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Lecture 10 Principles of image restoration

10.1 Mathematical models of imaging systems

Imaging systems always have certain technical ditiwihs in their design and implementations and
generate images that are not as perfect as theldweuif there were no implementation limitations.
Deviations of real images from perfect ones maytreated as distortions introduced by imaging
systems to hypothetical perfect, or “ ideal” signaCorrection of these distortions is the primaoglg

of image processing.

Methods for distortion correction are based ondaeonical model of imaging systems shown in Fig.
10.1.

Linear Point-wise Stochastic
transformation —Pp» nonlinear —p| transformation ——Pp
a(x transformation b(X)

Fig. 10.1 A canonical model of imaging systems

The model represents image formation as a combimatf signal linear transformations, point-wise
nonlinear transformations and stochastic transftoma that are applied to a hypothetical perfect

signal a(x) and jointly determine the system'’s output sigbé)().

Linear transformation are specified in terms of slggstem point spread function or frequency
response. Frequency response of the ideal imagstgm is assumed to be uniform for all frequencies
in a certain base band. Frequency responses afmaging usually more or less rapidly decay on high
frequencies. This results in image distortions sacimage blur.

Point-wise nonlinear are specified in terms ofgkistem transfer functions. It is assumed thatdbali
system has a linear transfer function. Deviatiohsystem transfer functions form linear one cause
distortions of gray scale nonlinear distortions.

Stochastic transformations model signal randonodishs and cause random interferences,
or noise in output images. Stochastic transformatere specified by statistical noise models dissais
in Lect. 9.

The processing goal is estimating the perfect $igihéx) given distorted signalb(x)
produced by the system. This problem is frequengfierred to as thenverse problem Signal
transformations that are applied to system’s omtgnals{b(x)} to produce an estimaﬁ(x) of the

“ideal” signal are calleasignal recoveryor, in application to image processinmage restoration
Similar problem ismage reconstruction This term is usually refers to image formatiortriznsform
domain imaging such as tomography and holography.

If the system does not introduce any random distostand system’s parameters such as point
spread function and transfer function are knowe, ithverse problem has a trivial solution: signal

b(x) has to be subjected to transformations inverghdse introduced by the system. However, one

can not, in general, neglect random or similar mtrmdled distortions such as round-off errors in
digital processing. In reality, applying inversartsformation may result in artifacts that may eken
useless. To solving the inverse problem in suclesahe statistical approach that explicitly acdésun
for signal random distortions appears to be thet myogropriate.

Generally, signal recovery, image restoration sewbmstruction is indivisible procedure that
should account for and correct all distortions. ld@er, in practice this process is divided into safea
steps carried out in the order inverse to thabdisin factors have in the model.

10.2Transform domain MSE optimal scalar Wiener Filters
In this section we consider image restoration foeduced imaging system model that disregards point
wise nonlinear transformation in imaging systenms tneats image distortions as a combination of
distortions caused by linear filtering and of thoaeised by action of random interferences.

The design of the optimal restoration procedureireg specifying a criterion for evaluating

the restoration quality. Le{tbk} be a set ofN signal samplesk = 0,1,...,N —1) at the output of the
imaging system{ak} be a set of the system’s input signal samplesntivatel perfect, or “ideal” signal



and {ék} be a set of restored signal samples. For theafagenerality, we will consider the shk}
as a realization taken from a statistical ensenfbje or data base of input signals and the{m} asa

realization of a signal ensemble generated by ebiss62, and Q, of input signals and of random

interferences.
Define the restoration procedure performance meassia squared difference between restored

and perfect signals averaged over the availablefs#gnal samples and over statistical ensemflgs
and Q, . We will call this measurmean squared restoration errqMSE). The restoration procedure
R{bk} ={ék} that minimizes this difference:

= AV, AV 10.2.1
)=l S -ar )} e

will be referred to as tMSE-optimal filtering.

