‘ L. Yaroslavsky. Introduction to Digital Holography ‘ Lect. 2

Lect. 2. Holographic Transforms in Digital Computers
2.1. Mathematical models of recording and reconstruction of holograms

Consider schematic diagram of recording hologram shown in Fig. 1. In hologram
recording, an object whose hologram is to be recorded is illuminated by a coherent
radiation from a radiation source, which simultaneously illuminates also a hologram-
recording medium with a “reference” beam. Usually, the photosensitive surface of the
recording medium is a plane. We refer to this plane as a hologram plane. At each
point of the hologram plane, the recording medium, whether it is continuous, such as a
photographic film, or discrete, such as a photosensitive array of CMOS or CCD
digital cameras, measures energy of the sum of the reference beam and the object
beam reflected or transmitted by the object.
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Fig. 1. Schematic diagram of hologram recording

Conventional mathematical models of recording and reconstruction of holograms
assume that: (i) monochromatic coherent radiation that can be described by its
complex amplitude as a function of spatial coordinates is used for hologram recording
and reconstruction and (ii) object characteristics defining its ability to reflect or
transmit incident radiation are described by radiation reflection or transmission factors
which are also functions of spatial coordinates. Specifically, if 7 (x, y,z) is complex
amplitude of the object illumination radiation at point (x, y,z), complex amplitude
a(x, y,z) of the radiation reflected or transmitted by the object at this point is defined
by the equation:

a(x,y,z)=1(x,y,2)0(x,,z) @.1.1)



where O(x, y,z) is object reflection or, correspondingly, transmission factor.
If a( fos fy) and R( foof y) denote complex amplitudes of the object and

reference beams, respectively, at point (fx, fy) of the hologram plane, signal

recorded by the recording medium at this point is a squared module of their sum:

H(s,.f,)=lelr.. 7, )+ R(f.. 1,) =
A f £ R (o f,)r 0 (o £, R 1, )+ a1, ) + RO, ) 2012)

where asterisk denotes complex conjugate. This signal is a hologram signal, or a
hologram. The first term in the sum in the right hand part of Eq. 2.1.2 is proportional
to the object’s beam complex amplitude. We will call this term a “mathematical
hologram”. Hologram reconstruction consists in applying to the mathematical
hologram a transform that implements wave back propagation from the hologram
plane to object. For this, one has either to eliminate, before the reconstruction, other
three terms or to apply the reconstruction transform to the entire hologram and than
separate the contribution of other terms in the reconstruction result from that of the
mathematical hologram term.

As it is known, wave propagation transformations are, from the signal theory point
of view, linear transformations. As such, they are mathematically modeled as integral
transformation. Thus, object complex amplitude of radiation a(x, y,z) and object

beam wave front a( [ fy) at hologram plane are related through “forward

propagation”

alf..r,)= T TTa (x, 3, WPK (x, p, 25 £, f, Mxdydz (2.13,2)

and “backward propagation”

alx,y,2)= [ [alfoo f, WPK (v, 9= £, 1, i a1, (2.13.b)
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integral transforms, where WPK (,) is a transform (wave propagation) kernel.

Commonly, this model is simplified by considering wave propagation between plane
slices of the object and the hologram plane:

o0 O

a(fx,fy)= I ja(x,y,O)WPK(x,y,Z;fx,fy )dxdy (2.1.4,a)
and
a(x, y,0) I Ta(fx,fy WPK (x,y,~Z; f.. f, if .df , . (2.14,b)



where Z is the distance between the object and hologram planes. Equations (2.1.4)
are called diffraction transforms.

