3<3 2<X|Z=3<3 . (70)
2<Z|X=3<3 2<Z|Y=3<3 2<Y|Z=3<3

21



Substituting Eqs. 33 we obtain:

2-34<Y,<3-3A
2 3B < Z,<3—3B
(3—Yy)BJA < Zy<3—(3—Yy)BJA

3-3B<Zy<3-2B

a
b
{ —34A<Y,<3-24 : (71)
(&
{2— 3 Z0)A/B <Yy <3~ (3—7Z)A/B

The pair of slopes (A, B) is in one of the following nine ranges, shown in Figure 8.

f1<A<?2 and 1<B<A

<A<l and f<B<4

2<B<i<A<]

<A<l and (<B<A

1<A<§ and §<B<1i . (72)

1<A<— and —<B<2A

<B<1<A<—
1<A<— and 1<B<A

0therw1se

NP2PQY MY 0TS

Fig. 9 shows the domains of (Y, Zy) that correspond to these inequalities, with A and B
as parameters. The results depend on the range.

The probability of each of the cases is obtained by calculating the respective areas.

(B3A-1)3B—-1) :<A<: and ;< B<A
(2%) (3—-34)3B—-1) 1 <B<i<A<I
P (A, B) = (3—3A4)(3-3B) 2<A<1 and 2<B<A (73)
otherwise
13B-1)A(3- 1) 2<A<1 and f<B<42
BA-2[BE+0-1] dopcicoa<i
2+9A—2AB—%—% <A<l and 2<B<A
(24) _ (3——)(%— ) l<A<? and 2<B<}
Pan (A B) =3 B3 0B BE 1) —1] 1<A<? and Lepctr - ()
9+24-244 98 _9AB B <cB<l<A<?
(3-24)(3 - B - 2B) l1<A<? and 1<B<A
0 otherwise
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Figure 8: Partition of the slopes (A,B) to nine ranges.

(3-24)3-B-28 2<A<1 and 2<B<A
1 24\(3B A 3
(29) _ ] :B-F)r -2  F<B<I<AL
Pisc (4, B) = %(S—QA)(%—QB) l<A<?2 and 1<B<A "’ (75)
0 otherwise
Summing the probabilities of the three cases gives the probability of a point to be in QL%*):
(3A—-1)(3B —1) t<A<? & i<B<A
1B8B-1)AB- %)+ (3 3A)(3B—1) <A<l & t<B<4
(3-34)3B-1)+(BA-2)BE+1)-1 4<B<i<A<l
" 524 _ 28 <A<l & 2<B<A
P33 (AaB>: %( _%)(%_ ) 1<A<% & %<B<%
(—2A)[B(2A+1)—1] l<A<2 & 1<B<2
3+24— % —24B M ocB<l<A<?
(3—2A)(3—B—%)%—%(3—214)(%—23) l<A<2 & 1<B<A
0 otherwise
(76)

We found pgé*)(A, B). Similar to Eq. (60), in the (z,y, z) coordinate system, in terms of
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Figure 9: Conditions on straight lines for a given voxel to be of an .
(2

the three cases for getting (135

*)

(24) type. For each of

type voxel (figure 7) and the different slope ranges (figure

8), all the line entry points to the voxel that lead to that case, are shown in grey. Only the
possible combinations are shown. For the other combinations, the specific case is impossible
for any line in the given slopes range.
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the slopes (a, b), the total number of elements Nég*)(a, b) is

* * * 1 b * 1 a
N (a.0) = ) b B) P Dy () + 02 D). (77)

The total number of the elements of the other types N{?*) can be found using Egs. (51)
and (55):

78
= N&D = N — NG - NG (78)

)
NI = N = N - N - N
2% 1 2% D%
P
Since N2 = N{29) similar symmetry will appear in the estimator coefficients too, so W,
and U, will be equal. Since distinction between the groups Q%) and Q%) is not needed,
they can be unified to obtain the following new classification groups:

(2x%) (2x%)
Q(?) — { Qrs Uer r<s (79)

ns Q) r=s

The numbers of elements in these groups are:

(2%)
{ 2N r<s (80)

These values can be substituted in Eqgs. 10, 15 and 24 to obtain the system of equations
(25). Its solution leads to the desired two-sided estimator, in the form of Eq. 8. The cal-
culations, including numerical integration and solution of system of linear equations, were
performed using the Mathematica software system. The result is:

Iy =0.98817N? +0.77296 N2 4+ 0.62154 N3 1 0.69037N? + 0.60158 N2 + 0.56782 N
(81)

The RMS error of the estimator is found, using (17) and taking the square root, to be 0.57%.

