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ABSTRACT

We address the problem of decoding in unknown frequency selec-
tive fading channels, using an OFDM signaling scheme and adopt-
ing a block fading model. For a given codebook, we seek a decoder
independent of the channel fading, whose worst case performance
relative to a Maximum Likelihood (ML) decoder that knows the
channel, is optimal. Specifically, the decoder is selected from a
family of quadratic decoders, and the optimal decoder is referred
to as a Quadratic Minimax (QMM) decoder for that family. The
intuitively appealing QMM decoding procedure is derived for the
case where the fading is unknown, and also for the case where the
fading coefficients satisfy some general constraints. The QMM
decoder is also shown to outperform the Generalized Likelihood
Ratio Test (GLRT), while maintaining a comparable complexity.
Simulations verify the superiority of the proposed decoder over the
GLRT and over the practically used training sequence approach.

1. INTRODUCTION

Orthogonal frequency-division multiplexing (OFDM) signaling has
gained much attention as an effective multicarrier technique for
wireless transmissions over frequency selective fading channels
[1]. By using the Fast Fourier Transform (FFT) and its inverse
(IFFT) and adding a cyclic prefix to each data block, OFDM con-
verts a frequency selective fading channel with additive white Gaus-
sian noise (AWGN) into parallel independent subchannels (bands)
with AWGN [2], and therefore greatly simplifies the equalization
stage at the receiver, when the bands fading coefficients are known.

In many situations, the receiver is not familiar with the spe-
cific channel over which communication takes place, and thus the
fading coefficients are unknown. An important example for such a
situation is found in mobile wireless communication, where varia-
tions of the transmitter location in a dense urban environment leads
to constantly changing scattering scenarios, which in turn result in
a varying channel law. In such cases, decoding methods that relay
on the knowledge of fading values, such as Maximum Likelihood
(ML) decoding, become completely useless.

The most common approach to this problem is the use of a
training sequence to estimate the channel fading [3], typically fol-
lowed by a ML decoder tuned to the estimated channel. This ap-
proach has some drawbacks. On the one hand, a good estimate of
the fading in a time-varying environment requires a long training
sequence and frequent retransmissions, resulting in a rate penalty.
On the other hand, using a shorter training sequence increases the
estimate mismatch, thus increasing error rates and decreasing ca-

pacity [4]. Another approach is the Generalized Likelihood Ratio
Test (GLRT), which performs a joint ML estimate of the channel
and the codewords [5]. The GLRT is a heuristic generalization of
the ML decoding rule, and in many cases there exist other decoders
with uniformly better performance [6].

In this paper, we present a novel decoder for the unknown
OFDM setting, based on a competitive minimax universality cri-
terion [7],[8],[9]. This criterion seeks a decoder that is optimal in
the sense of attaining an error probability uniformly as close as
possible to that of the ML decoder that knows the channel.

2. SYSTEM MODEL

We consider an OFDM signaling scheme over an unknown fre-
quency selective fading channel. It is assumed that there areL
frequency bands, where each band suffers unknown fading and
AWGN. The FFT, IFFT and the cyclic prefix associated with the
OFDM signaling scheme will be disregarded here, being a con-
stant part of the transmission scheme. Adopting a block fading
model, we assume that the unknown fading coefficients are con-
stant throughout a block ofK consecutive OFDM symbols, and
only change from block to block. We also assume that a given
codebook of M codewords is used, where codewords are selected
with equal probability. Each codeword is assumed to occupy a
single block, and can be therefore represented by aL×K matrix.

Specifically, the output of the channel when transmitting the
i-th codewordX(i) is given by

Y = AX(i) + Z

A = diag{a}, X(i), Y, Z ∈ R
L×K

, Zℓk ∼ N(0, 1)

where the elements of thefading vectora are theL unknown fad-
ing coefficients,X(i)

ℓk is the component of thei-th codeword trans-
mitted on thek-th symbol in bandℓ, and the elements of the matrix
Z are i.i.d normal random variables with unit variance. All the re-
sults derived herein are also valid for complex OFDM channels;
see [7] for details.
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The probability of error associated with a decoderΩ for a spe-
cific fading vectora is denoted byPe(a, Ω). Since a precise anal-
ysis of Pe(a, Ω) for general decoders is usually hard, we resort
to high SNR approximations. We define the decoder’spower er-
ror exponentas the asymptotic slope of the error probability as a
function of the SNR on a logarithmic scale:

EΩ(a) = lim
r→∞

−1

r
log Pe(

√
ra, Ω)

As this quantity is easier to determine, we will later use it instead
of the error probability. Further, a decoderΩ can be decomposed
(though not uniquely) intopairwise componentsΩij that decides
only between codewordsi and j, where the decision rule forΩ
favors the codeword that is selected by all its corresponding pair-
wise components. If no such codeword exists, then decision can be
made by some inconsistency resolving rule, but we disregard this
event here as it does not affect our results. Decoders that uniquely
assign a metric to different codewords (such as the ML and the
GLRT) can be decomposed into pairwise components simply by
comparing pairwise metrics. Inversely, a decoderΩ can also be
defined by stating its pairwise componentsΩij .

