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Abstract— The posterior matching scheme is known to achieve
capacity for a large class of memoryless channels with noiseless
feedback. In this contribution, it is shown that whenever the
posterior matching kernel admits a fixed point, the corresponding
scheme is not ergodic and cannot achieve any positive rate. The
source of the problem is traced back to the input ordering implicit
in the definition of the scheme. It is then shown how for any
discrete memoryless channel, a simple (and easily computable)
input permutation eliminates the fixed point phenomena and
allows a corresponding variant of the scheme to achieve capacity.
This notion is then systematically extended to the case of
continuous alphabet memoryless channels.

I. I NTRODUCTION

The idea of iterative refinement for communication over
memoryless channels with feedback goes back to the classical
schemes of Horstein for the Binary Symmetric Channel (BSC)
[1], and of Schalkwijk and Kailath for the Additive White
Gaussian Noise channel [2][3]. This idea has been recently
formalized under the so-calledposterior matching scheme,
a simple and sequential transmission scheme defined for
any memoryless channel and any desirable input distribution,
achieving the corresponding mutual information under general
conditions [4][5][6]. The posterior matching scheme was also
shown to admit a natural stochastic control interpretation[7].

In this paper, we point out that whenever the posterior
matching recursive kernel admits a fixed-point, then the cor-
responding scheme is not ergodic (in a sense defined below),
and cannot achieve any positive rate. We then show that the
fixed-point phenomena is in many cases just an artifact of
the implicit input ordering induced by the selection of the
c.d.f. in the posterior matching rule, in conjunction with a
matching insensitivity of the channel to that ordering. For
Discrete Memoryless Channels (DMC), we demonstrate how
any finite number of fixed points can be eliminated, by
applying a suitable (and easily computable) input permutation,
and considering the posterior matching scheme corresponding
to the input-permuted channel. Hence, for any DMC and
any input distribution, we find a suitable variant of the
posterior matching scheme that achieves the corresponding
mutual information, within the same input constraints. We
then generalize this notion to arbitrary memoryless channels
by defining a parameterized family of scheme variants that
facilitate the elimination of fixed-points, and explicitlyderive
the corresponding recursive kernels. This expands the set
of channels and input distributions for which the posterior
matching scheme, or a suitable variant, is optimal.

The paper is organized as follows. In Section II necessary
notations and definitions are provided. The posterior matching
scheme and some previous results are described in Section III.
In Section IV fixed-point free kernels are defined and shown
to be a necessary condition for achievability. In Section V
a systematic way to circumvent the fixed-point is developed.
Two examples are discussed in Section VI.

II. PRELIMINARIES

A. Notations

Random variables (r.v’s) are denoted by upper-case letters,
their realizations by corresponding lower-case letters. A(real)
r.v. X is associated with a probability distributionPX(·)
over R, and we writeX ∼ PX . The cumulative distribution
function(c.d.f.) ofX is given byFX(x) = PX

(

(−∞, x ]
)

, and
the inverse c.d.f. is defined byF−1

X (t) , inf{x : FX(x) > t}.
The support of X is the intersection of all closed setsA
for which PX(R \ A) = 0, and is denoted supp(X). We
assume that all r.v. are either continuous, discrete, or a mixture
of the two. We writeE(·) for expectation andP(·) for the
probability of an event within the parentheses. The uniform
probability distribution over(0,1) is denoted throughout byU .
A bijective functionµ : (0,1) 7→ (0,1) is called auniformity
preserving function(u.p.f.) if Θ ∼ U implies thatµ(Θ) ∼ U .
A distributionPX is said to be (strictly)dominatedby another
distributionPY if FX(x) < FY (x) wheneverFY (x) ∈ (0,1),
and the relation is denoted byPX ≺d PY . We use◦ for
function composition, and the indicator function over a setA

is denoted by1A(·).

B. Information Theoretic Notions

The mutual information between two r.v’sX and Y is
denotedI(X ; Y ). A memoryless channelis defined via (and
identified with) a conditional probability distributionPY |X on
R. The input alphabetX of the channel is the set of allx ∈ R

for which the distributionPY |X(·|x) is defined, the output
alphabet of the channel is the setY ,

⋃

x∈X supp(Y |X =
x) ⊆ R. A sequence of real r.v. pairs{(Xn, Yn)}∞n=1 is said
to be an input/output sequencefor the memoryless channel
PY |X if for all n ∈ N,

PYn|XnY n−1(·|xn, yn−1) = PY |X(·|xn) (1)

A probability distributionPX is said to be a (memoryless)
input distributionfor the channelPY |X if supp(X) ⊆ X . The



pair (PX , PY |X) induces anoutput distributionPY over the
output alphabet, a joint input/output distributionPXY , and an
inverse channelPX|Y . Such a pair(PX , PY |X) is called an
input/channel pairif I(X ; Y ) < ∞.

