L. Yaroslavsky. Course 5107212. Selected Topics in Image Processing, Graphics and Computer Vision
Lecture 2. Imaging transforms in digital computers (6 hours).

2.1 Principles of discrete representation of continuous signal transformation
The consistency principle and the mutual correspondence principle between continuous and digital
transformations.

Main assumptlon signal discrete representatlon through shift basis functions

[x (k+” )A"] and p{(x (’)[x (k+u(’))Ax]
( ) Zakcv (x®) — kax): a, = [alx)p () - Fack

2.2 Convolution integral and digital filters.

© N,—1
Convolution integral: b(x)= Ia(ﬁ)h(x—ﬁ)dﬁ = b, = hZhnak_,,
- n=0
{n, }- Discrete PSF of the digital filter;
Overall PSF of the digital filter:
—-1N,-1 ~ - ~
hya(6,8)= 3 3 1,00 (x—FAac)p O~ (7 -7 x|, & = & +4® and 7 = nsu®
k=0 n=0

Overall Freq. Response of the digital filter: H,,,,(f;p)= j' Ih,,va,, (x,&)explizz(fx — p&)lxa&

—00 —a0

H i £9)= CFR_DF(p)-@")(£)- 0= p)-5¥(f.p)

Continuous frequency response of the digital filter: CFR _ DF(p)= Z h, exp[iZﬂp(n +u —u’ )Ax]

Iq) exp 127y”x)dx (I) J.(o exp zZﬂpx)dx

SV(f,p)= :;exp i27r(f - pXk + u(’))Ax]= SIS?[[:[[,E(ff__pp)])ix]] = Nsincd[N;ﬂ(f - p)NAx];

(for u) = —(N=1)/2)
Theorem 1. Given signal sampling and reconstruction devices and the number of signal samples,

overall frequency response of the digital filter is completely determined by its continuous frequency
response

crr_pr(r)- 5 Si“[”N[” e JVVH} exp{,-z,,[( AL u(s)] pr:| _ (u 2 l)i}

N
r=0 N sin[n( paAx— ]:,)

where {7, } are coefficients of the digital filter Discrete Frequency Response DFFR (SDFT of the filter
DPSF):
= (n + u)
\/_ Zﬂ, exp{— P2r-—-—= N }

N-1
With settings u=—(N-1)/2; u)=0, CFR_DF(p)=+N .7, sincd(N;pr - %]
r=0

Theorem 2. Discrete Frequency Response coefficients of the digital filter are samples of its Continuous
Frequency Response CFR_DF taken with a sampling interval 1/ NAx

and
Theorem 3 CFR_DF of the digital filter is a discrete sinc-interpolated function of its samples
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Mutual correspondence principle between continuous and digital signal
transformations
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Continuous frequency response and its samples (marked by circles) of adigital filter
that computes signal local mean over 5 samples



Overall frequency response
of a digital filter

Filter space variance is
associated with the finiteness of
the number of signal samples
When the number of signal
samples tends to infinity, filter is
becoming space invariant:

lim SV(f,p)
}}L‘;NSi“cd[N’”(f - p)Ax] oC 5(f - P)




2.3 Discrete Fourier Transforms

o)= [al)explizapelic = a, = zak expliz(k + u)r + v)avar]x

—0

j'op(’)[ £+ (r+0)A O explizar (k + u)axlif o Z_:ak expli2z(k + u)r +v)Acaf]
. k=0
Cardinal sampling Ax =1/ NAf ; no sample grids shifts =

N-1

. _ 1 kr 1 o kr
Canonical DFT and IDFT: @, =—=— )" a, exp 12”— =— Za exp| —i2r—
= JN 5 N

Cardinal sampling Ax =1/ NAf ; sample grids shifts (u,v) =

Shifted DFTS

A reduced version of SDFT: @, = — { ‘|:ak exp(zZn—ﬂ exp(iZﬂk—];J} exp[iZn”—A:)
Special cases of SDFT(1/2,0) for even-odd signals { a;, = +a2N - k}:
DCT: a?“" = Zak cos( _;VI/Z J DcST: a?“7" = Zak s1n( k-:\}/z rj;

Other special cases of SDFTs: DCT(I-1V); DST(I-1V);
Samplingin o -scaled coordinates (over/under sampling: Ax = 1/aNAf ) ,no sampling grid shifts:

Scaled DFT: a’ = \/_ Zak exp[tZﬂW} ;
oN-1
Inverse SCDFT existsonly if oN € Z: a; = L a’ exp|:— i2z (k * "Xr+ V)}
'\/N r=0