Thepairwise error probabilityP i→j
e (a, Ωij) is defined as the

probability thatΩij favors codewordj while codewordi was trans-
mitted, over a channel with a fading vectora. Thepairwise power
error exponentis defined accordingly as

EΩ
ij(a) = lim

r→∞
−1

r
log P i→j

e (
√

ra, Ωij)

Notice that generallyEΩ
ij(a) 6= EΩ

ji(a). For a constant number
of codewords, the decoder’s error probability is dominated by the
worst pair, and soEΩ(a) equals the minimal pairwise exponent:

EΩ(a) = min
i6=j

EΩ
ij(a) (1)

Denote bydΩ
ij(a) the square of the minimal distance of code-

word i, transmitted over a channel with a fading vectora, from the
separation surface ofΩij . Since the noise is AWGN, it is easy to
verify [7] that generally

EΩ
ij(a) =

1

2
dΩ

ij(a) (2)

In our setting, the ML decoding rule is a minimum Euclidian
distance rule. Using (2) and a pairwise metrics decomposition, the
power error exponent for the ML decoder is easily verified to be

E∗(a) =
1

8
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(3)
The corresponding probability of error for the ML decoder will be
denoted byP ∗

e (a).
A decoderΩ will be called aQuadratic Decoder, if there exists

a set of symmetric matricesHij so thatΩ can be decomposed into

Ωij(y) =







i yT Hij y > 0
j yT Hij y < 0

arbitrary o.w.

Notice that there is an implicitly assumed dependence between the
matricesHij andHji, needed to ensure that the pairwise compo-
nentsΩij andΩji describe the same decoding rule. In the OFDM
setting, the GLRT turns out to be a quadratic decoder, which may
imply that such decoders are interesting. Therefore, selecting an
optimal decoder from families of quadratic decoders will be in the
focus of our interest in the following section.

3. THE QUADRATIC MINIMAX (QMM) DECODER

3.1. The Minimax Criterion

In this section, a competitive minimax criterion for decoders will
be suggested and applied in the OFDM setting. This approach
follows on the work presented in [8], with two main differences:
First, a fixed codebook is assumed and the optimal decoder is con-
sidered in the limit of high SNR rather than in the limit of increas-
ing block size, by using the power error exponents in lieu of the
error probability. Second, structure is introduced by selecting the
decoder from a family of quadratic decoders, so that determining
the optimal decoder becomes more tractable.

Specifically, given a familyF of quadratic decoders, we seek
an optimal decoderΩ ∈ F in the competitive minimax sense:

inf
Ω∈F

sup
a

Pe(a, Ω)

(P ∗
e (a))ξ

(4)

for some0 ≤ ξ ≤ 1. For ξ = 1, this ratio represents the rela-
tive loss in performance incurred by employing a decoder ignorant
of the channel in use, and therefore the proposed criterion seeks
a decoder whose worst case relative loss is minimal. Minimax
optimality w.r.t the ML may sometimes be too ambitious, and so
by usingξ < 1, optimality is sought w.r.t a fractionξ of the ML
error probability, on an exponential scale. Now, in the limit of
high SNR, the minimax criterion above may be approximated by
replacing the error probabilities with their corresponding power
error exponents:
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a
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(P ∗
e (a))ξ

≈ inf
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sup
‖a‖=1
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ξE∗(a) − EΩ(a)
)

r

A decoder that is optimal by this criteria, must achieve a power
error exponent at least as good as a fractionξ of the ML exponent,
uniformly over all fading values. For a high value ofξ, such a
decoder may not exist at all, since the supremum will always di-
verge. For a low value ofξ, there may be many optional decoders.
Therefore, we would be interested in the maximal valueξ = ξ∗

for which such a decoder exists. DefiningξΩ as the guaranteed
fraction of the ML exponent attained by a decoderΩ, we have

ξΩ △
= inf

‖a‖=1

EΩ(a)

E∗(a)
, ξ∗ = sup

Ω∈F
ξΩ = sup

Ω∈F
inf

‖a‖=1

EΩ(a)

E∗(a)
(5)

The decoder attainingξ∗ will be termed theQuadratic Minimax
(QMM) decoder for the familyF .