A channel for which both the input and output alphabets
X ,Y are finite sets is called adiscrete memoryless channel
(DMC). Note that the numerical values of the inputs/outputs
are practically irrelevant for a DMC, and hence in this
case one can assume without loss of generality thatX =
{0, 1, . . . , |X | − 1} andY = {0, 1, . . . , |Y| − 1}.

Let Θ0 ∼ U be a randommessage point, its binary
expansion representing an infinite i.i.d∼ Bern(1

2 ) sequence
to be reliably conveyed by a transmitter to a receiver over
the channelPY |X . A transmission schemeis a sequence of
transmission functionsgn : (0,1) × R

n−1
7→ R, so that the

input to the channel generated by the transmitter is given by

Xn = gn(Θ0, Y
n−1) , n ∈ N

A transmission scheme induces a distributionPXn|Xn−1Y n−1

which together with (1) uniquely defines the joint distribution
of the input/output sequence.

A decoding rule is a sequence of mappings
{

∆n : R
n
7→ E

}∞

n=1
, where E is the set of all open

intervals in (0,1). We refer to ∆n(yn) as the decoded
interval. The error probability at time n associated with a
transmission scheme and a decoding rule, is defined as

pe(n) , P(Θ0 6∈ ∆n(Y n))

and the correspondingrate at timen is defined to be

Rn , −
1

n
log |∆n(Y n)|

We say that a transmission scheme together with a decoding
rule achievea rateR over a channelPY |X if

lim
n→∞

P(Rn < R) = 0 , lim
n→∞

pe(n) = 0 (2)

The rate is achievedwithin an input constraint(η, u), if in
addition

lim
n→∞

n−1
n

∑

k=1

η(Xk) ≤ u a.s. (element-wise) (3)

whereη : R 7→ R
m is a function andu ∈ R

m. Accordingly,
a rateR is calledachievableover a channelPY |X within an
input constraint(η, u) if there exist a transmission scheme and
a decoding rule achieving it. These nonstandard definitions
for channel coding with feedback were adopted for a cleaner
analysis, and it can be shown that achievability as defined
above implies achievability in the standard sense of [8], see
[6].

An optimal fixed ratedecoding rule with rateR is one
which decodes an interval of length2−nR whose a-posteriori
probability is maximal, i.e.,

∆n(yn) = argmax
J∈E,|J|=2−nR

PΘ0|Y n(J |yn)

where ties are broken arbitrarily. This decoding rule minimizes
the error probabilitype(n) for a fixedRn = R. This rule uses
the posterior distribution of the message pointPΘ0|Y n(·|yn),
which can be calculated online at both terminals.

III. POSTERIORMATCHING – BACKGROUND

In this section, we provide a brief account of the poste-
rior matching scheme and corresponding optimality claims.
For any given input/channel pair(PX , PY |X), the posterior
matching scheme generates the next input as follows [6]:

Xn+1 = F−1
X ◦ FΘ0|Y n (Θ0|Y

n) (4)

The high level idea here is that evaluating the posterior c.d.f.
at the message point, generates aU-distributed r.v. that is
independent ofY n, and together withY n uniquely determines
Θ0. Intuitively, we think of that r.v. as representing the
information still missing at the receiver in order to reconstruct
the message point. The inverse c.d.f.F−1

X is then applied to
this r.v., shaping it to match the desired input distribution PX .

In order to treat discrete, continuous and mixed alphabet
channels within a common framework, we define for any
input/channel pair(PX , PY |X) a correspondingnormalized
channelPΦ|Θ with (0,1) as a common input/output alphabet,
and uniform input/output distributionsΘ ∼ U , Φ ∼ U .
The normalized channel is obtained by viewing the matching
operatorF−1

X (·) as part of the original channel, and applying
the output c.d.f. operatorFY (·) to the channel’s output, with
the technical exception that wheneverFY (·) has a jump
discontinuity the output is randomly selected uniformly over
the jump span.1 This construction is simply formalized by

PY |Θ(·|θ) = PY |X(·|F−1
X (θ)) Φ = FY (Y ) − PY ({Y }) · Λ

where Λ ∼ U is statistically independent ofΘ. Note in
particular thatI(Θ ; Φ) = I(X ; Y ).