2.2. Diffraction integrals

Diffraction transforms of Eqgs. 2.1.3 and 2.1.4 are treated in digital holography with
the help of the scalar diffraction theory of light propagation. According to the theory,
wave front a(f ) of an object a(x) is defined by the Kirchhoff-Rayleigh-Sommerfeld

integral ([1]):

a(f)= [alx )i(l— ?RJW&, (2.2.1)
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where x=(x, y) is a coordinate vector in the object plane, f =(fx, fy) is a

coordinate vector in the hologram plane, Z 1is a distance between object and

hologram planes, R=+/Z" + ||x - f| ’, is the
radiation wavelength.
Usually, an approximation to the integral (2.2.1) is made:
1-i2"R\|~i*" R, 2.2.2)
A A
and the above integral is reduced to
Z\1+(x-f)/2?
exp| i27 \/ (xﬂ f) /
exp 127rR//1 T
Z I ) dx oc J.a(x) T3 dx .
S0 1+ (x -f ) / Z
(2.2.3)

We call this transform Kirchhoff-Rayleigh-Sommerfeld integral transform (KRST ).
This relationship is illustrated in Fig. 2.1.
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Fig. 2.1. Graphical illustration of the wave propagation model



In what follows, we, for the sake of brevity, will use one-dimensional denotation
unless otherwise is indicated.

Most frequently, object size and hologram size are small with respect to the
object-to-hologram distance Z . Depending on how small they are, two other
approximations to the Kirchhoff - Rayleigh-Sommerfeld integral (Eq. 2.2.3) are used,
“near zone diffraction” (Fresnel) approximation:

a(f)o Ioa(x)exp|:i7r %}dx (2.2.4)

known as Fresnel integral transform, and “far zone diffraction” (Fraunhofer)
approximation which is well known Fourier integral transform.

alf )< |alx)exp| —i2zx—— |dx 2.2.5
()e= [ al) p( M] (22.5)
There is also a version of the Fresnel Transform called angular spectrum
propagation ([1]). In this version, Fresnel Transform is treated as a convolution.
By the Fourier convolution theorem, Fresnel transform (Eq. 2.2.4) can be
represented as inverse Fourier Transform

o) | Tttt e i otz ot 2

—00| —0o0

—00 | —o0

]9 |: Ta(x)exp(i 2nx§)¢xi| exp(— in\Zg? )exp(— i27fE Mg, (2.2.6)

of the product of signal Fourier Transform and Fourier Transform of the chirp
function exp(irr x’ / AZ ), which is, in its turn, a chirp-function (Appendix A.2.2, Eq.
A2.2.1).

For numerical reconstruction of holograms recorded in different diffraction zones,
as well as for synthesis of computer generated holograms, discrete representations of
the above diffraction integrals are needed that are suited for efficient computational
implementation.

2.3. Discrete representation of transforms: principles

As far as quantum effects are not concerned, physical reality is a continuum
whereas computers have only finite number of discrete states. How can one imitate
physical reality of optical signals and transforms in computers? Two principles lie in
the base of digital representation of continuous signal transformations: the conformity
principle with digital representation of signals and the mutual correspondence
principle between continuous and discrete transformations ([2]). The conformity
principle requires that digital representation of signal transformations should parallel
that of signals. Mutual correspondence between continuous and digital
transformations is said to hold if both act to transform identical input signals into
identical output signals. According to these principles, digital processors incorporated
into optical information systems should be regarded and treated together with signal
digitization and signal reconstruction devices as integrated analogous units.



Discretization is a process of measuring, in the discretization devices such as
image scanners and hologram sensors, of coefficients of signal expansion into a series
over a set of functions called discretization basis functions. These coefficients
represent signals in computers. It is assumed that original continuous signals can be,
with certain agreed accuracy, reconstructed by summation of functions called
reconstruction basis functions with weights equal to the corresponding coefficients
of signal discrete representation. The reconstruction is carried out in signal
reconstruction devices such as, for instance, image displays and computer generated
hologram recorders.

In digital holography and digital image processing, discretization and
reconstruction basis functions that belong to a family of “shift”, or sampling, basis
functions are most commonly used. All functions from this family are obtained from
one “mother” function by means of its spatial shifts through multiple of a sampling
interval. Signal discrete representation coefficients obtained for such functions are
called signal samples.

