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LECTURE 4.1
| mage parameter estimation

4.1.1 Problem formulation

Parameter estimation is one of the most fundamental problems with many
applications in signal processing in general and in image processing in particular (Fig.
4.1.1). The problem is formulated as follows (Fig. 4.1.2): given an observed input
signa (image) samples {sik"p ,k=01,.,N - 1} that implicitly depend on a parameter
r , determine this parameter with the highest possible accuracy assuming that the way
in which the parameter determines the signal is known to the accuracy of some
random factors involved in the signalling (imaging) process such as, for instance,
signal (image) sensor random noise. The parameter to be estimated can take arbitrary
values. One can assume that probabilities of these values Pr(r) (or probability
density p(r) if the parameter takes values in a continuous interval) can be known in
advance. They are called a priori probabilities (probability density). Because of the
random factors involved in the problem, quality of the parameter estimation can be
evaluated only in statistical terms of probability of error (for parameters that takes
finite discrete set of values) or, for parameters with values in a continuous interval,
probability density of the estimation error p(r -r ) where r is the parameter
estimate. It is known in statistical theory of decision making and parameter estimation
that the estimate that provides minimum to the probability of error is one that has
maximal a posteriori probability Pr (r / {s‘k”p}) (probability that the parameter has a

particular value r giventhesignal {s‘(”p}):

Fo, =argmax Pr (r / {sq'(”p}) (4.1.1)

s(X,r )®r
This estimate is called the MAP estimate. Therefore, optimal parameter estimation
device should be capable of measuring, given the observed signal {sik“p}, a posteriori

probabilities of values of the parameter and of determining the value for which this



probability is maximal. To enable this, one should specify how exactly the random
factorsinvolved in the observed signal (image) determine the input signal.

4.1.2 Additive white Gaussian noise (AWGN) model
One of the most widely accepted models of signal observation is that of

additive signal independent white Gaussian noise

{srep={sr (r)+n,}, (4.1.2)

where {nk} are uncorrelated random values with distribution density:

pn(n)—— g 25 (4.1.3)

and {sﬂ( r )} are samples of a hypothetical “true” signal that is deterministically
(uniquely) linked with the parameter r . From Eq. (4.1.2) one can find probability

density of input signal samples given parameter r :

Pri{s™} r)=pPrgn, =s™- s (r)}). (4.1.4)
A posteriori probability Pr(r / {s'k”p}) can be then found from Bayes relationship of
the probability theory:

pr(r {s))= il (r; zkllk: plr) w Prlfn, =5 - s (r )f)xolr). (4.1.5)

Substitute Eq.(4.1.3) into Eq. (4.1.5) and obtain for uncorrelated additive noise:

Prlr s P eef? ooz 815 - () +nlole )
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Therefore, MAP-estimate can be found as;

N-1

ro, = argmax Gexpl —— s(r) + é g st (r)+|n(p(r))——. (4.17)
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If apriori distribution of the parameter p(r ) is uniform, MAP estimate becomes what

is called maximum likelihood (ML) estimate

ro%_ =argmax s (r )= 4.1.8
"l =argme gapg an als Snmsk ()% (418)

ML estimate is also used when the parameter a priori distribution is not known.

Egs. (4.2.7) and (4.1.8) define the structure of a parameter estimation device.
They imply that this device should consist of a unit for computing correlation between
input signal {s‘k“p} and templates {sfj (r)} for different values of the parameter
followed by a unit for generation an estimate by finding which correlator output is the
highest (Fig. 4.1.2)

These results can be extended to multi component images such as, for
instance, colour or multispectral images. Let images are represented by M
components, for all components AWGN model is applied:

swm =gt (r)+n"; m=1,.,M (4.1.9)
and all noise samples are uncorrelated. Then one can obtain that MAP-estimate of the
parameter is defined by the equation:
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4.1.3 Estimation of signal position: AWGN-model
An important special case of image parameter estimation is that of object

localization. The goal of the localisation is determination of co-ordinates of a given

target object in image. Let (x0 , yo) are unknown co-ordinates of a target defined by

its samples {sV (x, , , )} that are observed in a mixture with additive white Gaussian

signa independent noise. (AWGN model). Then, with a account that target signal
energy represented by the first term in the exponent in Eq. (4.1.17) does not depend
on target co-ordinates, one can find from Eq. (4.1.17) that MAP co-ordinate

estimation (3(0 : 90) is defined by the following equation:

