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Abstract— Recently, we have introduced a sequential commu-
nication scheme for general memoryless channels with feedback
based on the idea ofposterior matching, providing a unified
framework in which the known Horstein and Schalkwijk-Kailath
schemes are special cases. In this paper, we show that the
posterior matching scheme achieves the mutual information for
a large family of channels and input distributions, and provide
closed-form expressions for the attainable error probability over
a range of rates. Moreover, we derive the achievable rates in
a mismatched setting, where the scheme is designed according
to the wrong channel model. In particular, our results hold for
discrete memoryless channels, thereby confirming a longstanding
conjecture that the Horstein scheme achieves capacity. The proof
techniques employed utilize novel relations between information
rates and convergence properties of iterated function systems.

I. I NTRODUCTION

Feedback is an invaluable resource for enhancing the per-
formance of communication systems. Although falling short in
increasing the capacity of memoryless channels, feedback can
significantly reduce the complexity required to attain capacity,
and boost the error performance simultaneously. Among the
most notable feedback schemes possessing such merits are the
Horstein scheme for theBinary Symmetric Channel1 (BSC)
[2], and the Schalkwijk-Kailath scheme for theAdditive White
Gaussian Noise (AWGN)channel [5]. Recently [7], we have
identified an underlying principle shared by these specific
schemes, and formalized it into a general transmission scheme
for memoryless channels with feedback, dubbedposterior
matching. This scheme is simple, sequential, and given ex-
plicitly by the channel law and the desired input distribution2.

In this paper, we prove that the posterior matching scheme
achieves rates up to the mutual information for a large family
of channels and input distributions, specifically including any
DMC and thereby positively settling the longstanding conjec-
ture that the Horstein scheme achieves capacity. Furthermore,
we analyze the error probability attained by the scheme, and
provide two closed form expressions for a range of rates below
the mutual information. We also find the achievable rates in a
mismatched setting, where the scheme is designed according to
the wrong channel model. Finally, several illustrative examples
are given, including a new error exponent analysis for the
Horstein scheme. Full proofs are omitted and will appear in
[6], brief outlines are given where possible.

1The general Horstein scheme is applicable to any Discrete Memoryless
Channel (DMC).

2The latter can be set e.g. as capacity achieving under some input constraint.

II. N OTATIONS AND PRELIMINARIES

Probability distributions (overR ,Rm) may have both con-
tinuous and discrete parts, and are assumed to be equipped
with a Probability Density Function(PDF), which is called
properwhen there is only a continuous part3. For a distribution
P the PDF is denoted byP(·), the Cumulative Distribution
Function (CDF) by FP(·), and the inverse CDF is defined by
F−1
P (t) = inf{s : FP(s) > t}. The supportof P is denoted

by supp(P). Random variables (r.vs.) are in upper-case, their
realizations in corresponding lower-case. The PDF/CDF of a
r.v. X are denotedfX andFX respectively, andX ∼ P means
X is P-distributed. For a measurable functionη : R 7→ R,
we writeEPη in short forEX∼P (η(X)), i.e., the expectation
of η(X) whereX ∼ P. We also writexn = (x1, . . . , xn),
conv(·) for the convex hulloperator,|∆| for the length of an
interval ∆ ⊆ R, log for log2 and◦ for function composition.
The uniform distribution over(0,1) is denoted byU .

A. Information Theoretical Notions

We consider amemoryless channeldefined by a condi-
tional distributionW(y|x), and equipped with a noiseless
instantaneous feedback. The input and output of the channel
at time n are denoted byXn, Yn respectively, and satisfy
fYn|Xn,Y n−1(·|xn, yn−1) = W(·|xn). The input alphabetof
W is the set of allx ∈ R for which W(·|x) is defined, and
the output alphabetis ∪xsupp(W(·|x)). Q(x) is said to be
a (memoryless)input distribution for the channelW if the
input alphabet ofW contains supp(Q). In this case,(Q,W)
is said to be aninput/channel pair. The correspondingoutput
distribution for this pair is denoted throughout byT (y), and
the distribution of the input given the output, namely the
inverse channel, is denoted byV(x|y). We writeI(Q,W) for
the input-outputmutual information, H(Q) for the entropyof
Q, andD(P‖Q) for the divergencebetweenP andQ.

