L. Yaroslavsky. Course 0510.7211 “ Digital I mage Processing: Applications”

Lecture 1. Principles of Image Digitization

Images as signals. Mathematical models of signals. Types of signals: single component ( scalar) and

multi component (vectorial) signals; one-dimensional and multi-dimensional signals; continuous
(analogue), discrete, quantized and digital signals. Signal space. Metrics of signal space and image
processing quality criteria. Deterministic and statistical signal treatment. Local criteria

Principles of image digitization. Generalized digitization in signal space. Metricsin signal space

and image digital representation quality. Euclidean metrics and its justification. Examples of other
metrics. & -net and & -entropy (rate distortion function). Estimation of informational volume of signals.
Two-step digitization: discretization + element-wise quantization

Discretization: signal expansion over a set basis functions

Superposition principle. Linear signal space. Basis functions. Linear independent and orthogonal bases.

a(x)=a(x)= zar¢rw (x,r); @ = 5[(3( X)gieer (X, 1) AX ; zrlq)r(x)qér(g) =6(x, &)

Signal space dimensionality. Optimal bases. Karhunen-Loeve basis and signal statistical ensemble
covariance function R,(x,£)

[R(EpEre =20 00r) i [l =[a)-a0] = 34

Hotelling and Singular VValue Decomposition transforms.
Classes of basis functions. Requirements to and methods of generation of basis functions.

Shift (convolution) basis functions: @, (x)= @, (x —rAx);

(k1)
Rectangular b.f.: g, (x) = rect(x/Ax); a(x)= Y e rect((x—kax)/Ax), @, = i k+j' gx(x)dx ;
k kAX
Sinc-basis functions: @, (X) = sinc(ﬂX/AX); sinc (zrx / Ax)= M = AX I/j'Agxp(i 27fx )df
7z X[ AX ~1/2Ax

a(x) = X a sinclr{x - k) 45k, = i_]ia(x)sinc(ﬂ(x —kAX)/ Ax)dx =

= Ta(f )ect((f +1/ 2Ax)/ Ax)exp(— i 27f kAX)dX = band limited signals

—0

R-order spline bases: R-th order convolution of rectangular basis functions. Cardinal splines.
Multiplicative basis functions:
Exponential basis functions: four, (x) = exp(i 27rx/ X ) ; Fourier series as discretization:

a(x)=Sa exp(-i28kx/ X} oy = xj/;(x)exp(ihkx/x)dx=%a(klx)
k

k—-X172

Walsh basis functions: wal, (x)= (- 1)%5' XD exp[i z3rs (x/ X )m+1] :
m=0

Sequency ordering.

Mixed scale/shift basis functions: Haar, wavelets. Wavelet signal decomposition
m/2

Haar wavelets : har, (x) = i/_ sign[sin(l m ﬂ%ﬂrect[zm % - (r )md o }
X

m - most significant non-zero bit in binary representation of r .
2-D bases function: Separability. Mixed 2-D bases.
Unconventional discretization methods: Method of coded apertures; computed tomography.

ag > wbdhpE

Questions for self-examination
What is signal general digitisation and what is & -entropy of signal space?
What is signal discretization and quantization; give geometrical interpretation.
Formulate requirements to the discretization/restoration basis functions. In what respect the design of multi-dimensional
discretization/restoration bases differs from that of 1-D ones.
Describe basic classes of discretization basis functions. Give examples of devices that implement these functions. Give
examples and describe unconventional discretization methods you know.
For what class of signals binary basis functions are appropriate? Shift functions are appropriate? Fourier series representation
is appropriate?



