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Abstract

Digital representation of three dimensional curves is considered. Two dimensional repres-
entation schemes are first reviewed, then methods applicable to curves in three and higher
dimensional spaces are described. Desirable properties of curve representation schemes are
identified and used as a basis for qualitative and quantitative comparison of the various meth-
ods that have been suggested. Conclusions concerning the selection of a digital 3-D curve
representation scheme for shape analysis and coding are drawn. It is shown that grid intersect
quantization is a poor choice for curve representation in 3-I) space and that cube quantization,
that leads to 6-connected chain codes, meets all the identified requirements and should be
preferred.

1 Introduction

Digital representation of curves is an important step in computerized shape analysis. Typical
digital curve representation schemes consist of a quantization (or digitization) stage followed
by chain encoding. Chain codes are the standard input format for numerous shape analysis
and machine vision algorithms. Various 2-D curve representation schemes have been con-

sidered in the literature [13, 14, 16, 18, 23, 32, 40, 41, 42, 44, 51, 55]. A valuable comparison

between the main techniques appears in [32].

The details of the digital curve representation scheme can have great influence on the per-
formance of subsequent algorithms. For example, Kulpa [35] resolved a controversy between
two approaches to area measurement by showing that they relate to different representation
schemes. Consider the evolution of estimators for the original perimeter of a 2-D shape from
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its chain code, from the original work of Freeman [13, 14] to recent contributions [11, 33]. Tt
is apparent that careful analysis of the digitization schemes and their effects on the properties
of digitized straight lines [6, 9, 10, 12, 13, 19, 20, 37, 39, 47, 56] (that are a limiting case
for fine sampling of smooth curves) has been the key to breakthroughs in the performance of
perimeter estimators.

The increasing importance of three dimensional shape analysis in medical imaging, range
image processing, image sequence analysis, robotic navigation and other domains necessitates
the definition, evaluation and well founded selection of digital curve representation schemes
in three dimensions. The 3-D chain code was defined by Freeman in 1974 [14], but without
explicit specification of the quantization method. In the last decade several 3-D digital curve
representation methods have been suggested. Omne of them is a generalization of the 2-D
Grid Intersect Quantization (GIQ) scheme [24, 30], but note an important correction made

in [53] concerning the properties of that method. Other techniques have been suggested in
(1, 7,27, 30, 53].

The cumulative experience in the analysis of curves, paths and surfaces in 3-D has proven
that better understanding of 3-D digital curve representation schemes is crucial for the devel-
opment of higher performance 3-D shape analysis algorithms. The extension of 2-D schemes
to 3-D 1s surprisingly nontrivial. Important properties of 3-D schemes are unobvious and
somewhat counterintuitive, and have escaped the attention of several researchers.

In this paper the concept of a mathematically ‘well-behaved’ 3-D curve representation
scheme is formalized and summarized as a list of requirements. These are used as a basis
for qualitative and quantitative comparison of the various methods that have been suggested.
It is shown that grid intersect quantization is a poor curve representation scheme in 3-D
and that cube quantization, that leads to 6-connected chain codes, meets all the identified
requirements and should be preferred.

2 Notation and Basic Definitions

A lattice in R™ is a set of points created by n independent vectors v; € R" [36]:

{peR": ;D:Z;Dﬂ)i, pi€Z,1=1,2,...n} (1)

=1

The lattice created by the unit vectors in the direction of the coordinate system axes, i.e., the
set of all points in R"™ with integer coordinates, is the (n-dimensional) unit square lattice.
In the sequel, unless noted otherwise, the term (n-D) lattice stands for (n-D) unit square
lattice. An n-D centered hypervozel is an n-dimensional hypercube of unit length edge, with
its center on a lattice point and its edges parallel to the axes. An n-dimensional shifted
hypervozel is an n-dimensional unit length hypercube, with all its corners on lattice points. A



two dimensional hypervoxel (centered or shifted) is a pizel. A three dimensional hypervoxel
is a vozel. In [5] the term rexel is suggested for a four dimensional hypervoxel.