The normalized channel allows a unified recursive repre-
sentation for the posterior matching scheme via the inverse
normalized channelPΘ|Φ corresponding to(PΘ, PΦ|Θ).

Theorem 1 (From [6]):The posterior matching scheme for
the normalized channel is given by the recursive relation:

Θ1 = Θ0 , Θn+1 = FΘ|Φ(Θn|Φn) (5)

The sequence of input/output pairs{(Θn, Φn)}∞n=1 constitutes
a Markov chain over(0,1)2 with an invariant distribution
PΘΦ. Furthermore, (5) is equivalent to the posterior matching
scheme (4) in the sense that the distribution of the sequence
{

F−1
X (Θn), F−1

Y (Φn)
}∞

n=1
coincides with the distribution of

the sequence{(Xn, Yn)}∞n=1.
We will refer toFΘ|Φ as the (normalized)posterior match-

ing kernel. It can be shown [6] that the posterior c.d.f. evolves
as an iterated function system generated by this kernel and
controlled by the output sequenceΦn, i.e.,

FΘ0|Φn+1(·|φn+1) = FΘ|Φ(·|φn+1) ◦ FΘ0|Φn(·|φn) (6)

For an input/channnel pair(PX , PY |X), define the following
properties:

(A1) (PX , PY |X) is regular (see [6]).
(A2) The invariant distributionPΘΦ for the Markov chain

{(Θn, Φn)}∞n=1 is ergodic.

1The output mapping is of a lesser importance, and was introduced mainly
to provide a common framework.



Let Ω be the set of all input/channel pairs satisfying properties
(A1) and (A2). We have the following optimality result.

Theorem 2 ([From [6]): ] Let (PX , PY |X) ∈ Ω. The cor-
responding posterior matching scheme with the optimal fixed
rate decoding rule, achieves any rateR < I(X ; Y ) over the
channelPY |X within an input constraint(η, Eη(X)), provided
that E|η(X)| < ∞.

IV. F IXED-POINT KERNELS

In this section we establish a necessary achievability con-
dition for the posterior matching scheme, and discuss some
important implications. We say that the (normalized) posterior
matching kernelPΘ|Φ has afixed pointat θf if

P
(

FΘ|Φ(θf |Φ) = θf

)

= 1 (7)

If no fixed-point exists, we say the kernel isfixed-point free.
Stated differently, a fixed-point atθf means the normalized
channel outputΦ is independent of1(0,θf ](Θ), or loosely
speaking, provides no information as to whetherΘ ≶ θf .

Lemma 1: If the posterior matching kernel has a fixed point,
then property (A2) does not hold, and the corresponding
scheme cannot achieve any positive rate.

Proof: The posterior c.d.f. is obtained by an iterated
composition with the kernel, as given in (6). Thus, the fixed
point atθf induces a fixed point for the posterior c.d.f atθf

as well, since

P
(

FΘ0|Φn(θf |Φ
n) = θf

)

≥
n

∏

k=1

P
(

FΘ0|Φ(θf |Φk) = θf

)

= 1

This immediately implies that no positive rate can be achieved,
since the posterior probability of the interval(0, θf ) remains
a.s. fixed atθf . For practically the same reason, the invariant
distribution PΘΦ for the Markov chain{(Θn, Φn)}∞n=1 is
not ergodic, since the set(0, θf ) × (0,1) is invariant yet
0 < PΘΦ ((0, θf ) × (0,1)) = θf < 1.
Loosely speaking, the problem stems from the fact that the
posterior matching scheme tries to “encode information” in
an input feature to which the channel output is insensitive,
namely inΘ ≶ θf . This point is perhaps best demonstrated
by (the somewhat synthetic) Example 2 in Section VI.

Suppose our kernel hasL fixed points0 < θ1
f < θ2

f <

· · · < θL
f < 1, and so the unit interval can be partitioned

into a disjoint union ofL + 1 contiguousinvariant intervals
{Jk = [θk

f , θk+1
f )}L

k=0 (where we defineθ0
f = 0, θL+1

f = 1),
i.e., such that

P
(

FΘ|Φ(Jk|Φ) ⊆ Jk

)

= 1

Define the r.v.

B ,
L

∑

k=0

k1Jk
(Θ) (8)

namely,B is equal tok if and only if Θ ∈ Jk.
Lemma 2:I(Θ ; Φ|B) = I(Θ ; Φ).

