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Propagation in photonic crystal coupled-cavity
waveguides with discontinuities in their

optical properties
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An analytical model for propagation through and reflection from a discontinuity in coupled-cavity waveguides
(CCWs) (also known as coupled-resonator optical waveguides—CROW) is developed. The theory is based on a
modification of the tight-binding theory for propagation in nonuniform structures. Explicit analytic expres-
sions for the reflection and transmission coefficients are obtained. These expressions resemble in form and
structure the well-known Fresnel coefficients, with the traditional wave impedance parameter replaced by the
device bandwidth. Matching of two uniform CCWs with the use of an intermediate serial section is also dis-
cussed, and an analogy to the well-known quarter-wavelength plate is pointed out. © 2006 Optical Society of
America
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. INTRODUCTION
uch attention has been devoted recently to the theory

nd applications of the coupled-cavity waveguide (CCW),
lso known as the coupled-resonator optical waveguide, or
ROW. This device consists essentially of an array of
eakly coupled high-Q optical resonators, along which a

ight signal can propagate.1–3 Schematic examples of this
evice are shown in Fig. 1.
In one realization, the CCW is a linear array of equally

paced local defects, situated within an otherwise perfect
hotonic crystal (PhC). Each local defect serves as a mi-
rocavity possessing a local resonant mode (trapped
ode) with a resonant frequency within the bandgap of

he background PhC. Propagation along the CCW is
ased on tunneling of radiation from one microcavity to
he next. When the microcavities are all identical, pos-
essing the same resonant frequency �0, the resulting
CW constitutes a narrowband low-group-velocity optical

ransmission device, with central frequency �0. The
ransmission bandwidth and group velocity decrease very
ast as the intercavities’ distance increases. These proper-
ies have been derived using tight-binding perturbation
heory1,3 and verified both experimentally2 and against
umerical simulations.3 The case of a CCW possessing
onidentical microcavities and structural disorder has
een studied4 using cavity perturbation theory in con-
unction with the tight-binding theory. Another realiza-
ion of the CCW that does not require the presence of a
hC background environment has also been suggested.5

ere, an array of weakly coupled microring optical reso-
ators is used. Although at first glance this structure

ooks quite different from that realized in a PhC, and the
nalysis is also based on the transfer-matrix approach,
he propagation physics is essentially the same as well as
he resulting dispersion relations.

Because of the appealing properties of the CCW (e.g.,
he ability to design a priori the transmission frequency,
0740-3224/06/071442-9/$15.00 © 2
andwidth, and group velocity), it has been proposed as a
otential candidate for various applications in optical
ommunication systems. This includes, for example, fil-
ering and routing and add–drop devices.1,3–5 As it con-
ists of a series of high-Q resonators it can be used in ap-
lications where a high field intensity is required such as
oliton optics6 and higher harmonic generation.7 Because
f the low group velocity, it has also been suggested as a
otential candidate for optical storage and optical delay
ines.8–10 On a different track of applications, the CCW
as been suggested also as a candidate for the design of
ltracompact optical gyroscopes.11

In view of this potential wealth of applications, it is an-
icipated that assemblies of mutually connected CCWs
an become inherent in many optical systems. Then the
ropagation through a variety of CCWs and the associ-
ted back reflection and multiple reflections may lead to
ismatch and insertion loss that obviously affects the

verall system performance. Thus, the purpose of the
resent work is to study the propagation in a CCW that
onsists of two semi-infinite, different uniform CCWs,
ituated in series as shown schematically in Fig. 1. The
ombined CCW can be viewed as a single CCW with prop-
rty discontinuity occurring at the passage from the mi-
rocavity numbered by k=0 to that numbered by k=1. It
s shown that relatively simple analytic expressions for
he reflected and transmitted optical signals can be de-
ived, and their structure resembles that of the well-
nown Fresnel reflection and transmission coefficients.
urthermore, our new results indicate an intimate rela-

ion between the conventional notion of wave impedance
nd the bandwidth of a CCW. Hence, this structure serves
s a paradigm case—a basic building block from which
he behavior of more complicated networks can be in-
erred. For example, we show that the theory developed
ere can be used to match two serially connected CCWs
y inserting a finite-length intermediate section. In some
006 Optical Society of America
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implified cases (when the two CCWs have the same cen-
ral frequency) perfect matching can be achieved using a
ingle-cavity intermediate section, and the corresponding
arameters resemble the well-known quarter-wavelength
late condition.
To study the combined structure, we start with the non-

niform CCW model developed previously.4 The original
otivation of this work has been to study the effect of