Two distinct points on an n-dimensional lattice are O(r)-adjacent if each coordinate of
one of them differs from the corresponding coordinate of the other by at most 1, and at least
n — r coordinates are equal. The points that are O(r)-adjacent to a specific point are called
its O(r)-neighbors. In two or three dimensions it is common to use the term m-adjacent
instead of O(r)-adjacent, where m is the total number of O(r)-adjacent points. Hence in
2-D “4-adjacent” and “8-adjacent” mean “O(1)-adjacent” and “O(2)-adjacent”, and in 3-D,
“6,18, or 26-adjacent” mean “O(1), O(2), or O(3)-adjacent”, respectively.

An O(r)-chain is a sequence of lattice points, in which every two consecutive points are
O(r)-adjacent. A subset S of a lattice is O(r)-connected if for any two points in S, there
is an O(r)-chain in S with the two points at its ends [45]. An O(r)-chain in which each
point (except the first and the last) has exactly two O(r)-adjacent neighbors, and each of the
two end points has a single O(r)-adjacent neighbor, is a digital arc (in the O(r)-connectivity
sense).

The unordered set of points obtained by digitization of a continuous curve is its digital
image. A digital curve is a chain that (according to a given scheme) represents a continuous
curve. If the continuous curve is a straight line, the digital curve is a digital straight line.

Figure 1: Three link types in three dimensional 26-chains



The segment connecting two consecutive chain points is a link. In (m-chains) each link
is one of m possible vectors. A chain code representation of a digital curve consists of the
coordinates of the starting point and the sequence of links [13]. Note that in two dimensional
8-chains the links can be classified according to their length: it is either 1 for links that are
parallel to the axes, or /2 for diagonal links. In three dimensional 26-chains there are three
types of links, type-1, type-II and type-II1, of lengths 1, v/2 and /3 respectively. See Fig. 1.

There are various measures for distance between lattice points (or other points) in n-
dimensional space [5, 8, 30, 49, 50]. A common measure is the Euclidean distance between
the two points. Another useful measure is the chess-board distance defined by

do(p,q) = max i — ail, (2)

where p; and ¢; respectively denote the components of p and gq.

Additional definitions and explanations about 2-D digital contours can be found in [13,
43, 46]. Extensions to 3-D are considered in [14, 48] and general formulations for multi-
dimensions are described in [8, 54].

3 Brief Review of 2-D Curve Digitization Schemes

Consider first Square Quantization [13, 14, 23], in which the curve is implicitly segmented
according to its intersections with centered pixels. The chain is taken to be the sequence of
points at the centers of these pixels, following the order of the segments along the curve. For
a curve in general position, the probability of corner crossing between pixels is zero and can
be ignored, so diagonal links do not appear and a 4-chain is obtained. See Fig. 2.

Other schemes can be used to get 8-chains. Three of these are based on the intersection
points between the curve and the edges (between two lattice points at the corners) of shifted
pixels. In Grid Intersection Quantization (GI1Q)[13, 14] the curve is represented by selecting,
at each intersection, the closer lattice point of the pair connected by the intersected edge, as
shown in Fig. 3. The order of points follows the order of intersections along the curve. (Note
that Bresenham’s algorithm [3] for digital display of straight lines is equivalent to GIQ of
straight lines). Other approaches regard the curve as the boundary of an object. Then one
of the pair of lattice points is in the object while the other is outside, i.e., in the background.
Object Boundary Quantization selects from each pair the point in the object and Background
Boundary Quantization selects the background point [18]. The points are ordered as in Grid
Intersect Quantization (GIQ). See Fig. 4.

In Convex Quantization [32] (Fig. 5) a convex domain is placed around each lattice point.
If the curve passes through the domain, the lattice point is included in the representation.
Square quantization is a special case in which the convex domains are the centered pixels
around each lattice point. Circle Conver Quantization, in which the convex domain is a circle
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Figure 2: The Square Quantization method for 2-1) curve representation.
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Figure 3: The Grid Intersect Quantization (GIQ) method for 2-D curve representation. At
each intersection of the curve with an edge of a shifted pixel, the lattice point closer to the
intersection is selected and included in the representation.