For the implementation of the MSE-optimal filterjrge will restrict ourselves to linear filtering.
In general, linear filtering of a discrete signayrbe described as multiplication of a vector @iin
signal sample8 ={h<} by a filter matrixH:

A=H[B, (10.2.2)

where A ={ék} is a vector of filter output signal samples.
For signals ofN samples, a general vector filter mathk has dimensions\ x N . Specification
of such a filter requires determininly ? filter coefficients, and the filtering itself rejes performing

N ? operations peN signal samples. In image processing, the compuiaticomplexity of both
determination of filter coefficients and of thediling may be become too high because of high

dimensionality of image arrays. Fast transforms mhay be computed fo@(N log N) operations

allow to radically decrease the filter design amelimplementation complexity. Therefore in what
follows we will consider only scalar filtering indomain of orthogonal transforms that can be
computed with fast algorithms. This class of fétenay be described by the equation:

A=T'MH,TB, (10.2.3)

where, Tand T™ are, correspondingly, direct and inverse orthegjtnansformsH = diag{/],} ,
(r=01,...,N =1) is a diagonal filter matrix. Such a scalar filteyimplies the following relationship

between filter output and input signal samp[é;s} =TIA and {ﬁr} =TB:

q.=n.B,. (10.2.4)

In the assumption of orthogonality of the transfolim one can, by virtue of the Parceval
relationship (Eqg. 2.1.28), modify the filter optilityacondition defined by Eq. 10.2.1 in the follavg
way:

{a}= argmm{AV AV, (Zlkr,—aﬂ}:ar%Tin{AvQAAVQN(Epr '”rﬂrlz)}'
(10.2.5)

By computing derivatives over sought variables agdaling them to zero, one can obtain from Eq.
10.2.5 that optimal scalar filter coefficients m@gy/found as cross-correlation coefficients between

spectral coefficients3. and a, of the input and perfect signals:



AV, AV, (a, ,BF)
,Ir - 21"
AV, AV, ,3\)

We will refer to MSE optimal linear filters and, jparticular, to MSE optimal scalar filters definey
Eq. 10.2.6 as tWViener filters This name gives a credit to Norbert Wiener farpioneer works in the
theory of statistical methods of signal restoratio

In order to implement optimal scalar Wiener filtene should therefore know cross-correlation

{AVQAAVQN (ar ﬂr”)} between filter input signal and perfect signalctpa coefficients and power

(10.2.6)

spectrum{AVQAAVQN Qﬁr ‘2} of the input signal in the selected basis. Thessizal approach we

adopted that assumes averaging of the restoration@ver statistical ensembles of perfect sigaald
of filter input signals implies that these statiatiparameters should be measured in advancedse th
ensembles or over the data bases.

8.2.1 Empirical Wiener filters for image denoising

Consider an additive signal independent noise madethich filter input signal sampl{bk} are

obtained as a sum of perfect signal samd[@s} and samplec{nk}of signal independent zero mean
random noise:

b =a +n,. (10.2.7)
In spectral domain, the same relationship holdsifgmal and noise spectral coefficients:
B =a +v,, (10.2.8)
where{v,} = T{nk} . For this model one can obtain that
AV, AV, (a,87)= AV, AV, [a, (@®+v)]= Av,, (lo,?) (10.2.9)
and

AV AV, (B[ )= AV, AV, [(@ +v, Nao+ve)|=
AV, (. )+ Ave, lv.[) (102.10)

because for zero mean noisAVQN(VF)=AVQN(V,)=O. Therefore scalar Wiener filter for

suppressing additive signal independent noisefiaatbthrough its coefficient&]r} as

- AVQA Qafr)
= / P (10.2.11)
¢ AVQA qaf |2)+ AVQN QV' |2)

One can give to this formula a clear physical intetation. Definesignal-to-noise raticas:

(10.2.12)

L1t will be just to give also a credit to Andrey Kolmogorov who developed the similar theory fosatete
signals.



Then obtain:

_SNR
n = 10.2.13
" 1+SNR ( )

which means that scalar Wiener filter weight caééints are defined, for each signal spectral
coefficient, by the signal-to-noise ratio for thieefficient. The lower is signal-to-noise ratia f@
particular signal spectral component, the lowet lbél the contribution of this component to theefil
output signal.