3.2. The Decoding Procedure

We now specify the familyF by describing the pairwise decoding
procedure for decodersΩ ∈ F . It can be shown that when making
a pairwise decision, it is sufficient to consider, in each band, only
the projection of the observation onto the subspace spanned by the
two codewords in that band [7]. This is also intuitively reasonable
since anything orthogonal is essentially noise.

With that in mind, we choose to consider decoders with the
following pairwise decoding procedure: Letyℓ be the observation
in bandℓ (the ℓ-th row of the matrixY ) and letrℓ be the pro-
jection ofyℓ ontospan{x(i)

ℓ , x
(j)
ℓ }. Now, expressrℓ as a linear

combination ofx(i)
ℓ andx

(j)
ℓ

rℓ = αℓ x
(i)
ℓ + βℓ x

(j)
ℓ



The pairwise componentΩij favors codewordi overj if
∑

ℓ

wij
ℓ α2

ℓ ≥
∑

ℓ

wji
ℓ β2

ℓ

for some set of coefficientswij
ℓ . The familyF is therefore the fam-

ily of all decoders with pairwise components following the above
decoding rule. However, it turns out [7] that for our purposes it is
sufficient to consider a much smaller familyF∗ ⊂ F without any
loss of generality. DecodersΩ ∈ F∗ have pairwise components
each dependent only upon a selection of asingle weight parame-
tersλij > 0, and favoring codewordi overj if

∑

ℓ

[

P
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ℓ |)
]

α2
ℓ ≥ λij

∑

ℓ
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P
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ℓ |)
]

β2
ℓ

(6)
A decoderΩ ∈ F∗ is therefore described byM(M−1)

2
weightsλij

of its pairwise components (notice thatλij = 1
λji

for consistency).

Next, we seek the weights of the QMM decoder for the familyF∗.

3.3. Weights Selection

The power error exponent of a decoderΩ ∈ F∗ is the minimum
of all its pairwise power error exponents. These in turn are related
to the pairwise minimal distance according to (2), and are given
by a the solutions of a set of quadratic optimization problems with
quadratic constraints. Unfortunately, these problems lack an ana-
lytical solution in general, and so the power error exponent does
not have an analytical expression. However, a lower bound can be
found by transforming the pairwise optimization problem, using a
linear transformation, into a problem that can be solved analyti-
cally [7]. This bound can be optimized by selecting the transfor-
mation matrix to have a minimal condition number, and the result-
ing boundÊΩ(a) for the power error exponent is

EΩ(a) ≥ 1

2
min
i6=j

{

1

1 + λij
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P
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}

△
= ÊΩ(a)

(7)
A corresponding lower bound̂ξΩ for ξΩ is now derived by replac-
ing E(a) with Ê(a) in (5):

ξΩ = inf
‖a‖=1

EΩ(a)

E∗(a)
≥ inf

‖a‖=1

ÊΩ(a)

E∗(a)

△
= ξ̂Ω (8)

By definition, the QMM decoder for the familyF∗ is the one
maximizingξΩ. Since we do not have an explicit expression for
ξΩ, we shall find a decoderΩ ∈ F∗ maximizing the lower bound
ξ̂Ω instead. Although suboptimal, this decoder will still be referred
to as the QMM decoder, and its guaranteed fraction of the ML
exponent will still be denotedξ∗, so to avoid too many notations.

In order to derive the QMM decoder, we first establish an
expression dependent on the weightsλij for ξ̂Ω, and then seek
weights maximizing it. For a given decoder, the channels with a
fading vectora for which the infimum in the right hand side of
(8) is attained will be referred to ascritical channels, and if a0

happens to be a critical channel, then the lower boundξ̂Ω is just
the ratioÊΩ(a0)/E∗(a0). Therefore, for any specific decoder,
the lower bound we seek can be found by determining any one of
the critical channels. Generally, the critical channels are difficult
to determine in closed form, and may vary from one quadratic de-
coder to another, as they depend on the selection of the weights

λij . However, it turns out that there exists a finite set of chan-
nels independent of the weights, that always includes at least one
critical channel. Considering only vectorsa with unity norm, in-
troduce the change of variablesbℓ = a2

ℓ for ℓ = 0, . . . , L − 2.
With a slight abuse of notations, we now useÊΩ(b) andE∗(b)

instead ofÊΩ(a) andE∗(a) respectively. The domain of̂EΩ(b)
andE∗(b) is theL − 1 dimensional simplex defined by

S =

{

b : bℓ ≥ 0 ,

L−2
∑

ℓ=0

bℓ ≤ 1

}

(9)

It is easily seen that both the ML power error exponentE∗(b) and
the lower boundÊΩ(b) are polyhedral functions over the simplex
S, being the minima of affine functions (hyperplanes). Polyhedral
functions are characterized byextreme points, also calledcorners.
We state our next result without proof; see [7] for details.

