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Lecture 2. Elements of the theory of 2D signal processing.

Mathematical models of image signals. Signals as mathematical functions. 1-D, 2-D, and
multidimensional signals. Continuous signals, discrete signals, quantized signals, digital signals. Scalar and
vectorial signals.
Linear signal space, metrics and bases.
The signal spaceiscalled linear if:
1. An operation of signal summation (+) is defined such that, for any two signals al and

al? athirdsigna a® =a® +a® can beuniquely found.
2. The summation operation obeys the commutative and associative laws:
aly 450 =50@ 4 50
al) 4 g0 450 = (a(h)) + a((z)))+ al) =ab) 4 (a((z)) + a((s)))

3. Thereexistsa“zero-signal” @ such that a + @ =a for al signals of the space.

4. Each element a of the space may be put into the correspondence with a unique opposite
signal (— a) such that

a+(-a)=a-a=dd.

5. An operation (¥ of multiplying signal by a scalar number is defined such that, for any
number @ and any signal &, asigna @ *a can be uniquely found.

6. Thefollowing properties hold for the multiplication operation:
aa,a =al(a2a)=az(ala);
(al +a2)a=ala+a2a ; a(al + az)za a, +aa,;
lxa=a; 0xa=0d;

Inlinear signal space, one can specify aset of N signals and use them to generate an arbitrary large set

of other signals as alinear combination (weighted sum)
1

a=qaj,
k=0
of the selected signals that are called basis signals (basis functions). The set of basis functions should be

selected from functions that can’t be represented as a linear combination of the rest of the functions from
the set, otherwise the set of basis functions will be redundant.
Each signal ain N-dimensional signal space corresponds to a unique linear combination of basis

functions {| k}, i.e. is defined by a unique set of scalar coefficients {ak}. An (ordered) set of scalar
coefficients of decomposition of a given signal over the given basis is the signal's representation with
respect to thisbasis.

The “zero-signal” may be treated as a reference signal of the signal space. The distinction of signal a
from the “zero-signal” displays the individual characteristic of this signal. Mathematically, this

characteristic is described through the concept of the signal’ snorm ||a|| :
lef|=d(a.2)

The geometrical interpretation of the vector norm isits length.

Signal representation as an expansion over a set of basis functions is meaningful only when for each
signal a, its representation {ak} for the given basis J , can be found. To this goal, the concept of the
scalar product (inner product, dot product) (al,az) of two signals is introduced as a method for
computing a (generally, complex) number that satisfies the following conditions:

(a.2,)=(a.2,); (aa) o (aa)=0 iff a=@;

(alal +a2a2’a3)=al(al’ a3)+a2(a2 ’a3)'



Usually the scalar product of two signalsis calculated as an integral over their product:
(2 .2, )= . (x)a; (x)ax
X

Functions whose scalar product is zero are called mutually orthogonal functions. If functions are
mutually orthogonal, then they are linearly-independent may be used as bases of linear signal spaces.
Scalar product can used to establish a correspondence between signals and their representation for the

given basis. For {| k} the basis functions and {f ,} the reciprocal set of functions orthogonal to {| k}
normalized such that
0, k1l

(i k’fl):dk,l :|1, k=|

(symbol d, , iscalled the Kronecker delta)., signal representation coefficients {ak} over basis {| k} can
be found as

| Y——;

Ny . Ny
a, =(a1fk):aa|6 |’fk)=a a|dk,| :
1=0 1=0

If basis{i k} is composed of mutually orthogonal functions of unit norm: (| e )de,I , it is
reciprocal to itself and is called orthonormal basis. In such abasis signals are representable as

a=a (ai J  wnere (a ) =a, =gnlx) ; (ox.

Knowing the signal representation over an orthonormal basis, one can calculate signal scalar product
N-1N-1

ab' . et . 0_"o'olr . . Nl .
(ab)=€3aj..abi.*=4 4.i.bi)=34anb,
=0 k=0 B k=01=0 k=0

Signal norm is defined as scalar product of the signal with its complex conjugate:

l\b—l
lall= & .

k=0

Representations {aﬁ(l))} ,{bEl))} and, {a&z))} ,{bgz»} of signals a and b over two orthonormal bases i El))}
and {| EZ))} are related by means of the Parseval’ srelationship

Ny L . Nl "

§ablbe) - Koot

k=0 k=0

Signal norm isinvariant to the orthonormal bases.

Integral representation of signals
The discrete representation of signals can be extended to a continuous representation

a(x)=91(f) (x, f )df

The function a(f ) iscalled the integral transform of signal a(x), or itsspectrum, over continuous basis

{f (f , x)} called transform kernel. The transform is reversible if a reciprocal kernel f (f ,x) exist such
that

a(f )= ga(x ) (f,x)x

The reciprocity condition for functions j (x, f ) and f (f ,x):

a(x)zéﬁa(x)(f ,x)jx§ (c, )0t = ek xbix where )= b 1 (1 x)r i

called the delta-function (Dirac delta). A basis satisfying the relationship



o (x, f) “(x, f pf =d(x,x)
F
is called self-conjugate. For self-conjugate bases, signal scalar product isinvariant to the bases

X(‘jii(x)aZ (x)ix = S‘jil(x)aﬁ(f )of . Xf}al(xfdx = Faaj(xfdf

Thisisthe Parseval’ s relation for continuous signals.

Metrics of signal space and signal norm

The signal space metrics associates with each pair of signalsin the space, say, a
real number d a((l)), a((z))). The method for obtaining this number normally has the following properties:

d(a,a)=0; d(a((l)) ,a((Z))) 30:

d (a((l)) , a((z))) =d (a((z)) “al! ); dlat,a®) £ d(at,a#) + dfa,a®)
Typical signal space metrics

(%) gng a((ZD, a nonnegative

Statistical definition

Signal Design Deterministic definition
type ation AV isastatistical averaging
operator
Discret Ny (1) _ 5)
silgcnglse Ly ka:jail) _ a£2)| AV{Jakl ay’ |}
" 8- o avi- )
k=0 7
- Bl - ol AV o |
k=0
1 Bl -2 (o} aescaar
k=0
weight coefficients)
My maxja! - af?|
Conljisnuo L, Xdal (x) -a, (x]dx AV ﬂal(x) -a, (x ]}
signals
b e (x)- , () ax AVfa,(x)- a,(x))
X
L% 6al(x)- az(x]de AVQal(x)- az(x]P)
X
M Suanl(x)— aZ(XX),Where i
X
sup(a(x )) - minimal value that is not
exceeded by a(x)

Statistical treatment of signals: averaging metrics measures over a set or an ensemble
of signals



Signals as mathematical functions
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