Let Θ be a randommessage pointuniformly distributed over
the unit interval, its binary expansion representing an infinite
independent-identically-distributed (i.i.d) binary sequence to
be reliably transmitted over the channelW. A transmission
scheme(with feedback) is a sequence of measurabletrans-
mission functions{gn : (0,1) × Rn−1 7→ R}∞n=1, so that the
input to the channelW at timen is given by

Xn = gn(Θ, Y n−1) (1)

3In general, the PDF can be a mixture of an integrable function for the
continuous part, and Dirac delta functions for the discrete part.



A decoding rule is a sequence of measurable maps{
∆n : Rn 7→ J

}∞
n=1

, mapping a channel outputyn to a de-
coded interval∆n(yn), whereJ is the set of all open intervals
in (0,1). The error probability and therate associated with a
transmission scheme and a decoding rule, are defined as

pe(n)
4
= P(Θ 6∈ ∆n(Y n)) , Rn

4
= −n−1 log |∆n(Y n)|

Optimal decoding rules make use of the message point’s
posterior PDFfΘ|Y n(θ | yn). An optimal fixed rateR decoding
rule decodes an interval of size2−nR with maximal a-
posteriori probability4, thereby minimizingpe(n) for a fixed
Rn = R. An optimal variable ratedecoding rule with atarget
error probability pe(n), decodes the minimal interval whose
a-posteriori probability exceeds1−pe(n), thereby maximizing
the instantaneous rate. In general, the rate is a random variable.

We say a transmission scheme together with a decoding rule
achievesa rateR overW within an input constraint(η, u), if

lim
n→∞

P(Rn < R) = 0 , lim
n→∞

pe(n) = 0

lim
n→∞

n−1
n∑

k=1

η(Xk) ≤ u a.s. (element-wise)

whereη : R 7→ Rm is a measurable function andu ∈ Rm. R
is achievedpointwiseif this holds forany Θ = θ ∈ (0,1).

B. Markov Chains

A Markov chain {Πn}∞n=1 over a state spaceF ⊆ Rm

evolves according to a conditional distributionP(πn+1 |πn).
The chain is calledPositive Harris Recurrent (PHR)if it has a
unique invariant distributionM overF, and every measurable
setA ⊆ F with M(A) > 0 is reached from any starting point
infinitely often. For a variety of PHR conditions, see e.g. [1].
LetPs be the distribution induced byP overF∞ with Π1 = s.

Lemma 1 (SLLN for Markov chains, from [1]):If {Πn} has
a unique invariant distributionM, then for any measurable
function η : F 7→ R with EM|η| < ∞ and forM-a.a.s ∈ F

lim
n→∞

n−1
n∑

k=1

η(Πk) = EMη Ps - a.s.

If the chain is PHR, then the above holds for anys ∈ F.

C. Iterated Function System (IFS)

Let {Yn}∞n=1 be an i.i.d. sequence with some distribution
Yn ∼ P. Let F be a measurable space,ω : R × F 7→ F a

measurable function, and writeωy(·) 4= ω(y, ·) for y ∈ R. An
IFS {Sn(s)}∞n=1 is a stochastic process overF, defined by5

S1 = s ∈ F , Sn+1(s) = ωYn ◦ ωYn−1
◦ · · · ◦ ωY1(s) (2)

A Reversed IFS (RIFS){S̃n(s)}∞n=1 is the stochastic process
obtained by a reversed order composition:6

S̃1 = s ∈ F , S̃n+1(s) = ωY1 ◦ ωY2 ◦ · · · ◦ ωYn(s) (3)

The (R)IFS isgeneratedby ωy(·) andcontrolledby {Yn}∞n=1.