Theorem. For any selection of weightsλij , the finite set of the
extreme points ofE∗(b) over the simplexS includes at least one
critical channel.

We thus see that̂ξΩ for any decoderΩ ∈ F∗, can be found
by searching over a finite a-priori determined set of channels, in-
dependent of the decoder itself. Letb0, . . . , bN−1 be the set of
extreme points ofE∗(b) overS. Then the bound̂ξΩ is given by

ξ̂Ω = min
n

ÊΩ(bn)

E∗(bn)
(10)

and we now seek weightsλij that maximize it. Denote the chan-
nels corresponding to the extreme points bya0, . . . , aN−1. Using
(7) and (10) we have

ξ̂Ω =
1

2
min
i6=j

{

1

1 + λij

min
n

(
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P
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Now, using the weights dependencyλij = 1
λji

and defining

fij(a)
△
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1

2
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P
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the optimal selection of weights maximizinĝξΩ is

λ∗
ij =

s(ij)

s(ji)
(11)

whereE∗(a) is given in (3). Notice that if the number of ML
extreme points is relatively low, it may be preferable to calculate
the weights online, so to avoid storing them in memory.

3.4. Utilizing Relations Between Fading Values

In some cases, a-priori information regarding the interdependency
of the fading values may be available, and can be incorporated into
our QMM decoding scheme. For instance, if the channel suffers
from a multi-path distortion with a time spread ofTm, and the
OFDM bands areδW wide, then ifδW · Tm ≪ 1, adjacent fre-
quency bands suffer fading that is highly dependent. Specifically,
assume it is known that the fading vectora, rather than taking arbi-
trary values inR

L
, takes only values in aconstraint setA ⊆ R

L
.

In this case, the minimax criterion (4) becomes

inf
Ω∈F

sup
a∈A

Pe(a, Ω)

(P ∗
e (a))ξ

(12)



Under some conditions on the setA, a suboptimal QMM decoder
for the modified optimality criterion above can be derived. In or-
der for our SNR-asymptotic approach to apply, the setA must be
scale-invariant, so that any channel in it can be found with all pos-
sible gains. If additionally the set

S
△
=

{

b | b = (a2
0, . . . , a

2
L−2) , a ∈ A , ‖a‖ = 1

}

(13)

is a polyhedra, then the QMM optimal weights for the constrained
case can be found in a manner similar to that of finding the optimal
weights in the unconstrained case, where the only difference is that
the setS defined in (13) replaces the simplex of (9) as the set over
which ML extreme points are sought.

3.5. Comparison with the GLRT

The power error exponent for the GLRT can be upper bounded by
finding, for each pairwise component, the distance to a point on its
separation surface, which attains the minimal distance per-band,
and the resulting bound is

EGLRT (a) ≤ 1

4
min
i6=j

{

L−1
∑

ℓ=0

P
(i)
ℓ (1 − |ρ(ij)

ℓ |)a2
ℓ

}

(14)

Now, notice that this bound coincides with the lower boundÊΩ(a)
of (7) for a uniform selection of weightsλij = 1. Therefore,
since the QMM decoder selects weightsλij maximizing the lower
bound, it is guaranteed to have a higher value ofξ than that attained
by the GLRT, thus outperforming it in the minimax sense.

4. SIMULATION RESULTS

The coding scheme used for simulation is based on theComplex
Field Coding (CFC)notion, which is basically linear precoding
with redundancy, suggested for OFDM over Rayleigh fading chan-
nels [10]. Simulations were performed over randomly selected
channels, comparing the QMM to the GLRT (figures 1,2) and to
the training approach (figure 2) in terms of the attained fraction of
the ML exponentξ. As can be seen, the QMM outperform both in
terms of the worst case value ofξ attained over those channels.
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Fig. 1. QMM vs. GLRT, 120 codewords CFC,3 × 4 channel
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