tructural disorder, which is essentially random. How-
ver, the general framework developed there holds also
or structures possessing variations that are determinis-
ic and limited to local regions. We emphasize that al-
hough most of the specific figures and examples are in-
lined toward the PhC-based CCW, the mathematical
xpressions for transmission and reflection coefficients, as
ell as the general resemblance to well-known propaga-

ion phenomenology articulated above, are general and
old for other CCW configurations such as the microring
ystem—see Fig. 1(b). The theory developed here applies
o CCWs in two-dimensional (2D) (e.g., a structure in the
,y plane that is invariant in z, or alternatively the mi-
roring system) and three-dimensional (3D) configura-
ions. It should also be noted that the 2D realizations of
hC structures and high-Q microcavities in dielectric
labs, studied by several research groups,12–15 offer an-
ther practical realization of CCWs. Here, the microcavity
ransverse confinement is provided by the periodic struc-
ure in the plane, while the vertical confinement is pro-
ided by the slab guiding (total internal reflection). It has
een shown that for the frequency range that corresponds
o the lowest guided mode in the slab, the properties of
uch structures can be approximated by an ideal 2D
tructure using the effective index approach.12 Since the
asic physical mechanism as well as the dispersion equa-
ion of a CCW in these structures are essentially the same
s those of the perfect 2D and 3D cases, the theory devel-
ped here applies to these cases as well.

The structure of the paper is as follows. In Section 2 we
resent the basic formulation that applies to a nonuni-
orm CCW and discuss some of its properties needed for
ubsequent derivations. In Section 3 we develop the re-
ection and transmission coefficients due to the proper-
ies’ discontinuity occurring at a single location along the
CW. In Section 4 we use these results to demonstrate

ig. 1. Two examples for a system of two different CCWs con-
ected in series. (a) Realization in photonic crystal. Local defects
re shown by solid circles. The CCWs may differ in the local de-
ect form and intercavity spacing, thus differing in both central
requency and bandwidth. (b) Realization using an array of mi-
roring resonators.
atching between two CCWs using an intermediate CCW
ection. The theory is checked against numerical ex-
mples in Section 5, and concluding comments are given
n Section 6.

. FORMULATION
et �b�r� be the relative permittivity of the PhC, including
ossible random inaccuracies, but excluding the defect
ites. Thus, �b�r� describes a perfectly periodic PhC super-
mposed on which is some noisy structure that represents
he random inaccuracy. Let �dn

�r� and Hn�r� represent the
forementioned inaccurate crystal including the nth mi-
rocavity only and the associated mode magnetic field, re-
pectively. Its resonant frequency is �n. For a perfectly
niform CCW we have �dn

�r�=�d0
�r−nb�, where b is the

ntercavity spacing vector.3 We define

dn�r� =
1

�dn
�r�

−
1

�b
�r�, �2.1�

hich represents the single defect corresponding to the
th microcavity in its true position. Note that due to ran-
om structure inaccuracies and/or structure variation,
he shift-invariance property dn�r�=d�r−nb� does not
old. Let �r�r� be the relative permittivity of the entire
hC structure, including the random inaccuracies and the

inear array of defects that forms our two CCWs. We have

1

�r�r�
=

1

�b�r�
+ �

n
dn�r�. �2.2�

n accordance with the traditional notations,16 we define
he operators

� � � �
1

�r�r�
� � , �b � � �

1

�b�r�
� � ,

�n � � � dn�r� � � . �2.3�

he modal field of the nth microcavity when all other de-
ects are absent, Hn�r�, satisfies

��b � �n�Hn�r� = ��n

c �
2

Hn�r�. �2.4�

he equation for the entire CCW is

�H�r� = ��b + �
n

�n�H�r� = ��

c �
2

H�r�. �2.5�

nder the weak coupling assumption, we express the to-
al magnetic field H�r� as a sum of the isolated microcavi-
ies magnetic fields:

H�r� = �
n

AnHn�r�, �2.6�

here �An� is a set of unknown coefficients, and Hn satis-
es Eq. (2.4). Following the variational procedure used in
revious work,4 we obtain the difference equation for A ,
n
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�
n
	
��k

c �
2

− ��

c �
2�Ink + Tn,k� �An = 0 " k, �2.7�

here [from Eqs. (2.4) and (2.5)]

Inm � Hn,Hm�, Tn,m� ��Hn, �
j�m

�jHm� . �2.8�

Note that the operator �j in Eqs. (2.3) vanishes identi-
ally "r, except for the spatial location of the jth local de-
ect. Thus, as shown before,3,4 the dominant Tnk� terms in
q. (2.8) are Tk+1,k� , Tk−1,k� , Tk,k� , and Tk,k±2� , with �Tk,k� �,

Tk,k±2� �� �Tk±1,k� �. Also, Inm�Hn ,Hm���nm (Inn is highly
ominant). Furthermore, �k=�0+��k and �k