(a) (b)

Figure 4: The Object Boundary Quantization (OBQ) and Background Boundary Quantiza-
tion (BBQ) methods for 2-D curve representation. At each intersection of the curve with an
edge of a shifted pixel, one of the two endpoints of the edge is selected and included in the
representation. In OBQ it is the one outside the object, and in BBQ it it the point in the
object.

of unit diameter centered at the lattice point leads to 8-chains. Diamond Convexr Quantization
has also been considered [32]. For straight lines and other curves that do not enter and exit
a diamond through the same edge it is equivalent to Grid Intersect Quantization.

Generalized chain codes (consisting of longer steps between successive elements) [15, 17]
and hexagonal grid quantization schemes [52] have also been suggested.

4 Three Dimensional and N-dimensional Methods

Most 2-D digital curve representation schemes do not lend themselves to generalization to
higher dimensions. Object Boundary Quantization and Background Boundary Quantization
cannot be used in three or higher dimensions since an object side and a boundary side of
a curve do not exist. In 3-D Convex Quantization, connectivity is not always maintained,
because the curve may pass between domains without crossing them. For example, if one
uses spherical domains as a generalization of Circle Convex Quantization to three dimensions,
then even an infinite line can pass between the spheres without intersecting any of them, see

Fig. 6.
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Figure 5: Two dimensional Convex QQuantization. A convex domain is placed around each
lattice point, and the point is included in the representation if the curve intersects the do-
main. (a) Square Quantization. (b) Circle Convex Quantization. (c¢) Diamond Convex
Quantization.



Figure 6: A naive attempt to generalize 2-1) Circle Convex Quantization to 3-1 Spherical
Convex Quantization. Even an an infinite straight line can pass between the spheres without
intersecting any of them.

Several 3-D digital curve representation schemes have been suggested in the literature.
To obtain O(1)-chains (6-chains), Square Quantization can simply be generalized to Cube
Quantization (CQ) [27, 30] by referring to “centered voxels” instead of “centered pixels”.
See Fig. 7. To obtain O(3)-chains (26-chains), Grid Intersect Quantization (GIQ) can be
generalized to 3-D. In 3-D GIQ [24, 30], one takes the closest of the four lattice points to
each intersection of the curve with the face of the shifted voxel as shown in Fig. 8. Several
properties of 3-D GIQ are presented in [24], extended to multi-dimensions in [30] (and used
in [2, 7]), but as shown in [53], not all are correct. Klette [30] developed a generalization of
Convex QQuantization that includes multidimensional Cube Quantization and Grid Intersect
Quantization (GIQ) as special cases. GIQ was also extended [25, 38] into a 3-D surface
quantization scheme. This seems to be the natural extension of 2-D GIQ to 3-D.



Mazimum Length Quantization (MLQ) [22] also yields 26-chains in 3-D, and is readily
applicable to higher dimensions. The curve is divided to segments by its intersections with
the planes that are perpendicular to one of the coordinate axes and are midway between the
integer coordinate planes. For each segment, the lattice point with the longest subsegment
in its centered voxel is selected. This process is repeated for each of the axes. The selected
points are then ordered according to the order of the corresponding subsegments on the curve.
A 2-D illustration of MLQ is shown in Fig. 9. Unlike other curve quantization methods, in
MLQ the quantization depends on the whole curve, not just on selected points such as grid
intersection points. In 2-D, for a straight line, MLQ is equivalent to GIQ.

i

Figure 7: The Cube Quantization method for 3-D digital curve representation is a generaliz-

ation of 2-D Square Quantization.



Figure 8: Three dimensional GIQ. At each intersection of the curve with the face of a shifted
voxel, the nearest lattice point of the four corner points of the face is selected and included
in the representation.
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Figure 9: 2-D illustration of Maximum Length Quantization (MLQ). In (a) the curve is
segmented according to its intersections with lines that are perpendicular to the Y axis and

are midway between the integer coordinate lines. For each segment the lattice point with
the longest subsegment in its centered pixel is selected. In (b) the process is repeated with
respect to the X axis. The resulting chain is shown in (c).
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A method used in [27] is referred to here as Thinned Cube Quantization (TCQ) (Fig. 10).
The O(3)-chain obtained by this method is a subset of the O(1)-chain points obtained by
Cube Quantization. The chain begins with the first Cube Quantization point and at each
stage proceeds to the furthest possible point subject to maintaining O(3) connectivity, giving
precedence to type-III links over type-II links and to type-II links over type-I links. This
method minimizes the number of elements and, for a straight line, always yields a digital arc.