4This decoded interval may be positioned so that less thannR bits are
decoded, e.g. containing1/2. Note that just a single extra bit is required to
decode the rest, and it can be appended to the next transmission.

5We call the process itself an IFS. In the literature sometimesωy is the IFS
and the process is defined separately. Note the IFS is a Markov chain overF.

6An RIFS is not a Markov chain. It is a standard tool in IFS analysis (cf.
[8]), but in our case it turns out to have an independent significance.

We now state some useful convergence Lemmas. A function
ξ : [0, 1] 7→ [0, 1] is called a (generally nonlinear)contraction
if it is nonnegative,∩-convex, monotonically increasing, and
ξ(x) < x for any x ∈ (0, 1]. The simplest example is a linear
contractionξ(x) = rx for r ∈ (0,1). Note that then-fold
iteration ξ(n)(·) → 0 pointwise. A functionψ : F 7→ [0, 1] is
called alength functionif it is continuous and surjective.

Lemma 2:Consider the IFS defined in (2). Suppose there
exist a length functionψ(·) and a contractionξ(·) so that

EY∼P
[
ψ(ωY (s))

] ≤ ξ(ψ(s)) , ∀s ∈ F

Thenψ(Sn(s)) → 0 in probability, for anys ∈ F.
In the sequel, we consider an IFS over the spaceFc of CDFs

over (0,1), i.e., the space7 of all monotone non-decreasing
functionsh : (0,1) 7→ (0,1) so that conv(range(h)) = (0,1).
We define the following family of length functions onFc:

ψλ(h)
4
=

∫ 1

0

λ(h(x))dx , h ∈ Fc , λ : [0, 1] 7→ [0, 1]

whereλ(·) is surjective,∩-convex and symmetric about12 .
For the remainder of the section assumeF ⊆ R. Define

Ds,t(h)
4
=

|h(s)− h(t)|
|s− t| , Ds(h)

4
= lim sup

t→s
Ds,t(h)

for any h : F 7→ F ands, t ∈ F. Ds,t(·) andDs(·) are called
global and local Lipschitz operatorsrespectively.

Lemma 3:Consider the RIFS (3) withF = (a, b). Assume

r
4
= sups 6=t∈FEY∼P [Ds,t(ωY )]q < 1 for q > 0. Then∀ε > 0

P(|S̃n(s)− S̃n(t)| > ε) ≤ ε−q|s− t|qrn ∀s, t ∈ F

Lemma 4 (From [8]): Consider the RIFS defined in (3)
with F = (0,1), and letρ : (0,1) 7→ [1,∞) be a continuous

function. DefineJ(s; t)
4
= sup {ρ(conv{s, t})} and Ks

4
=

EY∼P [J(s;ωY (s))]. If

r
4
= sup

s∈(0,1)

EY∼P

[
ρ(ωY (s))

ρ(s)
Ds(ωY )

]
< 1

then definingΨ(s, t, r)
4
= Ks+Kt

1−r +2J(s; t), we have∀ε > 0

P
(∣∣∣S̃n(s)− S̃n(t)

∣∣∣ > ε
)
≤ ε−1Ψ(s, t, r) rn ∀s, t ∈ (0,1)

III. T HE POSTERIORMATCHING SCHEME

In a recent paper [7], we have introduced the following
posterior matchingtransmission scheme:

Xn+1 = F−1
Q ◦ FΘ|Y n (Θ|Y n) (4)

This scheme corresponds to the transmission functions
gn+1(θ, yn) = F−1

Q ◦ FΘ|Y n (θ|yn). The inputs are produced
in two steps: First, the information missing at the receiver is
“extracted” from the a-posteriori distribution, by generating a
r.v. independent of past observations, that together with them
uniquely determinesΘ. Then, the distribution of that r.v. is
“matched” to the channel by transforming it into the desired
input distributionQ. This results inXn ∼ Q independent of
an i.i.d output sequenceY n−1. It turns out that the posterior
matching scheme admits a simple recursive form.