2��0
2

2�0��k. With these approximations, and keeping only
he dominant terms in Imn ,Tn,k� , Eq. (2.7) gets the form

�2Ak + 2c−2�0��kAk + Tk−1,k� Ak−1 + Tk+1,k� Ak+1 = 0 " k,

�2.9a�

here

�2 � ��0
2 − �2�/c2. �2.9b�

e shall use Eq. (2.9a) as the basic formulation that gov-
rns the propagation of optical signals in nonuniform
CWs. It is important to note that this formulation, based
n a tight-binding approximation, holds for CCWs’s in
hich long-range interaction effects can be neglected.
his is precisely the meaning of the inequality �Tk,k±2� �
�Tk±1,k� � used to obtain the formulation in Eq. (2.9a).
ore Tk,j� terms should be kept in the case when long-

ange interactions are considered,17 which is not in the
cope of the present work.

. Symmetry Property of Tn,m�
ote that for a lossless medium, the �j operators are real
nd self-adjoint, and the Hn fields are real. Thus, Tn,m� in
qs. (2.8) can be rewritten as

Tn,m� = �
j�m

�jHn,Hm� = �
j�m,n

�jHn,Hm� + �nHn,Hm�

= �
j�n

�jHn,Hm� + �nHn,Hm� − �mHn,Hm�

= Tm,n� + �nHn,Hm� − �mHm,Hn�

�Hn,�j real and self-adjoint�. �2.10�

herefore

Tn,m� + �mHm,Hn� = Tm,n� + �nHn,Hm�. �2.11�

hus, as long as the mth and nth cavities belong to the
ame uniform waveguide, we have

Tn,m� = Tm,n� . �2.12�

his property is used in the subsequent derivations.

. Special Case: the Limit of the Uniform Coupled-Cavity
aveguide

or all k we have ��k=0 and Tk−1,k� =Tk+1,k� =�; so Eq.
2.9a) reduces to
�2Ak + ��Ak−1 + Ak+1� = 0 " k. �2.13�

ubstituting a solution of the form

Ak = ei�k, �2.14�

q. (2.13) produces the known dispersion relation

�2 = − 2� cos �. �2.15�

pproximating

�2 =
1

c2 ��0 − ����0 + �� �
2�0

c2 ��0 − ��, �2.16�

e obtain from Eq. (2.15)

� − �0 = �	�/2�cos �, �2.17�

here the CCW transmission bandwidth 	� and � are re-
ated via

� =
�0	�

2c2 . �2.18�

. PROPAGATION IN NONUNIFORM
OUPLED-CAVITY WAVEGUIDES
ere we study the case of a nonuniform CCW consisting

f two uniform CCWs connected in series, as shown sche-
atically in Fig. 1. For convenience, we start in Subsec-

ion 3.A with the simplest case where both have the same
entral frequency and they differ in their bandwidth. Af-
er establishing this case in Subsection 3.B we generalize
t to the case of CCWs having a different central fre-
uency and different bandwidth.

. Two Coupled-Cavity Waveguides with the Same
entral Frequency
ere we study the case of a nonuniform CCW that con-

ists of two uniform CCWs, both having identical micro-
avities. Thus they possess the same central frequency,
ut differ in their frequency bandwidths due to different
ntercavity spacings. We have 	�1 obtained with intercav-
ty spacing b1 for the left waveguide �k
0� and 	�2 ob-
ained with intercavity spacing b2 for the right waveguide
k�0�. Referring to the configuration in Fig. 1, this case is
haracterized by solid circles [Fig. 1(a)] or rings [Fig. 1(b)]
ith k-independent radii.
From the problem geometry, and from the fact that Eq.

2.12) holds separately within each waveguide, it follows
hat

��k = 0 " k, �3.1a�

Tk−1,k� = 	�1 "k 
 0

�2 "k � 1� . �3.1b�

urthermore, because of the results in Subsection 2.A, we
ave

Tm,n� = Tn,m� " m,n 
 0 or m,n � 0, �3.1c�

Tk−1,k� = Tk+1,k� = 	�1 "k 
 − 1

� "k � 2 � . �3.1d�

2
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Equation (2.9a) still governs the modal propagation
long the combined CCW. Because of the property jump
etween k=0 and k=1, we write a solution of the form:

Ak = 	ei�1k + e−i�1k, "k 
 0

T ei�2k, "k � 1� . �3.2�

ubstituting this into Eq. (2.9a), and using Eqs. (3.1a),
3.1b), and (3.1c), we obtain, respectively, for k
−1 and
or k�2