Signals as mathematical functions

Function value Function arguments
Scalar Vectorial One- Multi-
(single (multi- dimensional dimensiona
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Classification of signal and mathematical models

Signal space Equivalency cell
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Signal expansion over orthogonal bases.
Optimality of the Karhunen-Loeve transform
Let {a(x, )} beasignal from an ensembleQ (@ e Q )to be represented by its approximation in form
of afinite expansion:

a(x, @) = &(x,) = :g_olak (@i (x) @)
over orthonormal basis functions {p, (x)} such that
[ (X (X)dx = 5(k, 1) = 0. 2

Mean square error (M SE) of the signal approximation is

_ 2
@) = fa(.@)-E(x.0) d = [la(x0)- T @), (4 dx
X X k=0
Optimal values of the signal representation coefficients {a, ()} that minimize MSE can be found by
equalling derivatives of Eq. (3) over {ozk (a))} to zero:

— 2 tax0)- e, (w)pk(q =0 = a ()= [a(cwlp()x.
8ak(w) X k=0 X
Minimal MSE isthen equal to
(@),,, = [falc0) &x-Sa, @) ()

By an appropriate selection of bases functions {qok (x)} one can further minimize average MSE over
theset Q of signals asdefined by parameter o :

0.0 - ar{%;n{Avg[ [t - o) | -
argmin{AV U|a( o) dx ] Zlak wﬂ}

{oc ()

argmax{Av ($eslo ]}_argmax{wg[“ ]j'a(x,a))a*(y,a))w;(x)gok(y)dxdyJ}=

{o ()} {o ()} k=0 x

argman{ £ AV, ool ()i (. (| -
argmax{ 1 R, (.o (. ()} ®

R.(¥)= AVata(x. o) (o)} ©
iscalled “correlation function” of thesgnals{ (x w)}
Denote

where

= [R.(% Yo (y)dy . (7)

Then optimal bases functions {¢k( )} arefound from

(0= srgmas] 5 o e ®

k=0x

1/2
From Schwarz inequality | fl(x)f;(x)dxs(“fl(x)zdx] (”fz(x)zdx] it follows that solution of
X X X

Eqg. (8) isas

R®(x)= I R, (% Yo (y)dy = 4, (), 9

that is optimal bases functions are eigen functions of integral equation Eq.(8) with
kernel defined by the correlation function (7) of the set of signals.



Signal space metrics and processing quality criteria

Discrete signals

-1

R B N-1 2\1/2 N -1 P}/ P M:maxﬂak—bk‘}
SR 2R L T 5 Y I (e

Continuous signals

L, I)J;|a(X)— b(X]dX L, {!('a(x)— b(x)deJ”z L :[J;'a(x)_ b(X)P dx]u p L, :Sl;p(|a(x)— b(X])

Statistical treatment of signals. spatial/time averaging is supplemented with or replaced by averaging
over a dtatistical ensemble or a data base.

Local criteria: signal local approximation

AVLOSS(k)= AV, {zm: LocC(k;a(k))Loss(a(m), é(m))}

Euclidean metrics and additive image formation model

Let image signal space is generated from asignal {ak} by adding to it a*“random”
signd {n, }:

{bk=ak+nk}

Then distance between signals {b, } and {a, } isfully determined by the “noise” {n, }.
Since “noise” isregarded “random”, it is specified in terms of its probability
distribution density p({n, }). Assumethat {n, } are statistically independent:

p({nk })= l:[ p(nk )

and that {n, } have normal distribution density with zero mean and standard deviation
o

n-*

lea

n

n2
p(n, )ec exp[— > - ]

Then obtain

ol )=T oo )= TTese - 2

k

1
J:exp[— - Zk:|bk —ak|2]

which is amonotonic function of )" |b, —a, |2 , aEuclidean distance.
k



EXAMPLES OF BASIS FUNCTIONS:

Sinc and Rect functions for the same sampling interval

Sampling
interval
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Shift basis functions

Scale Shift

Haar basis functions

Shift/scale basis functions (wavelets)

Frequency

Fourier basis functions

Sequency

Walsh funcions
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Multiplicative (scale) basis functions




2-D Transform Basis Functions
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. Signal Walsh spectrum: sequency ordering ) Signal Walsh spectrum: sequency ordering
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Comparison of image Walsh function spectrain Walsh (left) and Hadamard (right)
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Comparison of image spectra in different bases

DFT spectrum DCT spectrum

Walsh spectrum Haar spectrum
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