~

1 1 N-1 N ]
(%,.%)=argmaxi— & "”(xo,yo)+ln(p(xo,yo))t; (4.1.12)

X0:Yo |Sn k=0



where p(xo,yo) is co-ordinate a priori distribution density.
Applying to Eq. (4.1.11) sampling theorem, one can convert it into equation

for corresponding continuous signals s" (x - Xy, Y- yo) and s (x,y).

o i v
(%o, ¥, )=argmaxj OF™ (.Y (x- %,,y- yo)+No|n(p(Xo,yo))g, (4.112)
I-¥-¥

X0:Yo

where N, is noise spectral density.
Since target co-ordinates are shift parameters, computation target signal —
input signal correlation function needed for finding optima co-ordinate estimate

(3(0 , S/O) can be implemented by input signal filtering by a linear filter with impulse

response s" (x,y). Such an implementation is called matched filtering ([1], Fig.
4.1.4). In digital image processing, matched filtering can be efficiently implemented
in Fourier domain by means of Fast Fourier Transform algorithms. Frequency

response H (fx, y)of the matched filter can be found as complex conjugate to

Fourier transform spectrum a(f ) of the target signal.

X1y

*

Holf, 1) (f,.1,)= § (X,y)exp[in(fXX+fyy)]dxdy% (4.1.13)

The matched filtering concept can be extended to target localization in multi-
component images. As it follows from Eq. 4.1.10, for optimal localization of a target
in multi-component images with uncorrelated additive Gaussian noise, one should
sum up outputs of the corresponding component wise matched filters to obtain a
resulting correlation signal in which position of maximum should be found and taken

as the co-ordinate estimate.

4.1.4 Target location in correlated (non white) noise.

If additive observation noise is correlated (non white) the problem of optimal
target location can be reduced to that in white noise, if one putsinput signal that
contain now white noise through afilter that converts non white noise with spectral

density N(f ) into white one. This filter is called “whitening” filter (Fig. 4.1.6).

X1y
Its frequency response isinversely proportional to square root of noise spectral

density:

H(f .8, )=1n(e, 1 )2 (4.1.14)



Obvioudly, the same whitening filtering should be applied to the target signal as well.
In the implementations, one can combine matched filtering and input and target signal
whitenings into one filter with frequency response

Ho(f,.f,)=a (5,1, )N, (f, 1), (4.1.15)
This filter is called “optimal” filter. One can show ([1]) that the optima filter
provides maximum to the ratio of signal peak at its output in the point of the target
location to standard deviation of the additive noise for any distribution of noise in the
input signal. Optimal filter is most frequently a sort of a band pass filter as it is
illustrated in Fig. 4.1.7 since it represents a compromise between the need of
suppressing correlated noise with most of its energy concentrated in low frequencies
while preserving substantial part of the target signal energy that may be spread more
uniformly in the bandwidth.

4.1.5 Performance characteristics of optimal localization devices. Accuracy and
reliability of localization.

Complete statistical characterization of the localizationdevice performance is
provided by the distribution density of localizationerrors:

€ =Xo- X0, € =Y~ V- (4.1.16)

However, analytical solution for the error distribution density is not known. One can
nevertheless obtain reasonable good approximation to it by taking into account that
two substantially different types of errors define the localization quality. Consider
signal at the output of the matched filter (Fig. 4.1.8). It consists of two additive
components: the matched filtered target signa one and matched filtered noise
component Since matched filter impulse response is identical to the target signal, the
matched filtered target signal is identical to the target signal autocorrelation function
and the same is the correlation function of the matched filtered white noise. As one
can see from the figure, localization error can be caused by two reasons which define
two types of the error. One type of errors is caused by relatively small misplacements
of the signal maximal peak from the position of the signal autocorrelation peak due to
the noise present. These errors are called “normal errors’ as one can show that they
have normal distribution density ([2-5]). The second type of errors occur when a noise

peak happens far away from the position of of the signal autocorrelation peak and this



noise peak exceeds matched filter output signa in the target location point. These
errors are caled anomalous errors.