Proof: B is a function ofΘ, hence it suffices to show
that B and Φ are statistically independent. To that end, for

U-a.a.φ ∈ (0,1) and anyk ∈ {0, . . . , L + 1} we have

PB|Φ(k|φ) = PΘ|Φ(Jk|φ) = FΘ|Φ(θk+1
f |φ) − FΘ|Φ(θk

f |φ)

= θk+1
f − θk

f = PΘ(Jk) = PB(k)

where we have used the fixed-point assumption in the third
equality.

Now, one brute-force way to try and handle the fixed-point
problem is to decode a disjoint union ofL + 1 exponentially
small intervals (one perJk) in which the message point lies
with high probability, and then resolve the remaining ambi-
guity using some simple non-feedback zero-rate code (e.g.,
repetition). This seems reasonable, yet there are two caveats.
First, the maximal rate supported byJk is I(Θ ; Φ|B = k),
and according to Lemma 2 this can be generally smaller than
I(Θ ; Φ), incurring a penalty in rate. Second, the invariant
distribution PΘΦ is not ergodic, and it is likely that any
encapsulated input constraints will not be satisfied (i.e.,not
pathwise but only in expectation overB).

A better idea is to map the message point into the in-
variant interval that can support the maximal rate, rather
than to use the entire(0,1). Using Lemma 2 again, we
have maxk I(Θ ; Φ|B = k) ≥ I(Θ ; Φ) hence now there
is no loss in rate. Note that using only the maximal rate
interval is precisely equivalent to a posterior matching scheme
with a different input distribution, induced by the restriction
of the kernel to that interval. Since each invariant interval
corresponds only to a subset of channel inputs, this in par-
ticular means that when a fixed-point exists one can always
achieve the same mutual information (at least) using a properly
selected subset of the inputs. For DMC this observation is
closely related to the fact that whenever|X | > |Y|, using
|Y| inputs is always sufficient to achieve the unconstrained
capacity [9][10], see a brief discussion in Example 1.

We conclude that in the absence of input constraints, any
finite number of fixed-points can be eliminated by changing
the input distribution (in a way that is easy to compute) without
any penalty in rate. However, changing the input distribution
will generally breach any imposed input constraints, and so
we must seek a different type of solution.

V. EQUIVALENT CHANNELS AND µ-VARIANTS

In this section we provide a systematic solution to the
fixed-point kernel problem. We start by discussing the DMC
case, and then extend the ideas developed to general alphabet
channels.

We first note that for a DMCPY |X with a discrete input
distribution PX , the normalized posterior matching kernel is
supported over a finite number of|Y| functions which are
all quasi-linear over a fixed partition of the unit interval
corresponding to the input distribution. Precisely, fixingφ ∈
(0,1) we have that for anyx ∈ X , the normalized posterior
matching kernel evaluated atθ = FX(x) is given by

FΘ|Φ(FX(x)|φ) = FX|Y (x|F−1
Y (φ)) (9)

and by a linear interpolation in between these points.
Two input/DMC pairs(PX , PY |X) and (PX∗ , PY ∗|X∗) are

said to beequivalentif one can be obtained from the other by



input and output permutations, i.e., there exist permutations
σ1 : X 7→ X andσ2 : Y 7→ Y such that for anyi ∈ X , j ∈ Y

PX(i) = PX∗(σ1(i)) , PY |X(j|i) = PY ∗|X∗(σ2(j)|σ1(i))

In particular, equivalent pairs have the same mutual informa-
tion, i.e.,I(X ; Y ) = I(X∗; Y ∗) .

Let Ω+
DM

be the family of all input/DMC pairs(PX , PY |X)
with nonzero transition probabilities, for whichI(X ; Y ) > 0.
Let Ωf

DM
be the family of all pairs inΩ+

DM
that admit a fixed-

point free kernel. Recall that by Lemma 1 we already know
that Ω+

DM
6⊂ Ω.

Lemma 3:Ωf
DM

⊂ Ω, and for any pair(PX , PY |X) ∈ Ω+
DM

there exists an equivalent pair(PX∗ , PY ∗|X∗) ∈ Ωf
DM

.
To prove the Lemma, the following result is found useful.
Lemma 4:Let pn, qn be two distinct probability vectors.

Then there exists a permutation operatorσ : R
n
7→ R

n such
that σ(qn) ≺d σ(pn).