2�ei�1k +  e−i�1k� + 2�1 cos �1�ei�1k +  e−i�1k� = 0,

" k 
 − 1, �3.3a�

2T ei�2k + 2�2T cos �2 ei�2k = 0, " k � 2, �3.3b�

rom which we obtain the two perfect CCW conventional
ispersion relations, similar in form to Eq. (2.15):

�2 = − 2�1 cos �1, �2 = − 2�2 cos �2. �3.4�

ote that �1 ,�2 are related to the respective bandwidths
�1, 	�2 of the two uniform sections, in a manner similar

o Eq. (2.18). Therefore, for the waves in the two sections,
e have

� − �0 = �	�1/2�cos �1, �3.5a�

� − �0 = �	�2/2�cos �2, �3.5b�

here

	�1,2 = 2c2�1,2/�0. �3.6�

he interesting physics takes place at k=0 and k=1:

�2A0 + T−1,0� A−1 + T1,0� A1 = 0 �k = 0�, �3.7a�

�2A1 + T0,1� A0 + T2,1� A2 = 0 �k = 1�. �3.7b�

ubstituting Eq. (3.2) for A1 and A2 and solving for  and
using Eqs. (3.1a), (3.1b), (3.1c), and (3.1d) [note that

ith Eqs. (3.4) we have �2+�n ei�n=−�n e−i�n, n=1,2], we
btain

T = 1 + , ��� = −
�1 e−�1 − �2 e−i�2

�1 ei�1 − �2 e−i�2
= −

�1 ei�1 − �2 ei�2

�1 e−i�1 − �2 ei�2
.

�3.8�

he expression for  can be further simplified by using
he exact dispersion relations in Eqs. (3.4) and the band-
idths’ expression in Eq. (3.6). The result is

��� = −

	�2�1 − �� − �0

	�2/2 �
2

− 	�1�1 − �� − �0

	�1/2 �
2

	�2�1 − �� − �0

	�2/2 �
2

+ 	�1�1 − �� − �0

	�1/2 �
2
.

�3.9�

quation (3.9) gives the transmission and reflection coef-
cients as functions of frequency, within the entire fre-
uency bands of both CCWs. Its structure has the same
orm as that of the well-known Fresnel reflection coeffi-
ient. At the central frequency ��=� �, we have
0
��0� =
	�2 − 	�1

	�2 + 	�1
. �3.10�

his last result is identical with the Fresnel reflection co-
fficient, with 	� replacing the traditional wave imped-
nce. Furthermore, it is seen from Eq. (3.9) that if the fre-
uency � exits the transmission band of one of the CCWs,
he reflection coefficient becomes a complex number with
nity magnitude (	�i is the total bandwidth of the ith
CW), similar to the total internal reflections phenom-
non.

. Two Uniform Cavity-Coupled Waveguides with
ifferent Central Frequencies and Different Bandwidths
his case is identical to the previous one, except that the
rst CCW (occupying indices k
0) central frequency is
01=�0, whereas the second CCW (occupying indices k
1) central frequency is �02=�0+��0, for all k�1. The

ystem is described in Fig. 1. Thus Eq. (3.1a) is replaced
y

��k = 	0, "k 
 0

��0 = 	0c2/2�0, "k � 1� , �3.11�

here the parameter 	0 here represents the central fre-
uency difference between the left and right CCWs, de-
ned for convenience in the subsequent derivations. Also,
he second equality in Eq. (3.1b) holds now for k�2, and
q. (3.1c) still holds with the domains of m ,n changed to
m ,n
0, or m ,n�1. Thus, in this more general configu-

ation,

T0,1� � T1,0� � �2. �3.12�

his inequality is important in subsequent derivations.
inally, Eq. (3.1d) is unchanged.
We can now follow exactly the same procedure of the

revious case in Subsection 3.A. The modal amplitudes
orm in Eq. (3.2) still holds, and Eqs. (3.3a) and (3.3b) now
ead as

2�ei�1k +  e−i�1k� + 2�1 cos �1�ei�1k +  e−i�1k� = 0,

" k 
 − 1, �3.13a�

�2 + 	0�T ei�2k + 2�2T cos �2 ei�2k = 0, " k � 2, �3.13b�

rom which we obtain the two perfect CCW conventional
ispersion relations:

�2 = − 2�1 cos �1, �2 + 	0 = − 2�2 cos �2. �3.14�

he parameters �1 ,�2 are related to the respective CCWs
andwidths via the same expressions as before, Eq. (3.6).
sing the same procedure that we used in Eqs.