As norma errors have norma distribution density, they can be characterized
by their variance. In Appendix 1, a brief outline of the derivation of the normal error
standard deviation is provided for 1-D signals. One can show that for 2-D signals in

their continuous representation, variance of normal localization errors id defined by
Egs. 4.1.17- 4.1.23

f_2
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Discrete analogues of these formulas one can find in Ref. [4].
Variance of normal errors can be regarded as a measure of the localization

accuracy. Anomaous errors define the localization reliability. They can be

characterized by the following reasoning. If the additive noise is stationary (spatialy

homogeneous) anomalously high noise peak can occur with equal probability

everywhere outside actual target object location. Therefore, probability density of this

component of the localization error can be regarded uniform, and the errors can be



completely characterized by the probability of the event that such an error happens.
This probability can be found as complement to the probability that noise values
outside the signal autocorrelation peak do not exceed matched filter output signal in
the point of target location ([2-4]). The latter can be evaluated from the assumption
that matched filter noise values measured at the distance of its correlation interval
(which is of the order of magnitude of the target signal correlation interval that is
approximately equal to the target size) are uncorrelated. In this way one can arrive at

the following formula for the probability of anomalous (false detection) errors ([2-4]):

1% ®nd éxE @ P
:—(pxpg— —al- &&= +n ydn (4.1.24)
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where Q isthe number of possible target non overlapping position:

Image S!ze’ (4.1.25)
Target Size
F(x)= e 19, (4.1.26)
G S :

and E_ target signal energy is defined by Eq. 4.1.20.

Fig. 4.1.9 shows an experimental distribution density of the localization error
in which one can clearly see a Gaussian shaped mode around zero error that
represents normal errors and uniform tales that can attributed to anomalous errors.

An important property of the probability anomalous error is that when the
number Q of possible non overlapping positions of the target in the input image

becomes very large, the probability of anomalous errors as a function of signal-to

noiseratio E, / 2N, exhibits threshold behaviour ([2-4]):

P _1LIifE, /2N, £InQ

lim, P, (4.1.27)
QR ¥ "Ole /2N, >InQ’

—

In this equation, INQ can be regarded as a measure of uncertainty in the target

position within the input image. Therefore one can interpret Eqg. 4.1.28 as a lower
bound on signal-to-noise ratio per “nit” (a substitute for bit for natural logarithm
measure of the uncertainty) of information regarding possible target position. This
property isillustrated by experimenta plotsin Fig. 4.1.10.

Egs. 4.1.17 — 4.1.23 that describe the variance of normal errors and Egs. 4.1.24
— 4.1.27 that describe probability of anomalous errors imply that with respect to the



target size there is atrade-off between localization accuracy and reliability. It follows
from these equations that the smaller is the target size, the lower is variance of normal
localization errors (the higher is localization accuracy) and the higher is probability of

anomalous errors (the lower is the localization reliability)

4.1.6 Multiple foreign non overlapping object model

In applications, a model of Eqg. 4.1.2 with a single object observed in the
mixture with additive noise is very frequently too simplistic to describe a rea
situation. In some of such cases, a more reglistic model that assumes that the image
contains, in adition to the target object and observation noise, some number of foreign
objects that are non overlapping with the target object. A typical situation that can be
modelled in this way is character recognition in printed text. Since foreign objects are
supposed do not overlap with the target, from the previous analysis one can conclude
for multiple non overlapping model that:

Localization accuracy depends solely on target signal-to-noise ratio in the same

way as for single object model of Eqg. 4.1.2.

Localization reliability is determined here mostly by the presence of foreign

objects and their cross correlation with the target object. Since cross correlations

between target and foreign object can be very substantial, probability of
anomalous errors may be very high and even equal to one unless special measures
are taken.

Fig. 4.1.11 compares localization of an object (character "O”) on a uniform
background and within printed text that contains other characters as well. One can see
from the figure that even if standard deviation of additive noise in the text image is
about 12 times higher then that in the image with single character, matched filter that
is optimal for single object model, has severa false detection (anomalous error) in the
text image.

