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Lecture 1. Convolution integral and digital filters

1.1.  Imaging transforms and principles of their discrete representation
The consistency principle and the mutual correspondence principle between continuous and digital
transformations.

Main assumption: signal discrete representation through shift sampling {¢k (3) [x (k+ u ))Ax]} and
reconstruction {ga,(,’)(x = go(’)[x - (k +ul) )Ax]} basis functions

alx)=3 0, 0" —kax): a, = [a(x x— k6 A —k+ul l:(s)=k+u(s)
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1.2.  Convolution integral and digital convolution

0 N,-1
Convolution integral: b(x)= Ia(.f)h(x —EME = b= Y ha,_,
_ n=0
{h,, } Discrete PSF of the digital filter;
Overall PSF of the digital filter:
Np—-1N,-1
Bt (6,8) = 2 Y 1,00~ (k =+ 0 ) (x - kv - u®) 4x), and
k=0 n=0

Overall Freg. Response of the digital filter: H,,,(f;p)= j J'h(,m,,(x,cf)exp[iZn( fc— p&)dxde

—00 —0

H,,(fp)= CFR_DF(p)-@")(£)- @Y= p)- sV (. p)

Ny-1
Continuous frequency response of the digital filter: CFR_DF(p)= Zhn eXp(iZﬂpnAx)

n=0

o' (f)= exp(z 2nfu’ Ax)I o) (x)expli2afc)dx ; @* (- p)= exp(— i27zpu(“')Ax)_]o ¢w(“)(§_ )exp(— i2mp& )dff

SV(f,P)= N, SinCd[”Nh (f—p)Ax]eXp[ﬂ(Nh _1Xf_P)Ax];
Theorem 1. Given signal sampling and reconstruction devices and the number of signal samples, overall
frequency response of the digital filter

is completely determined by coefficients { , }of the digital filter Discrete Frequency Response DFrR (SDFT of

the filter DPSF):
1 & |: (n+u)r:|
=— . exp| —i2x~——
T 2O

or by its continuous frequency response

Theorem 2. Coefficients of Discrete Frequency Response of the digital filter are samples of its Continuous
Frequency Response CFR_DF taken with a sampling interval 1/ NAx

and
Theorem 3 CFR_DF of the digital filter is a discrete sinc-interpolated function of its samples



L. Yaroslavsky. Selected Topics in Image Processing

P ™ = == == o= o= e mm e e em em Em Em Em Em Em Em = = Em E= =

I Digital signal Digital signal
I I
Discretization Digital Reconstruction

J—Dl and > signal —> of the continuous S

| quantization transformations signal

|

I |

| Equivalent continuous transformation |

- o o o e o e e e e e e m wl

v

Continuous input signal Continuous output signal

Consistency and mutual correspondence principle between continuous and digital signal
transformations

Direct imaging: man made devices

S ’ T -1 A e :
A woodcut by Albrecht Durer showing the relationship between the light distribution on an

object and image plane (adopted form R. Bracewell, Two-dimensional imaging, Prentice Hall Int. 1995)
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b(x,y)= Ia(f,n)PSF(x—f,y—ﬂ)dfdﬂ

Schematic diagram of optics of photographic and TV cameras



Direct imaging in animal kingdom
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C. Huygens (1629-95),
Dutch physicist

Huygens-Fresnel principle.
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exp[iZﬂ[\/Dz e f+ -1 f ﬂ

h(x,y;fx'fy)= D2+(x—fx)2+(y_fy)z

Kirchhoff-Rayleigh-
Sommerfeld integral
transform

Dx/“ (e- 1P /D + (- 1, } /D
p)

L vy sy 7y (e

dxdy

“Near zone” approximation:
D? >> (x_fx)2 +(y_fy)2’
Fresnel integral transform:

AD

a(fx,fy)= T T ”(x,y)expli;z (x-r.) +(y—fy)2]dxdy




Discrete representation of convolution integrals

Digital filter that corresponds to a convolution integral:

b(x)= [a(&)n(x - £)ag
a(£)=Y a9V (-7 ax); 70 = n+u;

)= T S a oo e - iOach(x - el = Zanw T o g - aOach(x - £)ag

—o0 N

k()‘j b(x)o" (x KC Ax)dx IZaUI(P (5 n Ax)‘r §}o(s)(x—E(S)Ax)d§dx=
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Assume n e [-w,]:

bk = Z.o:anhk—n = Z‘o:hnak—n

n=—00 H=—00

Overall continuous PSF of the digital filter:

N,-1

b, = Zhnak—n
N,,-l N,—=1N,—1
b(x)= Zbk(o (x K ) kz(;z(;hak,m (x k()Ax)

a, = J-a 5)(0 * [5— k—n)Ax+u(s)Ax]d§

N,,—l N,—1N,—-1

o(x)= Yo" (x-kDac)= 3> ha, 0" (x—kax)=

k=0 n=0
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N,-1N,-1

J. (‘f)d.fz Zhn(o( )[.5 (k n+ut ))Axlo(’ (x kAx — u(’)Ax)

a(8)= 3 3 e~ (- Yt ke - )

k=0 n=0

Overall continuous frequency response of digital filter:

ovall f P j. Ihovall X, § exp[127r(fx pf)]dxdf_

—00 —Q0

i1 {N[f D S0 2 (S0 Y R PR ¢ )} explizz(fx— p&)lixag =
—w—ow | k=0 n=0
-1

Nil 3 h, T Tw(s)[f - (k —n+ u(s))A"}/’(r)(x — kA —u" )eXp[EZ”(fx pf)]dxdé: =
k=0 n=0 —00 —©
Ny—-1N,-1

2, explizz (kv + u ) pl(k - n)ae + ) e

™

o
O

(s)(f_)exp( i2mpé& )déf I o exp(t27;fx)dx =

|
8'-'8 i

exp[zZﬂ(f pkAx] Zlh exp(i2zpnAx)x

k=0 n=0

{exp 1271pu I¢ eXp i2mpé& )df }{exp(ﬂdwm)f¢ exp(zZz;fx)dx}=
SV(f.p)CFR_ DF(p)@( )’ (f):

3

where q>’( f ) is frequency response of the signal reconstruction device:
" (f)=explizafu” 4x) [ o (x)explizzpe)ix
(Ds(— p) is frequency response of the signal sampling device:

d7‘( ) exp( i2mpu’ )Ax)Iw exp( 127zp§)d§

—0

CFR_DF(p) is continuous frequency response of the digital filter:

N,-1
CFR_DF(p)= Y h, expli2zpnAx)
n=0

N,-1
SV(f,p)= Zexp[iZn(f — p)kAx] is a “Filter space-variance” term.
k=0
Continuous frequency response of the digital filter:

N,-1
CFR_DF(p)= Y h,expli2zpnax);

n=0
Let discrete signal has ~ samples and let {,} be Discrete Fourier Transform coefficients of
discrete PSF {1, } of the digital filter:

11 s o (n+u)r
h, = —z:;n, exp[— zZnT}

N5

Then



=3, expli I (R I CL 0 | P _
CFR _DF (p) Zhn exp(zannAx) ~ Zm exp| —i2xz N exp(:meAx)

n=0 n=0 r=0
Sl oy
—_ expl —i2x expl —i2zx— |=
eromLZ:; p N p

. Up . N, (r— paAx
exp(zZﬂN) Ne1 sm{zz”(N)]

N ’Z‘;m sin[zr (r_Npr)}

“Filter space-variance” term:

SV(f, P) = Ijgle)(p[iz”(f - p)kAx] exp[i27r(f - P)Ax]_ 1
sin[zv,(f — p)ax]

"N, Sin[zr(f - p)Ax]EXp[”(Nb - 1)(f - p)Ax]=
N, SinCd[ﬂ'Nb (f - P)Ax]exp[”(Nb - 1Xf - p)Ax],

_ exp[iZan(f—p)Ax]—l _

where
sin x

SinCd(N, X) = ]VSTx/]V

Sincd=sin(pi*k)./(N*sin(pi*k/N)) vs Sinc=sin(pi*K)./(pi*K);
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x=k/N; k=-2N:0.1:2N




=1; FrResp:frreSpdigf|tr(PSF,4);

zeros(1,64); PSF(1:5)

PSF=

01 02 03 04

01 O
Normalized frequency

Continuous frequency response and its samples (marked by circles) of a digital filter that

-0.2
computes signal local mean over 5/64 of signal size

-04 -03

-0.5

SV(f-p)

CFR DF(p)




Filter space variance is
associated with the finiteness of
the number of signal samples
When the number of signal
samples tends to infinity, filter is
becoming space invariant:

Aam SV{f.p)<
]ULT] Nsincd[N,fr(f—p)Ax]OC 5(f—P)

|
Overall frequency response
of a digital filter