3.4)–(3.6), we obtain

� − �01 = �	�1/2�cos �1, �3.15a�

� − �02 = �	�2/2�cos �2, ��02 = �01 + ��0�, �3.15b�

here Eq. (3.6) connecting bandwidths to �1,2 holds. Like-
ise, Eq. (3.7a) still holds, and a corresponding slight
odification applies to Eq. (3.7b): The �2 term is replaced

y �2+	 . Continuing along the same lines, we obtain for
0
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he transmission and reflection coefficients [Eq. (3.12)
hould be considered]

T =
T0,1�

�2
�1 + �, ��� = −

�1 ei�1 − ��2 ei�2

�1 e−i�1 − ��2 ei�2
,

�3.16a�

here � is a factor indicating the degree to which the

1,0� ,T0,1� mismatch �2:

� =
T1,0� T0,1�

�2
2 . �3.16b�

This last result can be rewritten in terms of the fre-
uency �:

��� = −

2���02 − �� − 2��01 − �� + i
	�1s1 − 	�2�
�02

�01
s2�

2���02 − �� − 2��01 − �� − i
	�1s1 + 	�2�
�02

�01
s2� ,

�3.17a�

here 	�1 ,	�2 are the bandwidths of the first and second
CWs, �01,�02 are their respective central frequencies

see Eqs. (3.15a) and (3.15b) and discussion before Eq.
3.11)], and s1 ,s2 are given by

s1,2 =�1 − �� − �01,2

	�12/2
�2

. �3.17b�

Note that if the central frequencies of the first and sec-
nd CCWs are identical, then �=1, �01=�02, so the ex-
ression for  and T reduce to the simpler ones developed
n Subsection 3.A.

. Comment on the Symmetry Properties of � and T
nd an Analogy
et � �� � be the reflection coefficient that applies for a
ave propagating rightward (leftward) and hitting the
iscontinuity from the left (right). Likewise, let T �T� be
he corresponding transmission coefficients. From the re-
ults of Subsection 3.A it follows that for the case of two
CWs with identical central frequencies, one obtains
=−� and T+T=2. However, if the central frequencies
re different (see Subsection 3.B), this symmetry is lost.
herefore, the configuration of two CCWs with identical
entral frequencies is analogous to the interface between
wo conventional waveguides that possess the same cross-
ection geometries (and free space can be seen as a special
ase). This analogy is further motivated by noting the
dentity T=1+ [see Eqs. (3.8)] that holds in general for
niform geometry connections. The configuration of two
CWs with different central frequencies can be seen as
n analog of waveguides with different cross-section ge-
metries.

. Effect of Loss
ince the basic building block of the CCWs is a high-Q
esonator, loss can be an important factor affecting the
CW performance. There are two main types of losses:
aterial (dielectric) losses resulting either from ohmic
issipation (conduction) or from dissipative polarization
rocesses of the dielectric material, and scattering losses
hat are caused mainly by unavoidable geometric imper-
ections. The former can be rigorously represented by
dding an imaginary component to the dielectric property
r�r�=�r��r�+ i�r��r�.18 The latter are more difficult to
odel, but they can heuristically be represented by a
odification of ��. The complex � can now be inserted into

he wave operator �, and the analysis in this paper can in
rinciple be repeated. Note, however, that there are sev-
ral subtle issues in this approach. With complex � the
ave operator � is no longer self-adjoint, so the varia-

ional procedure leading from the wave Eq. (2.5) to the
ifference Eq. (2.9a) does not hold. Nevertheless, it has
een shown11 that by applying a Galerkin projection pro-
edure, one can obtain a difference equation for a CCW in
on-self-adjoint conditions. Furthermore, performing
uch an analysis one can see that the difference equation
as exactly the same form as Eq. (2.9a) with dominant
erms as before, except for the addition of complex compo-
ents to the coefficients Tk±1,k� [as evidenced from Eqs.

2.8)], and at the expense of losing some of their symme-
ry properties (see Subsection 2.A). It is anticipated,
herefore, that the case of lossy CCW is analytically iden-
ical to the lossless one, with the replacement of �1,2 in
qs. (3.8) or Eqs. (3.16) by their complex counterparts

note that �1=Tk±1,k� for k�0 and �2=Tk±1,k� for k�1).
hus, for example, the equality T=1+ discussed above
till holds, but it should be emphasized that it does not
ecessarily mean an energy conservation; rather, in light
f the analogies discussed above, it conveys continuity
onditions for the fields. A detailed investigation of the
amifications of such results is beyond the scope of the
resent paper.

. MATCHING TWO COUPLED-CAVITY
AVEGUIDES BY AN INTERMEDIATE

ECTION
. General Expressions
e wish to connect two different CCWs and reduce the

iscontinuity backreflections to a minimum for a pre-
cribed frequency. One possible way to achieve this goal is
o insert in series a finite-length intermediate section be-
ween the two CCWs, as shown schematically in Fig. 2.