We have thus obtained an estimator that is based on classification of the digital curve
points according to the number of their preceding and succeeding 26-neighbors. The resulting
precision is much better than in all previously available estimators, including the one sided
estimator.
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7 Direct Length Estimation from the Binary Image

The length estimators that have been suggested in the literature for curves in two and three
dimensions, as well as the one and two sided estimators, rely on chain code representation of
the input curves. It is thus required to explicitly keep track of the order of voxels along the
curve. The following estimator does not rely on order and thus can thus operate directly on
the digital image and eliminate the need for prior chain code representation.

In this estimator, classification is based on the groups Q) defined such that a digital
curve voxel is in Q) if there are exactly m digital curve voxels in its 26-neighborhood. For
smooth curves without digital self intersections, and in particular for digital straight lines,
the following relations to the classification groups Q) that are used in the two sided length
estimator hold:

Qg)—ﬂ()
Qé)—ﬂ()
of) = oy U off (82)
Q@—ng

05 = af

The relations between the respective cardinalities are

N = N
N = Ny
NP = N + N§ (83)
mmzwg

These values can be substituted in Eqgs. 10, 15 and 24 to obtain the system of equations
(25). Its solution leads to the following estimator:

Lo =098111N 1+ 0.77539 N + 0.66483N ) 1 0.60050 N + 0.56479 N (84)

The RMS error for uniformly distributed straight lines is 1.13%, twice than that of the two-
sided estimator, but significantly superior to that of any other previously available estimator.
Voxel ordering information is not required and direct operation on the 3-D digital image is
possible. Note however that since it is assumed that the ordering of the digital curve voxels
is unknown, then if the curve intersects itself (or is close to that), the contribution of voxels
near the intersection to the length estimate will be biased.
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8 Experiments

The suggested length estimators are designed to be unbiased and to minimize the mean
square error for straight lines of random orientations. When operated on general curves with
varying tangent orientations, local length estimation errors tend to to cancel out, hence the
total estimation error is usually greatly reduced.

In order to corroborate the analytic results the suggested estimators have been operated
on 100 straight lines of length 1000 and random orientation that have been generated and
digitized by computer simulation. The results are summarized in Table 2. The very small
mean errors reflect the unbiasedness of the estimators. The experimental RMS errors are
quite close to the values obtained by analysis. The experimental minimum, maximum and
mean absolute errors are also shown.

In order to evaluate the performance of the three suggested length estimators on curves
other than straight lines, experiments in length estimation of circles have been carried out. On
one hand, at large radii, these experiments are intended to demonstrate that local estimation
errors tend to cancel out in curves with varying tangent orientations. On the other hand, at
small radii, they allow to observe the performance degradation as curvature increases and the
assumption that curves are smooth almost everywhere becomes less and less valid.

In the following graphs, the value at each radius is based on length estimation of 100 circles
at random locations and orientations that have been generated and digitized by computer
simulation. Fig. 10 shows the maximal, average and minimal perimeter estimation errors
over that set of circles using the one-sided length estimator. Figs. 11 and 12 respectively
refer to the two-sided and direct length estimators. Fig. 13 compares the RMS estimation
errors of the three estimators. The corresponding average absolute errors are compared in

Fig. 14.

H Estimator ‘ mean err. ‘ RMS err. ‘ min err. ‘ max. err. ‘ mean abs. err. H
Ly (1-sided) | -0.04% 2.52% -7.46% 4.07% 1.94%
Ly (2-sided) | -0.09% 0.61% -1.60% 1.02% 0.49%
Ls (direct) | -0.09% 1.21% | -4.61% | 1.46% 0.87%

Table 2: Length estimation of 100 straight lines of length 1000 and random orientation
using the three estimators presented in this paper. Shown are the mean, RMS, minimum,
maximum, and mean absolute length estimation errors.
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Figure 10: Perimeter estimation of circles using the one sided estimator. For each radius, the
maximum, minimum and average errors over a set of 100 random circles are presented.
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Figure 11: Perimeter estimation of circles using the two sided estimator. For each radius,
the maximum, minimum and average errors over a set of 100 random circles are presented.
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Figure 12:

Perimeter estimation of circles using the direct estimator. For each radius, the

maximum, minimum and average errors over a set of 100 random circles are presented.
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Figure 14: The RMS errors in perimeter estimation of circles using the three suggested
estimators.