7The spaceFc is equipped with the Borelσ-algebra associated with the
topology of pointwise convergence.



W(y|x)
Xn Yn

WQ(φ|θ)

F−1
Q FT

ΦnΘn W(y|x)W(y|x)
XnXn YnYn

WQ(φ|θ)WQ(φ|θ)

F−1
Q
F−1
Q FTFT

ΦnΦnΘnΘn

Fig. 1. The normalized channelWQ

Lemma 5 (from [7]): If Q(·) is a proper PDF, then the
posterior matching scheme (4) is given by

X1 = F−1
Q (Θ) , Xn+1 = F−1

Q ◦ FV(Xn|Yn) (5)

whereV is the inverse channel corresponding to(Q,W).
Obviously, this recursive representation is invalid in many

interesting cases, including DMCs in particular. In order to
treat discrete, continuous and mixed alphabet channels within
a common framework, we define for any input/channel pair
(Q,W) a correspondingnormalized channelWQ(φ|θ), by
viewing the matching operatorF−1

Q (·) as part of the channel,
and connecting the output CDF operatorFT (·) to the channel’s
output8, as depicted in Figure 1. The normalized channel maps
the unit interval to itself, and moreover maps an inputΘ ∼ U
to an outputΦ ∼ U , namely preserves the uniform distribution
over(0,1). It is easy to see that the posterior matching scheme
applied to the pair(U ,WQ), is equivalent to the posterior
matching scheme for(Q,W), and that the mutual information
is conserved, i.e.,I(U ,WQ) = I(Q,W). However, the nor-
malized channel allows a unified recursive representation, via
the inverse normalized channelVQ corresponding to(U ,WQ).

Corollary 1: The posterior matching scheme over the nor-
malized channel is given by

Θ1 = Θ , Θn+1 = FVQ(Θn|Φn) (6)
Corollary 2: The sequence{(Xn, Yn)}∞n=1 is a Markov

chain with a state space supp(QW) ⊆ R2, and by con-
struction, an invariant distributionQ(x)W(y|x). This chain
emulatesthe “correct” input marginalXn ∼ Q and an i.i.d.
output sequenceYn ∼ T . Similarly, {(Θn, Φn)}∞n=1 is a
Markov chain with a state space(0,1)2, and an invariant
distributionWQ(φ|θ)U(θ) = WQ(φ|θ). The chain emulates a
uniform input marginalΘn ∼ U and an i.i.d output sequence
Φn ∼ U . These observations play a central role in the sequel.

IV. M AIN RESULTS

A. Achievability of the Mutual Information

We now prove that the posterior matching scheme achieves
the mutual information for a large family of channels and input
distributions. LetΩ be the set of all input/channel pairs(Q,W)
with the following properties:
• (Regularity) I(Q,W) < ∞, the normalized channel
WQ(·|θ) is a proper PDF for anyθ ∈ (0,1).

• (Invariance) The invariant distributionWQ for the
Markov chain{(Θn, Φn)}∞n=1 defined by (6), is unique.

• (Contraction)9 There is a contractionξ and a length
function ψλ over Fc such that for anyh ∈ Fc

EΦ∼U
(
ψλ

[
FVQ(· |Φ) ◦ h

]) ≤ ξ
(
ψλ(h )

)
(7)

8In fact, wheneverFT (·) has a jump discontinuity, the output is randomly
selected uniformly over the jump span.

9Note that (7) holds ifξ(·) is the identity function (”almost” a contraction).

Let ΩC be the set of all input/channel pairs(Q,W) satis-
fying the regularity condition forΩ, for whichQ(x)W(y|x)
is a bounded proper PDF, continuous over an open convex
support. LetΩDM be the set of all input/channel pairs(Q,W)
whereW is a DMC (with finite input/output alphabets taken
over R, without loss of generality). The following Theorem
states that the posterior matching scheme achieves the mutual
information for all pairs inΩ , includingΩC, ΩDM in particular.