Figure 10: The Thinned Cube Quantization (TCQ) method for 3-D curve representation.
The TCQ chain consists of a subset of the points in the Cube Quantization representation.
The chain begins with the first Cube Quantization point and at each stage proceeds to the
furthest possible point subject to maintaining O(3) connectivity, giving precedence to type-111
links over type-II links and to type-II links over type-I links.

In [1, 4, 7, 53] a quantization scheme that is applicable only to straight lines has been
considered. The axis with the smallest angle to the line is chosen to be the main axis, and the
line is sampled at each integer value along that axis. The other coordinate values of the points
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are rounded [1, 53] or truncated [4, 7]. In [53] two extensions of these techniques to general
curves are briefly suggested. One is based on approximation of the curve by straight line
segments; this leads to large deviations from the original curve. The other uses the tangent
to the curve at each coordinate crossing to locally define a main axis; chain connectivity in
the general case is not ensured.

5 ‘Buyers Checklist’ for Curve Representation Schemes

In this section the vague concept of a mathematically well-behaved 3-D curve representation
scheme is formalized and summarized as a list of requirements. These are used in the sequel
as guidelines for qualitative and quantitative comparison of the various methods that have
been suggested.

Formally, Let I(t) be a (continuous) curve. The goal is to represent it by an O(r)-chain
L, in a square lattice in R . Let @ denote the quantization operator, i.e., L, = QI(t). Since
Q) transforms from a continuous space to a discrete one, it is a non-invertible operator, that
is, an infinite number of continuous curves are generally represented by a given chain. Hence,
L, may be only an approximation of /(¢). This approximation should preferably satisfy the
following requirements.

(a) Coordinate system axis symmetry - The quantization should be symmetric with respect
to changes in the labels and directions of the axes.

(b) Curve direction symmetry - Reversing the starting point and end point of the continuous
curve should lead to the same chain in reversed order.

(¢) Invariance to integer translation - Integer translation of the continuous curve (or equival-
ently of the coordinate system origin) should lead to the same chain translated.

(d) Finite memory - The representation of a curve segment should not depend on arbitrarily
distant segments.

(e) Line to arc - The discrete representation of a straight line should be a digital arc. This
requirement is necessary for minimization of the number of elements (subject to maintain-
ing connectivity) in the discrete chain. Since the shortest chain between two lattice points
is necessarily a digital arc, it is reasonable to require that a digital straight line should be
a digital arc.

(f) The projection property - Let R;;z be the projection of a 3-D curve or chain on the ¢j plane,
where ¢, 7 are any two coordinate axes. The projection property is that QR;;l = R;;QI,
i.e., the projection of a 3-D chain onto a plane perpendicular to any one of the coordinate
system axes should be identical to the 2-D digital representation of the projection of the
continuous curve onto that plane.

13



(g) Distance minimization - The process should minimize, in some sense, the distance between
the discrete chain and the original continuous curve. There are obviously many ways to
define the distance.

(h) Compactness - The chain should consist of as few elements as possible, subject to the other
requirements. Alternatively, one can account for the different number of bits required for
link representation in, say, 6-chains and 26-chains by requiring that the number of bits in
the representation should be minimized.

These guidelines can be used in the selection or design of computational or mathematical
quantization procedures. In physical quantization processes, such as in range-sensing or
tomography, the application-specific physical constraints (that are often difficult to modify)
will govern its mathematical characteristics.

6 Evaluation of 3-D Digital Curve Representation Schemes

In this section 3-D digital curve representation schemes are compared according to the list
of requirements provided in the previous section. The methods considered are Grid Intersect

Quantization (GIQ), Thinned Cube Quantization (TCQ), Maximum Length Quantization
(MLQ) and Cube Quantization (CQ).