9 Discussion

Estimators for the original length of 3-D curves that are given in digital form are developed
in this paper. Estimation is possible subject to the fundamental assumption that the quantiz-
ation of the curve is sufficiently fine to capture the essential shape of the curve. In particular,
following the standard design methodology developed in 2-D (see, e.g., [14]) and extended
to 3-D [11], it is assumed that locally, along the curve, except at a small number of corners,
the curve is sufficiently smooth to be considered nearly straight within 3 x 3 x 3 digital
neighborhoods'.

The design principle is to derive an estimator from local properties of the digital curve,
that will be unbiased and minimize an error criterion for straight lines. Unbiasedness for
straight lines implies that in a general curve local estimation errors can be expected to largely
cancel out due to the variability in tangent orientations along the curve. In this research, as
in [11], the MSE criterion was used. It is possible to design similar estimators using other
error criteria, such as the min-max criterion that was used in [14] for the development of 2-D
perimeter estimators.

It should be stressed that to be applicable to general curves, the estimator should rely
on local properties of the digital curve. In practice, estimation is based on classification of

!'Near-straightness in smaller neighborhoods is sufficient for the one-sided estimator.
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H Estimator ‘ RMS Error ‘ Data source ‘ Input H

Ly 2.49% CQ 6-Chain

L, 0.57% CQ 6-Chain

L 1.13% CQ Digital image
Lk 2.88% TCQ 26-Chain
Lve, 2.33% Shortest Path | 26-Chain
Lps 2.8% Shortest Path | 26-Chain

Table 3: The suggested estimators in perspective of previously available methods. The upper
part shows the one-sided, two-sided and direct estimators developed in this work. The lower
part presents the length estimator of Kiryati and Kubler, the results of Verwer and Beckers
and Smeulders. Shown are the RMS error for straight lines, the data source - either a curve
quantization method or, in the case of distance transforms, a shortest path algorithm, and
the input format. Unlike the other works, Beckers and Smeulders defined the error per string
element rather than per unit length. (Note that Verwer also presented a more accurate
method that is based on finer classification of the chain elements of the shortest digital path.
Unlike curve length estimation, in unconstrained distance transformations the shortest paths
are always straight and locality of classification is of little importance).

chain code elements or digital curve points according to the structure of the digital curve in
their neighborhood. Increasing the size of the neighborhood can lead to finer classification
and better estimation of the length of straight lines, but when applied to general curves
will lead to violations of the assumption that the curve is nearly straight within the (larger)

neighborhoods.

An important purpose of the experiments is to provide data and insight about the failure
modes of the suggested estimators as the smoothness assumption ceases to be valid. The
classification support region for the two-sided estimator is larger than that of the one-sided
estimator. It is thus not surprising that while the two-sided estimator is more accurate than
the one-sided estimator when applied to circles of a radius larger than about 5, it has no
significant advantage for smaller circles.

Some caution should be practiced in comparing the suggested estimators to those repor-
ted in the literature, see Table 3. We find limited interest in estimators that rely on global
characterizations of digital straight lines rather than on local properties, since they are inap-
plicable to curves. (For example, one estimator considered in [3] is the Euclidean distance
between the first and last digital point). The development of other estimators has been based
on the erroneous claims that the line-to-arc and projection properties hold for 3-D GIQ and
OBQ (Object Boundary Quantization). The results of [18] and [2] relate to the design of local
weights for distance transformations, a problem that in 3-D is similar, but not identical, to
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the design of length estimators. In particular, the digital paths obtained by a shortest path
algorithm are necessarily digital arcs and are thus much simpler than digital straight lines
obtained by 3-D GIQ, that are not digital arcs. To our knowledge, the only valid, non-trivial,
3-D length estimator that has so far been available is that of reference [11], but the 3-D digital
curve representation scheme used there (TCQ) has certain limitations, notably the lack of
direction symmetry.

To avoid these pitfalls, we first identified cube quantization as a mathematically well
defined and well behaved 3-D curve representation scheme [9], then went on to develop
3-D length estimators based on cube quantization. The main difficulties that we had to
overcome were in local classification of digital points in 6-chains, which is not as obvious
as 1n 26-chains used in previous works, and in the cumbersome details of the development
that necessitated the use of mathematical software. The estimators that were obtained, as
presented in section 4, are easy to interpret and apply, and significantly outperform previous
techniques.
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