The leftmost and rightmost CCWs have infinite length
nd they occupy microcavity indices k
0 and k�M+1,
espectively, while the intermediate section consists of M

ig. 2. Two different CCWs connected in series, matched by an
ntermediate section with M microcavities.
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icrocavities. Counting from left to right, the ith CCW is
ermed here by CCWi �i=1,2,3�, and it possesses a cen-
ral frequency, bandwidth, and propagation constant �0i,
�i, and �i���, respectively. Assume now that the system

s excited by an optical signal that propagates in CCW1
rom left to right. The incident and reflected modal ampli-
udes are given, respectively, by

Ak
i = ei�1k, Ak

r = R e−i�1k, k 
 0, �4.1�

here R represents the reflection from the combined
CWs’ system, as seen from within CCW1, and as mea-
ured with respect to the reference microcavity k=0.
umming up all contributions for the field at k=0, due to
he multiple reflections that take place within CCW2, we
et for R

R = 12 + T12T2123 e2i�2M�
n=0

�

�e2i�2M2321�n. �4.2�

ere ij is the local Fresnel-like reflection coefficient for
he modal amplitudes of a wave propagating in CCWi and
itting the interface with CCWj. Likewise, Tij is the local
ransmission coefficient for a wave passing from CCWi to
CWj. Both ij and Tij were developed in Section 3.
Summing the geometric series in Eq. (4.2), we obtain

he CCW analog of a classical result:

R =
12 − 23�1221 − T12T21�e2i�2M

1 − 2321 e2i�2M . �4.3�

From this last result it is seen that perfect matching
etween CCW1 and CCW3, corresponding to R=0, is ob-
ained when the CCWs’ parameters satisfy

12 = 23�1221 − T21T21�e2i�2M. �4.4�

e now demonstrate a simple and illuminating case for
hich the above condition can be satisfied.

. � /4 Plate Analog
onsider the simplified configuration of two CCWs

namely, CCW1 and CCW3) with the same central fre-
uency and different bandwidths. Thus �01=�03 and
�1�	�3. We would like to match these CCWs at their
entral frequency. Referring back to the discussion in
ubsection 3.C, an analogy with the problem of matching
wo waveguides with an identical cross-section geometry
s suggested. Thus, we anticipate that an intermediate

atching section CCW2 with the same central frequency
01=�01=�03 can be used to satisfy the condition set by
q. (4.4), provided that the appropriate section length �M�
nd bandwidth �	�2� are chosen. Using the ensuing sym-
etry properties ij=−ji and Tij=2−Tji (see Subsection

.C), Eq. (4.4) reduces to

12 = − 23 e2i�2M. �4.5�

owever, at the central frequency we have �i=� /2, and
y using Eq. (3.10) it is easily seen that matching at the
entral frequency is obtained for
M = 2n + 1 with n = 0,1,2, . . . , 	�2 = �	�1	�3.

�4.6�

hus, perfect matching can be obtained by inserting an
ntermediate section with an equivalent optical length of
/4 (as implied by the fact that �=� /2) and with a band-
idth given by the geometric mean. The perfect analogy
ith the well-known quarter-wavelength plate matching,
btained by replacing the wave impedance with the
CWs bandwidths, is apparent (see also discussion at the
nd of Subsections 3.A and 3.C). Note that the case of M
1, corresponding to a single microcavity matching sec-

ion, is a legitimate solution. Here the corresponding
andwidth is achieved by choosing the correct intercavity
istances. The efficacy of this result will be demonstrated
n Section 5.

. NUMERICAL EXAMPLES
ere we shall solve numerically several configurations

onsisting of uniform CCWs connected in series as sche-
atized in Figs. 1 and 2, calculate the respective reflec-

ion and transmission coefficients, and check the results
gainst the analytic predictions of the previous sections.
he theory developed in previous sections holds for CCWs

n 2D and 3D crystals as well. However, since each CCW
hould consist of several microcavities (say, four or five),
nd the intercavity distance must be two PhC unit cells or
ore, the numerical size of the problem becomes exces-

ively large for full 3D simulations. Thus, we shall limit
his section to examples of 2D geometries only. Specifi-
ally, we shall use the hexagonal PhC lattice that is used,
or example, in Refs. 3 and 4. The PhC is made of dielec-
ric cylinders with �r=8.41, radii of 0.6, and cylinder spac-
ng of 4 (all in arbitrary length units). The resulting PhC
ossesses a bandgap in the range of 7.5
�
10.5 in arbi-
rary length units. A microcavity created by removing a
ingle post resonates at �0=9.058. By slightly changing
he radii of the microcavity’s six closest neighboring cyl-
nders, the resonant wavelength can be tuned to any de-
ired value between 8.4 and 9.8 in arbitrary length units
see examples in Ref. 4).