Theorem 1 (Achievability):Let (Q,W) ∈ Ω (resp. ΩC).
The corresponding posterior matching scheme with a
fixed/variable rate optimal decoding rule, achieves (resp. point-
wise achieves) any rateR < I(Q,W) over the channelW
within an input constraint(η,EQη), provided thatEQ|η| < ∞.
Furthermore,ΩC ∪ ΩDM ⊂ Ω.

Proof outline.Let Fn(·) 4= FΘ|Φn(·|Φn) be the posterior
CDF at timen, soΘn+1 = Fn(Θ). We first show that zero rate
is achievable, i.e.,|Fn(Θ+ε)−Fn(Θ−ε)| → 1 in probability
for any ε > 0. To this end we note thatFn(·) is an IFS over
the CDF spaceFc, generated byFVQ(·|φ) and controlled by
{Φn}∞n=1. Using the contraction property (7) and Lemma 2,
ψλ(Fn(·)) → 0 in probability which implies thatFn(·) tends
to a unit step function aboutΘ, verifying R = 0 is achievable.

For R > 0, let fn(·) 4= fΘ|Φn(·|Φn) be the posterior PDF at
time n, and expand it at the message point using corollary 2
as log fn(Θ) =

∑
k logWQ(Φk|Θk). Using the invariance

property for Ω and Lemma 1, we getn−1 log fn(Θ) →
EWQ logWQ(Φ|Θ) = I(U ,WQ) = I(Q,W) a.s., or roughly
fn(Θ) ≈ 2nI(Q,W). Suppose that|Fk(Θ±2−nR)−Fk| < ε for
all k ≤ n. It can be shown that this impliesfn(Θ± 2−nR) ≈
2n(I(Q,W)−δ) andε → 0 ⇒ δ → 0. For R < I(Q,W)− δ this
means that

∫
fn(ϑ)dϑ →∞, in contradiction. Thus with high

probability |Fk0(Θ± 2−nR)−Fk0 | > ε for somek0 ≤ n. We
can now consider a transmission starting atk0 with a message
point Θk0 , and utilizing the zero rate result we conclude the
proof, where Lemma 1 verifies the input constraint(η,EQη)
is satisfied. For pairs inΩC we can prove the chain is PHR,
replacing achievability with pointwise achievability.

B. Error Probability Analysis

In this subsection, we provide two sufficient conditions on
the target error probability, allowing to achieve a given rate
using the corresponding optimal variable rate decoding rule.
The approach is different and the results are applicable only
to rates below some thresholdsR∗, R† ≤ I(Q,W). In some
cases an equality holds, but unfortunately we do not know
whether this is true in general or not.

The basic idea is the following. Say the receiver has an
estimatêθn for Θn at timen. Then(θ̂n,Φn−1) corresponds to
a unique estimatêθ0 of the message point which is recovered
by reversing the transmission scheme, i.e., running a RIFS

over (0, 1) generated byωφ(·) 4
= F−1

VQ (·|φ) and controlled
by {Φn}∞n=1. In practice, the receiver decodes an interval and
therefore to attain a specific target error probabilitype(n), one
tentatively decodes a subinterval of(0,1) in whichΘn lies with
probability1− pe(n), which sinceΘn ∼ U , is any interval of
length1−pe(n). This interval is then “rolled back” to recover
the decoded interval w.r.t. the message pointΘ = Θ1. The



convergence rate of the RIFS will determine the information
rateR. A similar idea works for the original channel, with a

RIFS over supp(Q) generated byωy(·) 4= F−1
V (·|y) ◦ FQ and

controlled by{Yn}∞n=1.
We now make this notion precise. SupposeQ has a support

over an open (possibly infinite) interval. Thetail function
TQ : R+ 7→ [0, 1] of Q is defined by

TQ(`)
4
= inf

{
p : p = FQ(x1)− FQ(x0) , x1 − x0 = `

}

Let ρ : supp(Q) : 7→ (a, b) be differentiable and bijective (a, b
may be infinite), and defineρ[Q] to be the distribution of a
r.v. obtained by applyingρ(·) to aQ-distributed r.v.. Suchρ(·)
is calledappropriate forQ if |H(ρ[Q])| < ∞. The family of
appropriate functions forQ is denotedA(Q). Recall also the
Lipschitz operatorsDs,t, Ds defined in subsection II-C.