(a) Coordinate system axis symmetry is satisfied in all four 3-D digital curve representation
schemes.

(b) Curve direction symmetry is satisfied in GIQ, MLQ and CQ, where the encoding is inde-
pendent of ordering, but not in Thinned Cube Quantization (TCQ) in which the thinning
of the cube quantization chain to obtain a 26-chain might be direction dependent as shown

in Fig. 11.
(c¢) All four 3-D digital curve representation schemes are invariant to integer translation.
(d) Finite memory exists in GIQ, MLQ and CQ, but not in TCQ, as exemplified in Fig. 11.

(e) It is easy to show that in CQ the discrete representation of a straight line is a digital
arc. This property holds in TCQ as well. Kim [24] and Klette [30] tried to prove that it
also holds in 3-D GIQ, but Stojmenovi¢ and Tosi¢ [53] provided a counter-example and
have thus shown that the discrete representation of a straight line using 3-D GIQ is not
necessarily a digital arc. To show that in MLQ the discrete representation of a straight
line is not always a digital arc, consider the line

14



Figure 11: Violation of direction symmetry and finite memory in TCQ. The curve consists
of three straight segments. Every other voxel that the middle segment traverses is included
in the representation, but the selection depends on the direction of encoding, hence direction
symmetry is violated. Furthermore, even if the middle segment had been made arbitrarily
long, the selection would have still been influenced by the voxels that the first segment
traverses.

The resulting MLQ chain contains the string
(0,0,0),(0,1,0),(1,1,1),(2,2,1)
The point (1,1,1) has three neighbors, hence the chain is not a digital arc.

(f) Stojmenovi¢ and Tosi¢ [53] have demonstrated that the projection property does not hold
in 3-D GIQ. It can be further shown (see Appendix A) that any extension of 2-D GIQ
(and 2-D OBQ) to three dimensions necessarily violates the projection property. TCQ
and MLQ do not satisfy the projection property, see Fig. 12 and Fig. 13 respectively. In
Cube Quantization (CQ), if a 3-D curve traverses a voxel then the 2-D projection of the
curve traverses the 2-D projection of the voxel, and vice-versa. Thus, of the four methods
only CQ satisfies the projection property.

Table 1 compares the four 3-D digital curve representation schemes according to requirements

(a) through (f).

(g) Ome way to define the distance between the discrete chain and the original continuous curve
is according to the mazimum distance between any chain lattice point and the curve. An

15



Figure 12: Violation of the projection property in TCQ. A 3-D curve (solid), its digital image,
its TCQ representation and the projection of the chain onto the Y — Z plane are shown. Point

C is included in the 3-D TCQ chain but its projection C’ will be thinned (deleted) in the
2-D TCQ representation of the projection of the curve.
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Figure 13: Violation of the projection property in MLQ. A 3-D curve (solid), its digital image,
its MLQ representation and the projection of the chain onto the Y — 7 plane are shown. Point
B is included in the 3-D MLQ chain but its projection B’ is not included in the 2-D MLQ

representation of the projection of the curve.

alternative definition is based on the mazimum distance between any curve point and the
nearest chain latltice point. In both approaches a definition of the distance between a
given curve point and a given lattice point is needed. By specifying either the Euclidean
or chess-board metrics, four alternative curve to chain distance measures are obtained.
The four 3-D digital curve representation schemes were compared according to the four
distance measures, and the results are summarized in Table 2.

In order to compare the compactness of the four 3-D digital curve representations, the
average number of chain elements per unit length of random straight lines is presented in
the upper row of Table 3. The values for CQ and TCQ were taken from [27]. The average
number of bits per unit length is shown in the bottom row of Table 3. It has been obtained
by multiplying the average number of chain elements per unit length by log, 6 for CQ and
by log, 26 for the other three schemes.
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criterion CQ | GIQ | MLQ | TCQ
a: coordinate system axes symmetry || + + + +

b: curve direction symmetry + + + -

c: invariance to integer translation + + + +

d: finite memory + + + -

e: line to arc + - - +

f: the projection property + |- - -

Table 1: Qualitative comparison of 3-D digital curve representation schemes.