In order to implement scalar Wiener filter one haee measure in advance power spectra

AVQA (|a'r|2) and AVQN (|vr|2) of perfect signals and of noise in the selectesisbdNoise power

spectrum may be known from the specification degté of the imaging device. Otherwise it may be
measured in noisy input signals using methods destin Sect 7.1.2. As for the prefect signal powe
spectrum, it is most frequently not known. Howeware can, using Eq. 10.2.10, attempt to estimate it

from the power spectrumV, AV, (|,Br|2) of input noisy signals as
AV, ([ )=Avgav, (B)-Av,, [W[). (10.2.14)

The latter has to be estimated from the obser\gzuisd;tspectruni,[i’r |2 . Denote this estimate élaﬁr |2
This empirical estimate made by averaging overlabks realization of input images may, when used
as a replacement foRV, AV, (|,B,|2), give negative values for some spectral coeffisidrecause

of the limited depth of the averaging. Since powpectra can not assume negative values, the
following modified spectrum estimation may be adapt

AV, a| a)<[|,8| -AV,, |v| ) o} (10.2.15)
In this way we arrive at the filter:
Y q 2)
7, =ma 4. :‘ v . 0. (10.2.16)
ra

We will refer to this filter as to thempirical Wiener filter.
If the imaging system noise is known to be whitésaowith variancea’nz, the empirical Wiener
filter takes the form:

—
Al -an. (10.2.17)

As a zero order approximation to the input imageser spectrum, power spectrq;ﬂr |2 of

a single input image subjected to filtering mayused. In this case empirical Wiener filter weight
coefficients are found as:

ol 8L =50

. 0. (10.2.18)
Iﬁl

Note that such an empirical Wiener filter is adegptbecause its weight coefficients depend on the
spectrum of the image to which it will be applied.



Weight coefficients of scalar Wiener filters as®u values in the range between zero and
one. A version of the empirical Wiener filter of Ei.2.18 with binary weight coefficients:

. 2
p =LAl 2Thr (10.2.19)
0, otherwise

where Thr is a rejecting threshold is called thgjecting filter. As it follows from Eq. 10.2.18, the
rejecting threshold has a value of the order of mitage of the noise variancaf. Rejecting filters

eliminate from the input images spectra all compagéor which signal-to-noise ratio is lower then a

certain threshold.

A version of the empirical Wiener filter and ofthejecting filters that are implemented with
wavelet transform image decomposition is knownwaselet shrinkagefiltering. Empirical Wiener
filtering according to Eq. 10.2.18 an a waveleggar is called $oft thresholding”. Rejecting filtering
according to Eq. 10.2.19 is calletiard thresholding. Fig. 10.2 shows flow diagram of signal

denoising by the wavelet shrinkage
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Fig. 10.2. Wavelet shrinkage: signal denoising in wavelaetgfarm domain

Described empirical Wiener filters for signal desing are particularly very efficient if signal and/
noise spectra are well concentrated and are sepaiathe transform domain. A typical example of
such a situation is filtering of narrow band noigdose spectrum has only a few components in the
transform domain. Figs. 10.3 through 10.5 illugirakamples of such a narrow band noise filtering.
Fig. 10.3 demonstrates filtering periodical noisgtgrn in an image. Such interferences frequently
appear in images digitized by frame grabbers froalag video. Left column in Fig. 10.3 shows input
and filtered images. Right column shows averagesttsp of input and output image rows. One can
clearly see anomalous peaks of noise spectrumputiimage spectrum that are eliminated in the
output image spectrum after applying empirical Wiefiltering. Note that the filtering is carriedtdn
this example as 1-D row-wise filtering in DFT domaiThis type of interferences can also be
successfully filtered in Walsh transform domain .
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Fig. 10.3 Filtering periodic interferences

Fig. 10.4 shows yet another example of empiricaéNr filtering narrow-band interferences.
Banding noise in the initial image shown in Fig..40Gs characteristic for imaging systems with
mechanical scanning. This particular image was ywed by an atomic force microscope. Banding
noise randomly changes image dc component (row-wisan value) in the direction of scanning.
Upper right plot in Fig. 10.4 shows row-wise meaaiues, or row-wise image Radon transform,
(horizontal coordinate) as a function of the rownter (vertical coordinate). Taking as an estiméte o
perfect mean row-wise values a mean value ovemals (shown with a straight line in the bottom
right plot in Fig. 10.4), one can estimate bandirtgrference on every row by subtracting this eatem
from the observed mean values. Subtracting thedfaatues from all pixels in the corresponding row
eliminates the noise.