Theorem 2 (Error Probability I):Let (Q,W) be an in-
put/channel pair with a bounded joint PDF, continuous over an

open convex support, and letωy(·) 4= F−1
V (·|y) ◦ FQ. Define

R∗
4
= sup

ρ∈A(Q)

inf
s,t∈range(ρ)

s 6=t

(
− EY∼T log Ds,t

[
ρ ◦ ωY ◦ ρ−1

])

and letR∗(ρ) be the infimum above for any specificρ ∈ A. If
R∗ > 0, then the posterior matching scheme with an optimal
variable rate decoding rule achieves any rateR < R∗, by
setting the target error probability to

pe(n) = Tρ[Q]

(
2n(R∗(ρ)−R−εn)

)
(8)

for any ρ ∈ A(Q) satisfyingR∗(ρ) > R, εn → 0 , nεn →∞.
Specifically, ifρ has a bounded range then any rateR < R∗(ρ)
can be achieved with zero error probability.

Proof: Apply Lemma 3 to the (differentiable) RIFSωy(·)
and take the limitq → 0.

Theorem 3 (Error Probability II):Let (Q,W) be an in-

put/channel pair, and letωφ(·) 4= F−1
VQ (·|φ). Define

R†
4
= sup

ρ
R†(ρ) = sup

ρ

(
− log sup

s∈(0,1)

EΦ∼U
ρ(ωΦ(s))

ρ(s)
Ds

(
ωΦ

)
)

with the supremum above taken over all continuous functions
ρ : (0,1) 7→ [1,∞), andR†(ρ) implicitly defined. If R† > 0,
then the posterior matching scheme with an optimal variable
rate decoding rule achieves any rateR < R†, by setting the
target error probability to satisfy

Ψ
(
(1− α)pe(n), 1− αpe(n), 2−R†(ρ)

)
= o

(
2n(R†(ρ)−R)

)

for any α ∈ (0,1) and anyρ such thatR∗(ρ) > R, whereΨ
is defined in Lemma 4.

Proof: Apply Lemma 4 to the RIFSωφ(·).
C. Channel Model Mismatch

Consider a model mismatch case, where the scheme is
designed according to the wrong channel model. To that
end, for any pair(Q,W) ∈ ΩC , define a mismatch set
Ωmis

C (Q,W) consisting of all input/channel pairs(Q∗,W∗),
with a corresponding output distributionT ∗, satisfying:
• (Regularity I) The joint PDFQ∗W∗ is bounded and con-

tinuous over an open convex supp(Q∗W∗) ⊆ supp(QW).

• (Regularity II) I(Q∗,W∗) < ∞, D(W∗‖W |Q∗) < ∞.
• (Contraction) There is a contractionξ and a length

function ψλ over Fc such that for everyh ∈ Fc

EY∼T ∗
(
ψλ

[
FV(· |Y ) ◦ F−1

Q ◦ h
]) ≤ ξ

(
ψλ(h )

)

• (Invariance) Let X∗ ∼ Q∗ be the input to the channel
W∗ andY ∗ the corresponding output. Then,

F−1
Q (FV(X∗|Y ∗)) ∼ Q∗ (9)

• (Expansion) For anyx ∈ supp(Q∗) and Y ∼ W∗(·|x),
the r.v.F−1

Q (FV(x|Y )) has a nonzero PDF within some
open neighborhood ofx.

Remark 1:(Q,W) ∈ ΩC ⇒ (Q,W) ∈ Ωmis
C (Q,W).