We start by comparing the results of Subsection 3.A
ith numerical simulations. The combined CCWs consist-

ng of uniform sections built of microcavities with identi-
al resonant wavelengths are shown in Fig. 3. The inter-
avity spacing in the left and right CCWs is three and two
nit cells, respectively, yielding transmission bandwidths
f 	�=0.118 and 0.5, both centered around �0=9.058.3

he system is excited by an incident TM plane wave,
ropagating from left to right. The rightmost section of
he combined CCW (the uniform CCW that occupies indi-
es k�1) is matched to the free space at the right end of
he crystal by using a matching dielectric post as de-
cribed in previous works concerning matching to free
pace.19,20 This matching reduces the backreflections in
he rightmost output terminal of the CCW to a few per-
ent, so one can assume that the modal propagation in
his section �k�1� consists of essentially a right-
ropagating wave. Thus the left-propagating mode in the
eft section �k
0� results only from the reflections that
ake place across the CCW discontinuity at k=0. We have
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sed the method described in Appendix A to compute the
mplitudes of the left- and right-propagating waves in
his section. Their ratio is the reflection coefficient . Fig-
re 4 compares this numerically computed  with the one
redicted by Eq. (3.9). Quite a good agreement is seen
note the vertical scale). The deviations between the two
ines at the left side of the graph are attributed to numeri-
al inaccuracy due to the relatively small number of mi-
rocavities used.

Figure 5 shows a combined system of two CCWs differ-
ng in both the central frequency and the bandwidth. It is
ssentially the same configuration as that of the previous
xample, except that the resonant wavelength of the left
CWs is increased to �1=9.15. This is obtained by slightly

ncreasing the radius of the six closest neighbors of the
orresponding cavities from r=0.6 to r=0.64.4 The result-
ng reflection coefficient has been computed numerically
nd in Fig. 6 it is compared with the analytic prediction of
qs. (3.17). Again, quite a good agreement is seen (note

he vertical scale).
The quarter-wavelength analog prediction of Subsec-

ion 4.B is now examined. The combined system is shown
n Fig. 7. We use the same PhC background structure as
n the previous examples. Also, for CCW2 and CCW3 we
se the same cavity structure and intercavity spacing as
sed in the example of Fig. 3, namely, bandwidths 	�

ig. 3. Two sections with identical central frequencies and dif-
erent bandwidths. All the dielectric cylinders in the crystal are
f radius 0.6 and �r=8.41. The crystal spacing is a=4. The dielec-
ric cylinder used to match the system output to free space is
een on the right, external to the structure. Its material is iden-
ical to that of the PhC. Its radius is 0.4 and its x coordinate is
.3 to the right of the rightmost cylinder in the crystal.19

ig. 4. Reflection coefficient obtained for the configuration de-
cribed in Fig. 3.
2

0.118 and 	�3=0.5, respectively, and a resonant wave-
ength �0=9.058 for both. We use CCW2 as an intermedi-
te matching section, with M=1. CCW1 consists of micro-
avities created again by a removal of a dielectric
ylinder, with an intercavity spacing of four unit cells.
his yields an extremely narrow bandwidth. By increas-

ng the radius of the cylinders in the second ring around
ach microcavity to r=0.66, we have increased the cavi-
ies’ mutual coupling, thus achieving a larger bandwidth
f 	�1=0.025. This addition of dielectric material, how-
ver, caused an upward shift of the resonant wavelength
o beyond 9.07. Thus, we have slightly decreased the ra-

ig. 5. (Color online) Two sections with different central fre-
uencies and bandwidths. The parameters are the same as in the
revious example, except for the shaded circles representing di-
lectric cylinders of the same material but of radius 0.64. The di-
lectric cylinder used to match the system output to free space is
een on the right. It has the same parameters as in the previous
xample.

ig. 6. Reflection coefficient obtained for the configuration de-
cribed in Fig. 5.

ig. 7. (Color online) Quarter-wavelength plate analog of two
ifferent CCWs connected in series, matched by an intermediate
ection of a single microcavity. The crystal parameters are the
ame as in the previous examples, except for the solid large circle
nd shaded small circles, representing dielectric cylinders of the
ame material but of radius 0.66 and 0.587, respectively.
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ius of each cavity’s six closest cylinders from r=0.6 to r
0.587.4 The final result is that CCW1’s central wave-