The case of multiple non overlapping objects is a special case of a genera
model of a target object observed in clutter of other foreign objects. As one can the
main problem of target localization is here the problem of minimization of false

detection (anomalous localization errors). This problem is addressed in Lect. 4.2.
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Fig. 4.1.1 Examples of applications that require image parameter estimation
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Fig. 4.1 8 Explanation of the origine of normal and anomalous localization errors.

13




Probability density of the localization error; Sa=10;SNR=1.5, 100000 |ter,
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Fig. 4,.1.9 Experimental distribution density of the localization error for Gaussian-
shaped impulse (s, =10) and +/E, /N, =15 (100000 realizations)

Probability of anomalous errors

Fig. 4.1.10 Probability of anomalous errors as a function of normalized noise-to-
signal ratio ,/N,InQ/ E, for locaization of rectangle impulses of 2;5;11;21;41;81;161
samples within an interval of 1024 samples (10000 realizations). The theoretical
threshold value of the normalized noise-to-signal ratio is J212»0.707

14



Iput image with character “O” in its
centre. Standard deviation of the
observation noise 175/256

gl es i R ey er o the T niwen
sbhject. The most obyicus
illustration of such a

gituation would be the

task of locating automa

tically a specific charac

onn a page of printed text

Input image: afragment of a printed text.
Standard deviation the observation noise
15/256.

Localization result

Localization result

Fig. 4.1.11 Comparison of localization of atarget on a uniform background and in the

presence of multiple non overlapping objects.



Refer ences:

1. A.Vander Lugt, Signa Detection by Complex Spatial Filtering, IEEE Trans., IT-
10, 1964, No. 2, p. 139

2. L.P. Yarodsavsky, The Theory of Optima Methodsfor Localization of Objectsin
Pictures, In: Progress in Optics, Ed. E. Wolf, v. XXXII, Elsevier Science
Publishers, Amsterdam, 1993

3. L. Yarodavsky, M. Eden, Fundamentals of Digital Optics, Birkhauser, Boston,
1996

4. L. Yarodavsky, Target Location: Accuracy, Reliability and Optimal Adaptive

Filters, TICSP series, Tampere Int. Center for Signal processing, TTKK,
M onistamo, 1999

16



Appendix . Variance of the localizationerrors (1-D case).

Consider output signal

Corr,,(x)=conv|[s" ( x- x,)+n(x))h(x)] . (A 4.1.1)
of the filter with impulse response h(x) and input signal s" (x - X, )+n(x). For
normal localization errors, one should assume that this signal has its maximum in a
point very close to the point with co-ordinate X, . In this point, output signal

derivative is equal to zero:

dCorrI _dCorrShI +dCorrnhI _
dx o dx o dx T

(A4.12)

where Corr,, =convls"(x- x,).h(x)] and Corr,, =convln(x).h(x)].
Let X, isaposition of maximum of the filter output signal (co-ordinate estimate) and
e isthe localization error:

X, =X, t+e. (A 4.1.3)
Since X, is, by assumption, the target position

dCorry, (x) |
dx e

By expanding Eqg.4.1.2 into Taylor series around point X, , obtain

=0. (A 4.1.4)

dCorr, dCorr
dX2 |x:xo dx |x=§<0

’ _/|dCorr,,,
dx

=0, (A4.15)
from which it follows that

(&)

2
d“Corry, |
dx> 77

> . (A4.1.6)
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s: =(e’)=—=2 (A4.17)
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where ()} denotes statistical averaging (mathematical expectation) over the noise

ensemble.

It follows from Shwarz inequality that:
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where

a(f )= _E@(x)exp(i 2p‘x)dx ;

H(f)=_’§w(x)exp(izpfx)dx;

Eazzhﬁ)%ﬁ;

¥
of 2[a(f ) df
2=

X

_-Ehﬁ)%f

(A4.1.8)

(A4.1.9)

(A4.1.10)

(A4.1.11)

(A4.1.12)

Inequality of Eq. 4.1.9 becomes the equality when the filter is matched to the target

signal:

H(f)=a"(f).
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