Theorem 4 (Mismatch Achievability):Let (Q,W) ∈ ΩC ,
and suppose the corresponding posterior matching scheme
(5) is used over a different channelW∗ (unknown on both
terminals). If there exists an input distributionQ∗ such that
(Q∗,W∗) ∈ Ωmis

C (Q,W), then the mismatched scheme with
a fixed/variable rate decoding rule matched to(Q,W), point-
wise achieves any rate

R < I(Q∗,W∗)−
(
D(W∗‖W |Q∗)−D(T ∗‖T )

)
(10)

within an input constraint(η,EQ∗η), providedEQ∗ |η| < ∞.

V. EXAMPLES

Example 1 (AWGN): Consider an AWGN channel with
noise varianceN , set Q ∼ N (0, P ) (capacity achieving

for input power constraintP ), and let SNR
4
= P

N . As
already noted [7], the posterior matching scheme (5) re-
duces in this case to the Schalkwijk-Kailath schemexn+1 =√

1 + SNR
(
xn − SNR

1+SNR yn

)
, and since this input/channel

pair∈ ΩC, Theorem 1 reconfirms the well known fact that this
scheme pointwise achieves any rate belowC = I(Q,W) =
1
2 log(1 + SNR). Let us derive the error probability using
Theorem 2. Inverting the recursive formula above we get
ωy(s) = s√

1+SNR
+ SNR

1+SNR y. Settingρ(a) = a and using
the linearity ofωy we easily get:

R∗(ρ) = inf
s6=t∈R

(−EY∼T log Ds,t [ωY ]) =
1
2

log(1 + SNR)

so in this caseR∗ = C. Plugging the Gaussian tail function
TQ(`) ≈ exp

(−`2/(8P )
)

into (8), we find that a rateR < C
is achieved for a target error probability decay given by
pe(n) ≈ exp

(−2 2n(C−R−εn)
)
, recovering the well known

double-exponential behavior. Note that unlike the traditional
Schalkwijk-Kailath scheme where the block length is fixed,
our version is sequential and can attain this error perfor-
manceon the fly. A reminiscent sequential Schalkwijk-Kailath
scheme with a double-exponentialanytime (delay universal)
reliability, is mentioned in [4].

Example 2 (Uniform Input/Noise): Let W be an additive
noise channel with noise∼ U , and setQ ∼ U as well, so
(Q,W) ∈ ΩC. In [7], we derived the corresponding posterior
matching scheme which is given byxn+1 = xn

yn
for yn ∈

(0, 1], and xn+1 = xn−yn+1
2−yn

for yn ∈ (1, 2). By Theorem
1 this simple scheme achieves the mutual information. Using
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Fig. 2. Recursive transmission functions for the normalized BSC

Theorem 2 withρ(a) = a for a ∈ (0,1) and practicing some
algebra yieldsR∗ = I(Q,W), reverifying that the mutual
information is achievable. Sincerange(ρ) = (0,1) is bounded
zero error decoding is possible, as already observed in [7].

Example 3 (Exponential Input/Noise): Consider an addi-
tive noise channelW with Exp(1) noise, and setQ ∼ Exp(1)
as well, so(Q,W) ∈ ΩC . The mutual information in this case
is I(Q,W) ≈ 0.8327, and by Theorem 1 it is achievable using
the posterior matching scheme, which in this case is simply
given by xn+1 = ln

(
yn

yn−xn

)
. As for the error probability,

this time takingρ1(a) = a results inR∗(ρ1) = −E log Y ≈
−0.61 < 0, and we must look for a different function.
Settingρ2(a) = 1√

a
results inR∗(ρ2) = 1

2 E log Y ≈ 0.305.

The tail function is bounded byTρ2[Q](`) ≤ 1 − e−
1

`2 , and
any rateR < R∗(ρ2) is achieved by our scheme with a
variable decoding rule and a target error probability set to
pe(n) = 1 − exp

(−2−2n(R∗(ρ2)−R−εn)
)

which provides an
error exponent

lim
n→∞

n−1 log [1/pe(n)] = 2(R∗(ρ2)−R) ≈ 0.61− 2R

Although the mutual information is achievable, our error
analysis (limited by the selectionρ2) is valid only up to the
rateR∗(ρ2) ≈ 0.305 < I(Q,W).