Proof: Let δn be the element-wise difference ofpn and
qn, i.e., δk = pk − qk. Defineσ to be a permutation operator
such thatσ(δn) is in descending order. Then sincepn 6= qn

and
∑n

i=1 δi = 0 we have that any partial sum ofσ(δn) is
positive, i.e.,

∑k
i=1{σ(δn)}i > 0 for anyk < n, which implies

the result.
Proof of Lemma 3:For the first statement, see [6].

Consider the case where(PX , PY |X) ∈ Ω+
DM

and let us
show there exists an equivalent input/channel pair inΩf

DM
.

Since I(X ; Y ) > 0 there must exist somey0, y1 ∈ Y
with PY (y1), PY (y2) > 0 so thatPX|Y (·|y0) 6= PX|Y (·|y1).
By Lemma 4 there exists a permutation operatorσ such
that σ(PX|Y (·|y1)) ≺d σ(PX|Y (·|y0)). Thus, combining
that with (9) and the quasi-linearity of DMC kernels, it is
easily observed that applyingσ to the input results in an
equivalent input/channel pair for which the corresponding
posterior matching kernel has two curves (corresponding to
y1, y2) where one dominates the other, hence non-intersecting.
Therefore, the kernel is fixed-point free and the equivalent
input/channel pair is a member ofΩf

DM
as required. �

In the DMC case, the fixed points phenomena is therefore
seen to be artifact of the specific input ordering induced by
the selection of the c.d.f. in the posterior matching rule. By
properly choosing an input permutation inducing a different
ordering, fixed points can be eliminated and the posterior
matching scheme for the equivalent channel achieves the
mutual information under any input constraints encapsulated
in PX . Note that this scheme is immediately translated into
an equivalent optimal scheme for the original channel.

Let us now extend the notion of equivalence between
input/channel pairs (i.e., the notion input/output permutation)
from the discrete case to the general case. Two input/channel
pairs (PX , PY |X) and (PX∗ , PY ∗|X∗) are said to beequiv-
alent if there exist u.p.f’sµ, σ such that the corresponding
normalized channels satisfy

PΦ∗|Θ∗(·|θ) = PΦ|Θ(σ(·)|µ(θ))

for any θ ∈ (0,1). This practically means that the asterisked
normalized channel is obtained by applyingµ and σ−1 to

the input and output of the asterisk-free normalized chan-
nel, respectively, and in this case we also say that the pair
(PX , PY |X) is µ-related to the pair(PX∗ , PY ∗|X∗). Again,
equivalent input/channel pairs have the same mutual infor-
mation. Following this, for every u.p.f.µ and every set of
input/channel pairsΓ, we defineµ(Γ) to be the set of all
input/channel pairs to which some pair inΓ is µ-related.
Moreover, for any u.p.f.µ define theµ-variant of the posterior
matching scheme to be

Xn+1 = F−1
X ◦ µ ◦ FΘ0|Y n (Θ0|Y

n) (10)

where the baseline scheme (4) is recovered by settingµ to
be the identity function. It is also easily observed that theµ-
variant scheme for an input/channel pair is equivalent to the
baseline scheme for aµ-related channel.

The following is an extension of Theorem 2 to theµ-variant
case, the proof follows easily along the same lines.

Theorem 3:For any input/channel pair(PX , PY |X) and
any u.p.f.µ, the correspondingµ-variant posterior matching
scheme (10) has the following properties:

(i) It admits a recursive representation w.r.t. the normalized
channel, with a kernelµ ◦ Fµ−1(Θ)|Φ(·|φ) ◦ µ−1, i.e.,

Θ1 = µ(Θ0) , Θn+1 = µ◦Fµ−1(Θ)|Φ(·|Φn)◦µ−1(Θn)

(ii) If (PX , PY |X) ∈ µ(Ω), the scheme achieves any rate
R < I(X ; Y ) within an input constraint(η, Eη(X)),
provided thatE|η(X)| < ∞.

Theorem 3 expands the set of input/channel pairs for which
some variant of the posterior matching scheme achieves the
mutual information. Note that for a DMC, an input permuta-
tion is just a u.p.f.µ permuting intervals that correspond to
the discrete inputs, and following our discussion above there
always exists such aµ so that theµ-variant kernel is fixed-
point free.