ength �1 is returned to 9.058, and its bandwidth 	�1 is
uned to 0.025. The three bandwidths and the intermedi-
te section length now approximately satisfy the condi-
ions set by the geometric mean in Eqs. (4.6), with n=0.
ote that since the rightmost cavity of CCW1 has larger
ielectric cylinders of radius 0.66 only on its left side, the
orresponding resonant tuning is achieved by a radius de-
rease of only three neighbors instead of six. The system
as excited by an incident plane wave from its left side.
he reflection coefficient of the combined system of CCW2
nd CCW3, as seen from within CCW1, has been com-
uted using the method outlined in Appendix A. The re-
ult is shown in Fig. 8. It is seen that the reflection coef-
cient is �0.1 near the resonant wavelength, and thus a
ood matching is achieved. Figure 9 shows the phase of
he transmitted field in CCW3 right after the matching
ection (cavity 9 from the left) relative to the phase of the
ncident field in CCW1 far from the matching section (cav-
ty 4 from the left). It is seen that the transmission coef-
cient across the matching section consists essentially of
group delay; the phase is quite linear within the trans-
ission band, with the slope indicating a group delay due

o the propagation from cavity 4 to cavity 9.
Finally, a comment about the numerical accuracy is in

rder. Each example in this section consists of essentially
wo computational steps. First, we obtain the total fields
n the PhC system by a full-wave solution of Maxwell’s

ig. 8. Reflection coefficient obtained by using a single-cavity
ntermediate matching section.

ig. 9. Phase of the transmitted field in CCW3 relative to the
hase of the incident field in CCW .
1
quations (using the moment-method-based multifila-
ent code3,21). Then, the method outlined in Appendix A

s used to predict the reflection coefficient. In the former
tep, a systematic check of the error in satisfying the
oundary conditions is invoked. The maximal relative er-
or is a fraction of a percent for E and is of the order of 1%
or H. Thus, we surmise that the field solutions are accu-
ate of the order of a percent. Then the error in predicting

is essentially correlated to the residual error obtained
n the procedure discussed in Appendix A. This error was

fraction of a percent in the examples shown in Figs. 4
nd 6 and of the order of 20% in the example shown in
igs. 8 and 9. A larger number of cavities and a better
avity isolation from the free space (i.e., reduction of the
adiation loss from each cavity) can improve this accu-
acy. The latter requires an increase of the number of the
hC rows above and below the CCWs. Note, however, that

he total number of dielectric cylinders in this problem is
31, yielding a moment-method matrix with more then
5,000 unknowns (24 unknown current filaments are
eeded for each cylinder21). Thus, the numerical size of
he problem is already excessively large, and increasing it
urther may cause numerical errors and instabilities to
ake over.

. CONCLUSIONS
sing a formulation developed from the tight-binding

heory, an equation governing the propagation in nonuni-
orm CCWs has been developed. It is shown that analytic
xpressions for reflection by and transmission through
iscontinuity in the properties of a CCW can be derived
rom the new theory. These expressions resemble in many
ays celebrated results that apply to propagation in
aveguides and TEM transmission lines, with the re-
lacement of the wave impedances by the corresponding
CWs’ bandwidth. These new results can serve as the ba-
is for developing network theory for CCWs’ assemblies. A
imple example of matching two CCWs with the use of an
ntermediate CCW section is demonstrated, and an anal-
gy to the well-known quarter-wavelength plate is
ointed out. The analytic results are checked against nu-
erical simulations, showing quite a good agreement be-

ween them. It is anticipated that the present results can
e of help in analyzing systems where multiply connected
CWs are used.

PPENDIX A: COMPUTING THE
EFLECTION COEFFICIENT FROM
UMERICAL DATA
onsider a CCW comprising N+1 microcavities. Let

En�n=0,. . .N be a given set of numerical measurements of
he electric field data in the microcavities. These are
iven generally by En=E�rc+nb� where rc is a reference
oint chosen within the first cavity, at a location where
he amplitude of the cavity excitation can be conveniently
easured (for symmetric cavity modes it is the cavity cen-

er), and b is the intercavity spacing vector. We assume
hat the field in the nth cavity is given by a+ei�n+a−e−i�n,
here � is the propagation constant and a+ and a− denote

he amplitudes of the propagating and reflected waves,
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espectively. Generally, these amplitudes depend on �.
he relation among the electric field, the amplitudes, and
can be expressed via

�
1 1

ei� e−i�

ei2� e−i2�

: :

eiN� e−iN�

�
a+���

a−���� = �
E0

E1

:

EN

� . �A1�

The procedure for computing � and the amplitudes
±��� is the following one-dimensional minimization pro-
edure. Numerically search for �, for which the solution of
q. (A1) in the least-squares sense, possesses the minimal
esidual error. The corresponding a±��� are the ones we
ook for. Naturally, the reflection coefficient is determined
s =a−/a+.

B. Z. Steinberg, steinber@eng.tau.ac.il; A. Boag,
oag@eng.tau.ac.il.
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