The mathematical formulation of signal sampling and reconstruction from the
sampled representation is as follows. Let a(x) be a continuous signal as a function of

spatial co-ordinates given by a vector x®) ,
¢),Es)(x(s))= ¢,(s)(x(s) _E(s)AX(s)) and ¢),E’)(X(’))= ¢,(r)(x(r) —E(’)Ax(’)) 2.3.1)

be sampling and reconstruction basis functions defined in the sampling and
reconstruction devices coordinates {X(s)} and {x(’)}, respectively, Ax®) and Ax®) be
vectors of the sampling intervals in, respectively, sampling and reconstruction
devices, KO =k+u" and K" =k +u® be vectors of signal sample indices k

biased by certain shift vectors u® and u"). Shift vectors describe shift, in units of
the corresponding sampling intervals, of the sampling grid with respect to the

corresponding coordinate systems x®) and x") such that samples with index k=10
are assumed to have respective coordinates x®) = u(s), x) =u®)

At sampling, signal samples {ak} are computed as projections of the signal onto
sampling basis functions:

a, = Ia(x)¢)(“)(x(s) - E(S)Ax(s))dx , (2.3.2)
X

assuming certain relationship between signal and sampling device coordinate systems
{x} and {x(s)}.

Signal reconstruction from the set of their samples {ak} is described as signal
expansion over the set of reconstruction basis functions:

i(x)=Y a,0(x" -k ax®), (2.3.3)
k

in a reconstruction device coordinate system.
The result @(x) of the signal reconstruction from its discrete representation

obtained according to Eq. 2.3.3 is not, in general, identical to the initial signal a(x). It



is understood, however, that it can, in the given application, serve as a substitute for
the initial signal.

Eqgs. 2.3.2 and 2.3.3 model processes of hologram sampling in digital cameras and,
respectively, object reconstruction in display devices.

According to the above-formulated conformity principle, Egs. 2.3.2 and 2.3.3 form
the base for adequate discrete representation of signal transformations. In what
follows, we describe discrete representations of optical diffraction integral transforms
generated by this kind of signal representation.

2.4. Discrete Fourier transforms

In this section, we will provide, using the above outlined approach, a full
derivation of discrete Fourier transforms as discrete representations of the integral
Fourier Transform. This derivation will explicitly demonstrate approximations that
are done in this continuous-to-discrete conversion and will serve as an illustrative
model for other diffraction transforms considered hereafter.

Let a( f ) and a(x) be, correspondingly, hologram and object wave fronts linked

through the integral Fourier Transform:

a(f)= Ta(x)exp(ﬂﬂ%)dx (2.4.1)

—a0

In digital recording of holograms, samples of the hologram wave front are obtained as

a( WO -FOar e ar (2.4.2)

8'—‘8

Replacing here a( f ) through its representation as Fourier transform of a(x) (Eq.
2.4.1), we obtain:

a, = T{Ioa(x)exp(ﬂn:—jz(jdx}(p(s)(f—F(S)Af(s))df =

T a(x)dx{ T ¢(s) [f - F(S)Af(s)]exp(iZﬁ %j}df =

—0

2 () 4£ ()
J.a(x)exp(iZﬁxr 2/ J {J'¢(° exp(zZﬁﬂf)}df_

() g
a(x)exp[iZz MJ¢(S)(x)¢x , (2.4.3)
Az
where
o®)(x)= [ o) f)exp(iZn%)df (2.4.4)



is Fourier transform of the sampling device point spread function, or its “frequency
response”, {F(S) =r+ v(s)} are sample indices shifted as it was explained in Sect. 2.3.
Now we can replace the object wave front a(x) with its representation

N-1

a(x) = ak¢)(’)(x - I?(V)Ax(’)) (2.4.5)

k=0

through its samples {ak}, assuming that N its samples are available, and that they

are indexed from k=0 to k=N -1 with {I: ) = g0 4 u(')} as correspondingly
shifted indices. Using in Eq. 2.4.3 the representation of Eq. 2.4.5, we obtain:

0 - ~(s) (s)
{ [0 ()0 (x+& (S)Ax(’))exp(izn%]dx} . (2.4.6)

As the discrete representation of the integral Fourier transform, only the first
multiplier in the product in Eq. 2.4.6 is used:

=2

—1

N BIVIE)
o = a, expl iznk OFO AT (2.4.7)
r 4 k }\.Z

=~
]

The second multiplier that depends on physical parameters of sampling and
reconstruction (display) devices, on sampling intervals and on object-to-hologram
distance is ignored. It is this term that, in addition to the approximative signal
reconstruction from the final number of its samples as described by Eq. 2.4.5, reflects
approximative nature of the discrete representation of integral Fourier transform. The
most straightforward way to quantitatively evaluate implication of the approximation
is to consider the point spread function and the resolving power of signal Fourier
spectrum analysis that can be achieved using Discrete Fourier Transforms. This issue
is addressed in Lect. 3.

Sampling intervals in signal and Fourier domains Ax") and af ) are known to
be linked with the “uncertainty relationship™:

AZ

(r)

The case
") _ sz(s) (2.4.8,b)



associated with the assumption of the “band-limitedness” of signals is referred to as
cardinal sampling. Depending on relationships between sampling intervals Axand
Af “)and on shift parameters u") and u(’), the following modifications of the
discrete Fourier Transforms outlined in Sects. 2.4.1 — 2.4.5 can be obtained.

2.4.1 1-D direct and inverse Canonical Discrete Fourier Transforms (DFT)

In the assumption that signal and its Fourier spectrum sampling intervals Axand
af ) satisfy the ‘“cardinal” sampling relationship of Eq. 2.4.8, b) and that object
signal and object sampling device coordinate systems as well as, those of the
hologram and of the hologram sampling device, are, correspondingly, identical and
object signal samples {ak} as well as samples {a,} of its Fourier hologram are
positioned in such a way that samples with indices £ = 0 and r = 0 are taken in signal
and its Fourier hologram coordinates in points x=0 and f =0, respectively,
Canonical 1-D Discrete Fourier Transforms (DFT) is obtained:

2 =3 a expl iz (2.4.9, 2)
TUN &GN o

One can show that this discrete transform is orthogonal and has inverse transform
(IDFT) :

\/_ Nzla exp(— 2z f\’) (2.4.9,b)

Canonical DFT plays a fundamental role in digital signal processing and, in
particular, in digital holography and digital image processing thanks to the existence
of Fast Fourier Transform (FFT) algorithms. With the use of FFT, computational
complexity of transforms is as small as 0(log N ) operations per sample. All discrete
transforms considered in this chapter are reducible to DFT and can be computed using
FFT algorithms. Thanks to the existence of FFT algorithms, DFT is also very
frequently used for fast computation of signal cyclic convolution through the
following algorithm:

> a8y = TFET, {FFT, ({a, ) FET, ({5, )} . (2.4.10)

where FFT, {} and IFFT, {} are operators of N-point FFTs applied to vectors of N

signal samples and symbol e designates component-wise multiplication of the
transform results.

2.4.2 1D direct and inverse Shifted DFTs. Discrete Cosine and Cosine-Sine
Transforms

If object and object signal sampling device coordinate systems as well as those of
signal spectrum and the spectrum sampling device, are laterally shifted such that
signal sample {ao} and, correspondingly, sample {ao} of its Fourier spectrum are



taken in signal and spectrum coordinates at points x = u Ax®) and f= v(s)Af )
respectively, 1-D direct

N

1 k¥
a =——) a, exp i2r =l (2.4.11, a)
N & N

and inverse

N-1 EN
o exp| — 2l 24.11,b
\/— > p[ i2n ( )

Shifted DFTs (SDFT(u,v) are obtained ([2, 3]). The “cardinal” sampling relationship
(2.4.8, b) between object signal and its Fourier spectrum sampling intervals Ax"and
Af (+) is also assumed here.