Example 4 (BSC): As already demonstrated in [7], the non-
recursive posterior matching scheme (4) for the BSC with
Q ∼ Ber( 1

2 ), is precisely the Horstein scheme. Therefore,
sinceBSC ⊆ ΩDM , we conclude that the Horstein scheme is
capacity achieving as a corollary of Theorem 1; this widely
believed fact lacked a rigorous proof thus far. Note that
a similar claim for a block-coding version of the Horstein
scheme seems to appear in [3], which presents a lossless joint
source-channel coding scheme with feedback, combining a
block-Horstein scheme with arithmetic coding.

The original scheme cannot be stated recursively, since
the input is quantized, but it nonetheless admits a recursive
form (6) relative to the corresponding normalized channel,
as depicted in Figure 2 (p is the crossover probability). The
corresponding RIFS withωφ(·) = F−1

VQ (·|φ) is therefore
supported on two Lipschitz functions, depending on whether
φ ≶ 1

2 (corresponds toy = 0, 1 in the discrete setting) with
Ds (ωφ) = (2p)−1 or (2(1−p))−1. The smoothness condition
of Theorem 2 is not satisfied, and we must use Theorem 3 for
the error probability. Forβ > 1, set letρβ(·) be symmetric

about 1
2 , with ρβ(a) = a−β for a ∈ (0, p ], andρβ(a) = p−β

for a ∈ (p, 1
2 ]. Simple manipulations yield

R†(ρβ) = 1− log
[
(2p)β−1 + (2(1− p))β−1

]

Unfortunately,supβ R†(ρβ) < 1 − hb(p) for any p ∈ (0,1).
Nevertheless, the permissible error probability can be com-
puted via Theorem 3 and some algebra:

Ψ
(
(1− α)pe(n), 1− αpe(n), 2−R†(ρβ)

)
= Ψ(p, α, β) · p−β

e

⇒ lim
n→∞

−n−1 log pe(n) ≥ β−1
(
R†(ρβ)−R

)

valid for R < R†(ρβ). Although limited, this is the first rigor-
ous error exponent characterization for the Horstein scheme.

Example 5 (Robustness of Schalkwijk-Kailath): We now
utilize Theorem 4 to demonstrate how the Schalkwijk-Kailath
scheme isrobust to changes in the noise statistics. This
property was already mentioned in [9], but only for a change
in the variance of the Gaussian noise (SNR mismatch).

Suppose that the Schalkwijk-Kailath scheme designed for
an AWGN channel with noiseZ ∼ N (0, N) and inputX ∼
N (0, P ), is used over agenerally non-Gaussianadditive noise
channel with noiseZ∗ having zero mean and a varianceN∗.
Let X∗ ∼ Q∗ where(Q∗,W∗) ∈ Ωmis

C (Q,W) (assuming it
exists), and letY = X + Z andY ∗ = X∗ + Z∗. Looking at
variances in the invariance property (9) we have

P ∗ = E
(

X∗
√

1 + SNR
+

SNR · Z∗√
1 + SNR

)2

=
P ∗ + SNR2 ·N∗

1 + SNR

which immediately results inSNR∗
4
= P∗

N∗ = SNR, so
the SNR is conserved despite the mismatch. Now applying
Theorem 4 and some standard manipulations, we find that the
mismatched scheme attains any rateR satisfying

R < H(Y ∗)−H(Z∗)−
(
D(Z∗‖Z)−D(Y ∗‖Y )

)
=

I(X;Y ) +
log e

2
· N∗

N

(
1− 1 + SNR∗

1 + SNR

)
=

1
2

log(1 + SNR)

Therefore, the mismatched scheme achieves any rate below the
Gaussian capacity it was designed for, despite the different
noise statistics. The input power is automatically scaled to
maintain the same SNR for which the scheme was designed.

REFERENCES
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