Wiener filtering of wide band noise and especiallyite noise is less efficient. When filtering
of white noise, Wiener filter tends to weaken lonergy signal spectral components. However usually
these components are exactly the components thattrer most important because they carry
information about signal changes such as at edgiesages. Moreover, Wiener filtering converts input
white noise into output correlated noise thoughhvét reduced variance. As one can see from Eq.
10.2.11, in case of the intensive input white nofs@wer spectrum of the residual noise is roughly
proportional to the signal power spectrum which nsethat the residual noise becomes, statistically,
signal alike. This may hamper subsequent imagé/sinaln particular, it is well known that human
vision is more sensitive to correlated noise tbawhite noise of the same intensity. Therefore \Wien
filtering for image denoising may even worsen ingage
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Fig. 10.4. Filtering banding noise

Fig. 10.5 gives an example of computer simulatibiviener filtering of a test image with additive
white noise. In the simulation, one can impleméetitieal Wiener filter because both signal andenois
spectra are known. The empirical Wiener filter vilmplemented in this example according to Eq.
10.2.18. As one can see from the figure, ideal \&fidiltering does improve image quality. For the
empirical Wiener filter, improvement is much leggpeeciable. The difference image between initial
noisy image and the result of the empirical Wiefilegring (restoration error) shows that the filteg,
along with noise suppression, destroys image edges.

8.2.2 Image deblurring, inverse filters and apertue correction

Consider now an imaging system model that accoalsis for signal linear transformations in
imaging systems. Suppose that the linear transfiiwmainit can be modeled as a scalar filter with

filter coefficients /lr} in a selected basis. For DFT basis, this assumjigigust, to the accuracy of

boundary effects, for shift invariant linear filteg (see Ch. 5). In this case coefficier{t&r} are

samples of imaging system frequency response.dal ithaging systems, they should all be equal to
unity. In reality, they decay with the frequencyléx r , which results, in particular, in image blur.
Processing aimed at correcting this type of digtos is frequently referred to amage deblurring
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Fig. 10.5 Ideal Wiener and Empirical Wiener filtering forage denoising

For such systems, we have in the transform domain:
B =Aa +v, (10.2.20)

Using Egs. 10.2.6, one can obtain that the scalan®&/ image restoration filter is defined in thése
by the equation:

1 SNR

10.2.21
=3 T+sNR ( )

where SNR is signal-to-noise ratio at the output of the dinélter unit of the imaging system model:

% (|‘2'R|2) . (10.2.22)

SR = AV, (v

r



Correspondingly, the general empirical Wiener filtempirical Wiener filter with zero order
approximation to perfect signal spectrum and thectimg filter for aperture correcting and image
deblurring will be in this case as follows:

[ 2 2
n, =max 1|A] -AVa, M ); 0l: (10.2.23)
B LT

] -
1, =max il’3r|—a”; 0 (10.2.24)
o el

and
1.0

=" B[ =Thr (10.2.25)

0, otherwise
All these filters may be treated as two filtersascade: the filter with coefficients

inv

" = (10.2.26)

1
A
usually called thenverse filter and signal denoising filters described by Eqs210Q. - 19. Inverse
filters compensate weakening signal frequency corapts in the imaging system while denoising
filters prevent from excessive amplification ofise@wand perform what is calledegularization’ of
inverse filters. As one can see from Eq. 10.2.28ight coefficients of denoising filters for small
{/1r } fall faster than weight coefficients of the invefster grow.