SDFT can obviously be reduced to DFT and therefore be computed using FFT
algorithms. The availability in SDFT of arbitrary shift parameters enables efficient
algorithms for hologram reconstruction and object signal re-sampling with sub-pixel
accuracy and with the best possible for sampled data discrete sinc-interpolation ([2]).
For instance, for u-shifted signal re-sampling using SDFT, the following relationship

links initial signal samples {an} and re-sampled ones {a:

= sin[z(n — k + u)]
=2 N nlaln—k+a) V] Za sincd[ N, z(n — k + u)], (2.4.12)
where
. ..y sinx
sincd(V; x) = NN (2.4.13)

is the discrete sinc-function (sincd-function).
Important special cases of Shifted DFTs are Discrete Cosine Transform (DCT)

N-1 1 2
a. =) a, cos(ﬂk—;v/ r) (2.4.14, a)

N-1
a =) a, sin(rz k -|]-Vl/2 rj (2.4.14,b)

They are SDFT, with shift parameters 1/2 in the signal domain and 0 in the transform
domain, of signals that exhibit even and, correspondingly, odd symmetry
({a P =X,y }). DCT and DcST have fast computational algorithms that belong to

the family of fast Fourier Transform algorithms ([2]).
DCT and DcST have numerous applications in image processing and digital
holography. In particular, using fast DCT and DCsT algorithms, one can efficiently,

9



with the complexity of O(log N ) operations per output sample, implement fast digital
convolution with virtually no boundary effects. This allows to substantially alleviate
severe boundary effects that are characteristic for using DFT for signal convolution as
the DFT based convolution algorithm (Eq. 2.4.10) implements cyclic (periodic)
convolution rather than usually required a-periodic convolution. In conclusion of this
section note that many other versions of SDFT, DCT and DcST with semi-integer and
integer shift parameters can be easily derived for different types of signal and its
spectrum symmetries.

2.4.3 1D Scaled DFT

If one assumes that sampling rate of either signal samples or spectrum samples or
both is o -times the “cardinal” sampling rate (Ax(’) =AZ / oNAf ) ), and that signal

and its Fourier hologram samples {ao} and {ao} are positioned with shifts (u(’),v(s))

with respect to the origin of the corresponding signal and spectrum coordinate
systems, Scaled DFT (ScDFT)

N— ];'~
a’l = exp| i2x — 2.4.15,a
; kZ p[ N} ( )

is obtained. Modification of this transform for zero shift parameters is also known
under the names of “chirp z-transform” ([4,5]) and “fractional discrete Fourier
transform”. The first name is associated with the way to compute it efficiently (see
below Eq. 2.4.16). The second name assumes that it is a discretized version of the
fractional integral Fourier transform ([6,7]]) that has found some applications in
optics and quantum mechanics. We prefer the name “Scaled DFT” because it is more
intuitive, refers to its physical interpretation and fits the entire nomenclature of
discrete Fourier transforms (shifted, scaled, rotated, scaled and rotated, affine)
introduced in this lecture.

Scaled DFT has its inverse only if oV is an integer number (oNV € Z) and o > 1
(see Appendix Al.). In this case, the inverse ScDFT is defined as

a V-1 k7 a,, k=0,1,.N -1
Za L (2.4.15.b)
10, k=N,N +1,..,0N -1

For computational purposes, it is convenient to represent ScDFT as a cyclic
convolution

k
exp[m’ﬂ}
oN ) k* k—7)f
_ 7 a,exp| in— | |exp| —in , 2.4.16
[k p[ GNH p[ ~ ( )

v oV k=0

that can be computed using FFT algorithm as following:

10



. ) Ez ) ,72
ar( ) = IFFTLOYVJ{ZPLGNJ{FFTN {ak exp[m O_—N]H . FFTLoNJ{eXp[_ w O_—N}}} )

(2.4.17)

where FFT,, {} and IFFT,, {} denote M -point direct and inverse FFTs, |_0'N J is an
integer number defined by the inequality oV <| oV |<oN +1, and ZP,, [] is a zero-
padding operator. If o > 1, it pads the array of N samples with zeros to the array of
| 6V | samples. If o <1, it cuts array of N samples to size of | GV | samples.