measure || CQ GIQ | MLQ | TCQ
0.866 | 0.707 | 0.866 | 0.866
0.5 0.5 0.5 0.5
0.866 | 1.732 | 1.66 | 1.66
0.5 1 1.5 1.5

Oaw >

Table 2: Comparison of the distance between the continuous curve and its discrete repres-
entation in four 3-D curve discretization schemes. A: Maximum Fuclidean distance between
any chain lattice point and the curve. Note that for GIQ the worst case is realized by a curve
that passes through the center of a face of a voxel. For the other schemes the worst case is a
curve that passes at the corner of a voxel. B: Maximum chess-board distance between any
chain lattice point and the curve. C: Maximum Euclidean distance between any curve point
and the nearest chain lattice point. D: Maximum chess-board distance between any curve
point and the nearest chain lattice point.

measure || CQ | GIQ | MLQ | TCQ
A 1.5 1 0.900 | 0.835 | 0.831
B 3.88 |1 4.23 |3.92 | 3.91

Table 3: Compactness 3-D digital curve representations. A: Number of elements per unit
length. B: Number of bits per unit length.

18



7 Discussion

More than thirty years of research have yielded a significant body of knowledge on digital
representation schemes for planar curves. in 2-D space. This has been the foundation for
the design and analysis of a multitude of shape analysis and pattern recognition algorithms.
The prominent 2-D curve digitization techniques are generally ‘well-behaved’, and are in fact
closely related among themselves.

As applications for 3-D shape analysis emerge, the need for digital representation schemes
for 3-D curves arises. It is tempting to expect that 2-D schemes can be easily generalized
to 3-D, but this is not the case: Several 2-D curve representation schemes cannot be exten-
ded to 3-D in a meaningful way, and others loose much of their elegance and mathematical
robustness.

As a basis for comparison between digital representation schemes for 3-D curves a list of
requirements has been presented. The suggested principles are quite general and intended
to be relevant to many applications. They are certainly necessary for the partial extension
of planar digital geometry theory to 3-D.

It turns out that Grid Intersect Quantization (GIQ) is a poor curve representation scheme
in 3-D due to the lack of several important features. In fact, there is no 26-chain technique
that we are aware of that can be recommended for general use. The main conclusion of this
paper is that Cube Quantization (CQ), that leads to 6-chains, is the method of choice for 3-D
curve representation. It meets all the identified requirements and provides superior coding
efficiency in terms of bits per unit length.

Note that in certain applications, such as in the design of length estimators and chamfer
Euclidean distance transformations, the natural classification of 26-chain links to three types
is very convenient. Due to symmetry, there is no obvious “natural” classification of 6-chain
links that result from Cube Quantization. However, simple and meaningful 6-chain link
classification criteria have indeed been developed and applied to the design of extremely
accurate length estimators for 3-D curves [21, 22].

Appendix A

We proceed to show that no digital 3-D curve representation scheme can satisfy the projection
property if the respective 2-D scheme is GIQ or OBQ.

For GIQ consider the straight line
y = 0.252 4 0.45

z=0.252+0.9
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The following points belong to the 2-D GIQ representation of the projection of the line onto
the © — y plane in the vicinity of the origin:

(=1,0),(0,0),(1,1),(2,1)

Similarly for the x — z plane:

(_27 0)7 (_17 1)7 (07 1)7 (17 1)7 (27 1)
and for the y — z plane
(_17 _1>7 (07 O)? (17 1)7 (27 2)
Assume that the projection property is satisfied. Then the point (0,0) in the 2-D chain in
the z — y plane is the projection of a point in the 3-D chain whose coordinates are (0,0, z’).
The projection of that point onto the & — z plane is (0, z') and by comparison to the list of
points in that plane necessarily z’ = 1. The projection of the point (0,0,1) onto the y — =z

plane is (0, 1), but that point is not included in the 2-D chain in the y — z plane. Hence the
projection property is not satisfied.

For OBQ consider the straight line
y=0.252 4+ 0.95

z2=0.2bzx+ 1.4

The digital representation of the projections of that line on the three planes is as above, hence
the rest of the proof is similar.
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