One of the most immediate applications of invdiiters is correcting distortions caused by
finite size of apertures of image sensors, imagerdtization devices and image displays. We wiére
to this processing as &perture correction

Let an image sensor and discretization device iareay of light sensitive elements with a square

aperture of size @) x d() (Fig. 8-7). Then frequency response of the ilddial sensor elements is

dl@)2 dl@) 2

H(fx, fy)= {[exp(iZn‘Xx)dx {[exp(iZn‘yy)dx=
—ald) 2 —ald) 2
Sin(ﬂxd(d)/z)sm(ﬂyd(d))=Sinc(ﬁxd(d))sin0(ﬂxd(d))1 (10.2.27)

A d92 7 d®

or, in dimensionless coordinatéix = f AX, fy = fyAx}, where AX is the discretization interval in
both coordinates,

H(F,, f,)=sinc(,d ax)sincF ,d©)/ ax). (10.2.28)



----- Sensor’'s aperturej

Fig.10.6. Arrangement of light sensitive elements in imagessr arrays

The discrete frequency response is then:

A =AA =sindd®A /N, )sindmd @A /N ), (10.2.29)

whered @ =d@)/ Ax .

If the image display device has also a squaretumgeof sized) xd®) | the overall imaging
discrete system frequency response is:

A =AA =sind@d®@A /N )sindmd A /N, )x sindd@a /N )sindmd A /N ).
(10.2.30)

Parametersd(d), dMand Ax are imaging system design parameters that may bev lgystem’s
certificate. They can be used for correcting imdigéortions by processing images in computer.

Fig. 8-8 illustrates an example of the apertureaemion of an air photograph. Right image in this
figure is obtained by applying to the left imageiawerse filter for the system’s frequency response

defined by Eq. 10.2.20 witd @ =d() =1.

Initial and aperture corrected images

Fig. 10.7. Aperture correction: initial (left) and aperturerected (right) images
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Lecture 10 Principles of image restoration
Summary

Canonical model of imaging systemshsists of a linear filter and point-wise nonlirigain
cascade and a generator of random interferences.

Image restoration assumes a virtual ideal imagysgesn and is aimed at converting images generated
by a real imaging system into an image that islase¢ in terms of a certain quality criterion, et

virtual “ideal image” as possihle

Transform domain scalar filterinGeneral linear filtering of a digital signal can thescribed as
a matrix multiplication of a signal vector by atdit matrix. Computational complexity of the general
filtering per output pixel isO(N), where N is the size of the image array. Scalar filterirsg i

implemented as point-wise modification of signa¢cpal coefficients in a basis of a certain orthzgo
transform. Provided the transform with fast transfalgorithm is used, computational complexity of
the scalar filtering isO(Iog N) per output pixel or lower.

MSE optimal Wiener filtering:

{a}=arg min{AVQAAVQN (E‘Hak - ék|2)} :
k=0

R{b}={ac}
MSE optimal scalar Wiener filtering:

N-1
{ﬁr}ja{gmin{AVgAAVa,,( a, -mﬂrlz]}-

uls r=0

_AV AV, (a,87)

”r - 21
AV, AV, U,@ | )
MSE optimal Wiener filter for image denoising:
AV 2
pefegler) s
AVQA qaf| )+ AVQN QV'| ) 1+ SNR
Empirical Wiener filters for image denoising (white additivoise model):

2 _ 2
n, =ma —|ﬂr| 20”; of;
ra
2_ 2
Soft thresholding: n, =max |,B,|—zan; 0
18]
1if |8 2Thr

Rejecting filter (hard thresholdinglp, = _
0, otherwise

MSE optimal scalar Wiener filter for image deblurring:

n _ 1 SNR
" A 1+SNR
Empirical Wiener filters for image deblurring
2 2
1 r _an
Soft thresholding: n, =max /l_|ﬁ|—2 0
1Al
. L it |g[2The
Rejecting filter: n =1A .

r

o} otherwise



Questions for self-testing

N

o0k w

~

Describe the canonic model of imaging systems
Formulate the image restoration problem and explainitvaysually implemented as a
multi-stage process

What is transform domain scalar filtering?

Formulate the principle of MSE optimal filtering

Derive optimal scalar Wiener filters for image denoising

Derive optimal scalar Wiener filters for image deblurang show its relation to inverse
filtering

Explain what is empirical Wiener filter and give exampiEsnplementations of the empirical
Wiener filter.

When Wiener filtering can be efficiently used for imageoradion and when it fails?
What is image sensor aperture correction and how cannigdermented?