The availability in ScDFT of the arbitrary scale parameter enables signal discrete-
sinc-interpolated re-sampling and Fourier hologram reconstruction in an arbitrary
scale. For instance, if one computes canonical DFT of a signal and then applies to the
obtained spectrum scaled IDFT with a scale parameter o, discrete sinc-interpolated
samples of the initial signal in a scaled coordinate system will be obtained:

N-1
af =Y a, sincd[N;z(n - k/o)], (2.4.18)
n=0

If o>1, signal {ak} is sub-sampled (its discrete representation is zoomed in) with

discrete sinc-interpolation and the sub-sampled signal retains the initial signal
bandwidth. If o <1, signal {ak} is down-sampled (decimated). For signal down-

sampling, an appropriate signal low-pass filtering required to avoid aliasing artifacts
is automatically carried out by the imbedded zero-padding operator ZP| |.

2.4.4 2D Canonical Separable DFTs.

In order to introduce discrete representation of 2-D intergral transforms, one
should specify a 2-D sampling grid. Most frequently, rectangular sampling grid is
assumed for sampled representation of 2-D signals. In this case, for 2-D integral
Fourier Transform, the following separable 2-D canonical direct and inverse DFTs:

1 & oy kr & s
a,, =—F——— ) exp| i2n— Zak,, exp| 27— |; (2.4.19,a)
\/NlNz k=0 Nl =0 Nl

1 kr | & L lsJ
a,, =—= ) exp| —i2n— a, exp —i2m—|. (2.4.19,b)
! VNN, rz=(; [ N1]sz=; ’ N,

are obtained in the assumption that object signal and its hologram sampling and
reconstruction are performed in rectangular sampling grids (row-wise, column-wise)
collinear with the object coordinate system. Here N, and N, are dimensions of 2-D

arrays of signal and its Fourier spectrum samples. In separable 2-D DFTs, 1-D Shifted
and Scaled DFTs can also be used to enable signal 2-D separable discrete sinc-
interpolated resampling and re-scaling.

11



2.4.5 2-D Rotated and Affine DFTs.

In 2-D case, a natural generalization of 1-D Shifted and Scaled DFTs is 2-D Affine
DFT (AffDFT). AffDFT is obtained in the assumption that either signal or its
spectrum sampling or reconstructions are carried out in affine transformed, with
respect to signal/spectrum coordinate systems (x, y), coordinates (i,}):

m ) [g ﬂﬂ (2.4.20)

With 0,=AZI N\ AAXAf,; o0,=AZ/N,BAYAf.; o, =AZ/N,CAXAf,,
o, =AZ|N,DAyAf,, where A¥, Ay, Af, and Af, are object and its Fourier
hologram sampling intervals in object ()7, i) and hologram ( foof y) planes, AffDTF
is defined as

! ik Sk Pl 5T
a,, =) D a,, expli2n + + + : (2.4.21)
) ' O-ANI O-CNI O-BNZ O-DNZ

where {I? ,IN} and {7, F} are biased (shifted) sampling indices in object and hologram
planes as it is explained in Eq. 2.3.1.
A special case of affine transforms is rotation. For rotation angle & :

x cosd sinf || X
= . - (2.4.22)
y —sin@ cosf |y
With N, =N, =N, AX=Ay=Ax , Af, =Af, =Af, andAxAf = AZ/N (cardinal
sampling), 2-D Rotated DFT (RotDFT) can be obtained as

-1 g T e
a,, exp in{k c0s0+ls1n0 ks1n0Nl cos@ - I| (2.4.23)

b4
b4

1
0 _
ar,s -
oN

=~
1l
>
~
1l
<

An obvious generalization of RotDFT is Rotated and Scaled RotDFT (RotScDFT):

N-1N-1 I’ T s
afs =Lzzak’l exp i27z[k c050+lsm0 ks1n0 T cosf ﬂ (2.4.24)
=0

N im0 1= oN oN

that assumes 2-D signal sampling in @ -rotated and o -scaled coordinate systems.
Similarly to ScDFT, RotScDFT can be reduced to 2-D cyclic convolution using
identities:

N-1N-1 { (kc0s0+l~sin0~ Esin&—?cosé&ﬂ
r,s Zzakl €xp, i2 r= S B

N =0 1=0 oN oN
= kF+15 17 -ks
ZZak,exp i2m 0s0+ sin© (2.4.25)
N 20150 |: [ oN ﬂ
W7 +T5) =7 + k=5 T —[F k) +(F+7); (2.4.26)
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217 - k5)=2kT - 255 + 27 -k (5 + 7). (2.427)
Inserting Eqs. 2.4.26 and 2.4.27 into Eq. 2.4.25, obtain:

1 =y kF+15 I7 - ks
al =— a,,exp|i2zx P22 cosO+——sind | |=
T oNTDo oN oN

N1N1 ~2 Ez_~2_l~2_~_;z . INZ
a,, exp iﬂ'r i S (r ) +(s+ ) cos @ | x
O' a k=0 1=0
. 21:7—2??+2(7—17 §+1
exp| —i2x sin @
oN

1 N-1N-1 o N ~ 2

- ( )ChF(s +1,7 k exp| — cosG s sin O ’
oN == oN

(2.4.28)
where

ChF(~+7~—E)— . (§+l~)2cosO—(?—l?)zcose—Z(?—l? §+l~)sin6 _
S+1,7 = exp| in oN ;

(2.4.29, a)

and

~2 ~ \2 ~~ .
A, = {exp|:— i 72 =5) co0s6.4 273 Smeﬂ. (2.4.29,b)

oN

The convolution defined by Eq. 2.4.28 can be efficiently computed using FFT as:

@, }=IFFT 2o {FFT 2o I.ZPLNG | [FFT2,(a,, )]s 4, |e FFT 2o [ChF(r, s)|},
(2.4.30)

where  FFT2 | [] and IFFT2 | [] are operators of direct and inverse |_N0'J-
point 2D FFT , |_N0'J is the smallest integer larger then No , ZP [] is a 2-D

zero-padding operator. For o> 1, it pads array of N x N samples with zeros to the
array of |oN |x|oN | samples with |6V | defined, as above, by the inequality
oN < |_0'N J <oN +1. For o<1, the padding operator cuts array of N x N samples
to the size of |_GN Jx |_GN J samples.
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2.5. Discrete Fresnel transforms

In this section, we outline discrete transforms and their fast algorithms that can be
used for numerical evaluation of the “near zone” (Fresnel) diffraction integral. Using
above described principles of discretization of signal transforms one can obtain its
following discrete representations.

2.5.1. Canonical Discrete Fresnel Transform

Similarly to Canonical DFT, direct and inverse Canonical Discrete Fresnel
Transforms (CDFrT)

N-1 i _ 2
o =L a, exp inM} (2.5.1,a)

" JIN & N

N-1 _ 2
—LZa,exp —inM} (2.5.1,b)

a, =
g \/Nr=0 N

are obtained as a discrete representation of the integral Fresnel transform (Eq. 2.4) in
the assumption of the cardinal sampling relationship A" =z | NAf ©) petween

sampling intervals in signal and transform domains and of zero shifts of object and
hologram sampling grids with respect to the corresponding coordinate systems.

Parameter g* in Egs. 2.5.1 is defined as
u* = AZ/ NAf? (2.5.1.¢)

It plays in DFrT a role of a distance (focusing) parameter.
CDFrT can readily be expressed via DFT:

1| LK o kr . r’
“fz‘r}{é{“"e’“{’” v H‘”“’["z”ﬁj}e"p(’”m} >

and, therefore, can be computed using FFT algorithms. In numerical reconstruction of
Fresnel holograms, this method for computing DFrT is known as the “Fourier
reconstruction algorithm’”.

2.5.2. Shifted Discrete Fresnel Transforms

If one assumes cardinal sampling condition and arbitrary shift parameters in object
and/or its hologram sampling, Shifted Discrete Fresnel Transforms (SDFrT)

_ 2
(uw) _ 1 = ) (ku—r/u+w)
a =— E a, exp| —in 253
r (Z i k p N ( )

are obtained. Parameter w in Eq. 2.5.3 is a joint shift parameter that unifies shifts
uand v® of sampling grids in object and hologram planes:
w= u(')/u— v(s)u. (2.5.4)