Computing ScDFT through the canonical DFT

K? K* r?
a = IDFT{ DFT{a, exp| ir— | @ DFT exp| —ix— |ppoexp| ix—
oN oN oN
2-D DFTs:

Cardinal sampling, no sampling grid shifts:

1 Nttt kr s
Canonic separable 2-D DFT: a, , = > > ay explidn ~ N

Sampling in affine transformed coordinate system

1N, K "
Affine DFT (AffDFT): a, 2 3 a, exp|i2a] ——+———+ L J ;
k=0 1=0 o,N, ocN, ozN, o,N,
0, =1/NAXKAS,; 65 =1/ N,BAAf, ;0. = l/NlCAfAfy op= I/NZDA}Afy

Rotated DFT (RotDFT):

I4] in@ s N-1IN-1 — @l g
X _ co.s sin ic rs:izza“exp i rcos@ ss1n0k+rsm0+scos6?l
y —sind cosé |y oN =iz oN oN




Discrete Fourier Transforms

Transform

Canonical Discrete

Fourier Transform 1 Nz‘:l ( ) kr)
a, =—— ) a,exp| i2r—
(DFT) N i
Shifted DFT 1 k
at=——=)>a exp|:i2ﬂ ( * uXr * v):|
M= N
?iscrefte Cos]i)ngT goer _ 2 N_la COS(ﬂ' k+1/2 r)
ransform ( ) r IN =k N
Discrete Cosine- 2 = k+1/2
Sine Transform ;= 2N G TN
(DcST) 2N k=
Scaled DFT N-1 N-1 T~
1 k+ + 1 k
al =—— ) a, exp[iZ;r (k + ur v)} = a, exp) i2m—
VJON =0 oN JoN im0 oN
Scaled DFT as a 72
i i exp| in—— ~ ~
cyclic convolution Y oN | n-t o (- ? 2
a’ =—Z a, exp| izx— ||exp| — iz
Vo k=0 oN
Canonical 2-D NyZIN,1 [ - J
DFT a,, = a,,exp|l i2zn| —+—
1/N N, kzo zz(; “
Affine DFT Nyl Ny ) [ vk sk ]
a,, expli2z + + +
k=0 1=0 o,N, ocN, O-BNZ O-DNZ
Rotated DFT D rcos@—ssinf  rsin@+ scos@
(RotDFT) a,, = a,,exp| 2z ~ k+ N L=
k=0 I=0
N-1N-1 k + l
a,, exp|:i27r(r = cosd - i|
k=0 1=0
Rotated Scaled wy i2g T €08 6 — ssin 0 rsin@ + scos
DFT a, exp| i k+ !
k=0 1=0 O-N
N=-1N-1 k l — l
a,, exp|:i27:(r =5 cos6— " sin Gﬂ
k=0 1=0 oN
Discrete Sinc- sin x
. sined(V, x )= ———F——
function ( > ) N sin(x / N)

Varieties of Discrete Cosine Transforms

DCT-1
_ao_(_l) Ay, [ _)
a, = + Za © €O 7
2 k=1
Canonical DCT N-1 k+ 1/2
(DCT-II) a, = a, cos r
=0 N
DCT-III N-1 r+1 /2
a, =) a,cos| w
k=0 N
DCT-IV 1

i (k +1/2Xr+1/2)i|

N




2.4 Point spread function and resolving power of discrete Fourier analysis.

al"" = Ia(f)PSFDFA (r, f)df

—®

N-1 (r) ®
Qo — %{g {a . eXp[iZn k;V ﬂ eXP(iZ” :_]:,)} exp[ilﬂ ’ZN ] B
N-1| ® (T)
{Z: [ J;a x)¢ )[x ke+ "(3))Ax]dx} eXp[’Z” ] eXp(iZﬂ :—]:,]} exp[iZ;; ”O_Nr] =
1 i @ )
%__L ){ Y .[oeXp ,2,;73()¢ [ (k +u" )Ax]dxi| exp{z 2 i_)i| exp[ilﬂ ”aNr ]}df

r5ins= e 3 ot el 42 o 2

(r)
PSFpp, = \/ﬁsincd|:N;7z'[r+v = ﬂVAxJ:|x

o

- - —1))
122 o 27

2.5 Boundary effect free convolution in DCT domain.

. (a, k =01,y N - 1;
Dmoa2¥ = e irs k=N, N = 12N —1
N 1 2N—1~ k
@ =—— D dexp i2r— |= a(DCT)eXP[ iﬂL]i
2N k=0 2N 2N
0 n=0,.,[N/2]-1 g
N N /2, foreven N
P - =[N/2)[N/2)+ N -1 | | =
(ymoazn =Y Mu[n/2]5 L [ ]’ ’[ ] { 2} {(N-l)/Z,foroddN
0 n=[N/2]+ N,...2N -1
2N-1
n, - h, exp(iZnﬂ)
2N “~ 2N