VI. EXAMPLES

Example 1:For binary input DMC (|X | = 2), the posterior
matching kernel is always fixed-point free since any two
nonidentical binary distributions can be ordered by dominance.
The simplest case of a fixed-point kernel for a DMC is
therefore a channel with|X | = 3, |Y| = 2. A sketch of a
typical posterior matching kernel admitting fixed point for
the 3 × 2 channel appears in Figure 1. At a first glance, it
might seem that perhaps the occurrence of such a fixed point
is pathological, namely that the parameters of the channel
and the input distribution must be carefully tuned to that end.
However, this is not a rare event at all, in the following sense:
Let PXY be picked randomly and uniformly over the simplex
of 3×2 probability matrices, and letPΘ|Φ be the corresponding
posterior matching kernel. Then

P
(

FΘ|Φ has a fixed-point
)

=
1

3

To prove this, define (as in Lemmas 3 and 4)

δk , PX|Y (k|1) − PX|Y (k|0) (11)

and note that
∑

δk = 0. Now suppose for a moment that

|δ0| ≤ |δ2| ≤ |δ1| (12)



Fig. 1. A fixed-point kernel for a3× 2 channel

which means thatδ0, δ2 have the same sign, andδ1 = −(δ0 +
δ2). Using (9) we see that the two curvesFΘ|Φ(θ|φ) corre-
sponding to the two discrete output values (or equivalently,
to φ < PY (0) and φ > PY (0)) must intersect at some
point θ ∈ (FX(0), FX(1)), since one is below the other for
θ = FX(0) and then the vice versa forθ = FX(1), and both
are continuous (in fact linear) in this region. The fact thatthis
intersection is also a fixed point stems from the fact that there
are only two curves, and that for anyθ ∈ (0,1)

E(FΘ|Φ(θ|Φ)) = E(P(Θ ≤ θ|Φ)) = FΘ(θ) = θ

Now, if theδk do not satisfy relation (12), there must exist a
(unique) permutation (relabeling) of the inputs for which (12)
does hold. Moreover, the mirror case (δ0 ↔ δ2) also yields
a fixed point. The two permutations which order theδk ’s as
in Lemma 3 cannot of course result in a fixed point, and it
is easily verified that so cannot the remaining two. Hence,
precisely two out of six possible input permutations yield a
fixed point. From the symmetry of drawingPXY (or more
precisely, by exchangeability) there is no preference of one
permutation over the other, and the result follows.

Note that the above discussion together with Lemma 2
immediately imply (the well known fact) that for any3 × 2
channel, the unconstrained capacity can always be achievedus-
ing only two inputs. Furthermore, if capacity can be achieved
by an input distribution using all three inputs, then it can also
be achieved by removing either one of the two inputs with the
lowest |δk|.

The same type of argument can be applied to aN × 2
channel, where any permutation for which the partial sums
sequence ofδk changes sign will result in a fixed point.
Accordingly, if PXY is drawn uniformly as above, the proba-
bility of a fixed point approaches1 asN grows. The analysis
becomes much more tricky for|Y| > 2, as one requires all
theY quasi-linear curves to intersect at the same point, which
now cannot be guaranteed simply by requiring the partial sums
sequences ofδk’s corresponding to all pairs of outputs to

change sign at the same time.
Example 2:Let the memoryless channelPY |X be defined

by the following input to output relation:

Y = X2 + Z

where the noiseZ is statistically independent of the inputX .
Suppose that some input constraints are imposed so that the
capacity is finite, and also such that the capacity achieving
distribution does not have a mass point at zero. Now assume
that an input zero mean constraint is additionally imposed.It is
easy to see that the capacity achieving distributionPX is now
symmetric around zero, i.e.,PX((−∞, 0)) = PX((0,∞)) =
1
2 . It is immediately clear that the output of the channel
provides no information regarding the sign of the input, hence
the corresponding posterior matching kernelF−1

X ◦FX|Y (·|y)
has a fixed point at the origin, and equivalently, the normalized
kernelFΘ|Φ(·|φ) has a fixed point atθ = 1

2 . Thus, by Lemma
1 the scheme cannot attain any positive rate. Intuitively, this
stems from the fact that information is being coded in the
sign of the input, which cannot be recovered. To circumvent
this problem we can change the ordering of the input, which
is effectively achieved by using one of theµ-variants of the
posterior matching scheme. For example, set

µ(θ) =







θ + 1
3 θ ∈ (0, 1

3 ]
θ − 1

3 θ ∈ (1
3 , 2

3 ]
θ θ ∈ (2

3 , 1)

and use the correspondingµ-variant scheme. This maintains
the same input distribution while breaking the symmetry
around1

2 , and eliminating the fixed point phenomena. Thisµ-
variant scheme can therefore achieve the mutual information,
assuming all the other conditions are satisfied.
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