2N

2r + 7' ex iZﬂ'MV =
1, €xp, N

b, = \/ﬁ{ (DCT” +22a Dt re o [ J 220{ oer),, [ +]¢/2"J}

r=1

1 & r kr
b, =— aSDCT) exp(— in ﬁ]ﬂ, exp( 2w —) =

1 k+1
- 3vcrﬂo+za pCr |:77,exp[—127r +1/



DISCRETE FOURIER ANALYZER
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Extended signal {a,}

Initial sgnal ak}J
I | I
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Convolution kernel {h } in its position for the first convolution term
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Convolution kernel {i{n} inits position for the middle convolution term
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Convolution kernel {/7} inits position for the last convolution term

Cyclic convolution of a signal extended by its mirror reflection from its borders

| DceST
V\ N
> DCT | < s
Signal + Convolution
— DCT result

(tm), ’ ,N 1
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Flow chart of an algorithm for signal convolution in DCT domain



2.6 Discrete Fresnel Transform.

a(f)= T a(x)exp|:— in %}dx = a, = Nzl a, exp[— i (kAx — rAf + uhx — vAf)? //w]x

k=0

-

T [expl- i? /4D )p ) (/4D |expl- i2e{kx - raf + e - vaf )/ AD e x

T [exp( i 2 /4D )o®) (1 /VAD JJexplizgr (x-+ kx — raf + uix —var)/ aDYF

For discrete representation of Fresnel Transform, two last terms are neglected.
For cardinal sampling (Ax = AD/NAf ), no sampling grid shifts:

N-1
Canonical DFITa, = ¥ 4, exp|:— m%} = AD/ NAf’®
k=0

' 1 [¥= K2 k 2.2
DFT viaDFT:. @, =— z aj exp| iz—; exp[—iZﬂ'—r) exp| i7z’r £
IN |5 HU°N N N

Samplingin ¢ -scaled coordinates: Ax = AD/oNAS , with shifts {uAx, vAf} in coordinate systems
collinear with those of signal and its transform:

N=1 _ 2
Shifted Scaled DET: , = Zak exp{— iﬂ%} ,where;w =uu—v/ pu
k=0

Shifted Scaled Partial ShScPDFT (transform domain chirp-function isignored):

AT N,

Cardinal sampling with shiftsw = ug—v/u= N/2u in coordinate systems collinear with those of

signal and its transform:
Sy onf aaltate=i2]

Focal planeinvariant DFIT: @, = ) a, exp

k=0 N
Invertibility of DFrT and discrete frinc-
function:
2
a,(j‘t’wi) = %exp{—m (k = )Z}Za exp|:m( ) i|fr1ncd(N;q;n—k+WJ_r +qN/2)

2
frincd(N,q, - Zexp[m q?] exp(—127z —] q= l/yf - l/yf cwo=w, Ju, -w_[u

r=0
InDFT frincd(N;q,x) playsarolethat sincd(V, x) playsin DFT.
frincd(N;(); x) oc sined(V, x)
2.7 Convolutional Discrete Fresnel Transform.

T a(x)exp|:— ir (x;—f)}dx o J' {“o )eXp(JZII %de} exp(— ir i’—;J} exp( i2r /Il’—f)dp

Assuming sampling grid shifts {qu, vAf } and the same sampling intervalsin signal and transform
domains, Ax = Af =
Convolutional Discrete Fresnel Transform:

1 N=if N=1 ﬂzsz Al
=—Z|:Zak exp[lZﬂ = ﬂexp(— in . J= Zak frincd(N;,uz;r+w—k)

s=0] k=0 k=0

w=uu—-v/u



Principle of numerical reconstruction of digitally recorded holograms
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Hologram
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Reconstruction of hologram recoreded in near diffraction zone (Fresnel holograms): equivalent optical setup

Fourier Plane Second focal plane

Hologram

hologr_reconstr_fastmovie(N);
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Numerical reconstruction of images on different distances from a hologram using

Focal planeinvariant DFrT
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Focal plane variant and focal plane invariant discrete frinc-function:



Approxi mation of the discrete frinc-function

frincd(N sq3x

qr 2 i r2
Zexp ir—— |exp —i2r | — exp| — iz — |rect]
N N Ngq qN

q(Nr -1)

|

. . i Lor?
For integer r, fr1ncd(N;1;r)= W/N exp(— mW

Frincd(2048,0.5;5-Vio): Megritude
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