14



2.5.3. Focal Plane Invariant Discrete Fresnel Transform

Because shift parameter w in Shifted DFrT is a combination of shifts in object and
hologram planes, shift in object plane causes a corresponding shift in Fresnel
hologram plane, which, however, depends, according to Eq. 2.5.4, on the focusing
parameter p . One can break this interdependence if, in the definition of the discrete

representation of integral Fresnel transform, impose a symmetry condition

-r

2
aﬁ“’w)=a55’w) for the transform as”’w)=exp|:—inw:| of a point source

8(k)= 0“ , k=0,1,.., N —1. This condition is satisfied when w = N/2p , and SDFrT
for such a shift parameter takes form:

) o [k =(r=N/2)/u]

, =%’§ak exp{— N } (2.5.5)

We refer to this discrete transform as to Focal Plane Invariant Discrete Fresnel
Transform (FPIDFrT). In numerical reconstruction of holograms, position of the
reconstructed object in the output sampling grid depends on the object-hologram
distance when canonical DFrT is used. FPIDFrT defined by Eq. (2.5.4) allows
keeping position of reconstructed objects invariant to the object-hologram distance
([8]), which might be useful in applications. In particular, invariance of the
reconstruction object position with respect to the distance parameter can ease
automatic object focusing and usage of pruned FFT algorithms ([1]) in reconstruction
of a part of the field of view.

Figs. 2.1 and 2.2 adopted from Ref. [8] illustrate results of reconstruction of
two types of digital holograms in different focal planes. Images a) -c) were obtained
using conventional Discrete Fresnel transform defined by Eq. 2.5.2. Images in d) -f)
were 1obtained using Focal Plane Invariant Discrete Fresnel transform defined by Eq.
255

d) e) f)
Fig. 2.1. Reconstruction of a hologram on different depth using Discrete Fresnel

Transform ( a) —c)) and using Focal Plane Invariant Discrete Fresnel Transform (d) -
f)). (Hologram was kindly provided by Dr. G. Pedrini ([9]))

! See also hologr_reconstr_demo.m;
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d)
Fig. 2.2. Reconstruction of an off axis hologram. a) - c¢): reconstruction on different
depth using Discrete Fresnel Transform (Eq.; d) - f) - reconstruction using Focal Plane
Invariant Discrete Fresnel Transform. The hologram was copied from a PDF file of

paper ([10])

2.5.4. Partial Discrete Shifted Fresnel Transform

When, in hologram reconstruction, only intensity of the object wavefront is
required, direct and inverse Partial Discrete Fresnel Transforms (PDFrT)

N-1 2.2
() _ 1 . k'p ] k(r—wu) )
a =——= ) a, exp| —in——— |exp| i2n———|; 2.56,a
p K p[ N ] p{ I, ( )

N-1 _ 2,2
) = 1L &s”’w)exp[—iZTt%}exp(mk ;" } (2.5.6,b)

can be used as discrete representations of the integral Fresnel Transform. They are
obtained by removing, from Egs. 2.5.3 exponential phase terms that do not depend on
signal sampling index k. As one can see from Egs. 2.5.6, direct and inverse PDFrT
are essentially versions of SDFT.
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2.5.5. Invertibility of Discrete Fresnel Transforms and frincd-function

For shifted shift and focusing parameters, Discrete Fresnel Transforms are
invertible orthogonal transforms. If, however, one computes, for a discrete signal
{ak}, k=0,1,..,N -1, direct SDFrT with parameters (p,,w, ) and then inverts it

with inverse SDFrT with parameters (u_,w_), the following result, different from
{a P } , will be obtained:

| exp|:— in —(k,u_ ;w') }

al(;ui,w = N X
N-1 2
Za exp{tn%} frincd(N;q;n -k+w,_+ qN/Z) (2.5.7)
n=0
where

frincd( Niq;x ) Zexp[ }exp(— iZn%). (2.5.8,a)
and g = 1/ - 1/ u; wo=w, /u, —w_/u_ . ltisa function analogous to the sincd-
function of the DFT (Eq. 2.3.13) and identical to it when ¢ =0. We refer to this

function as to frincd-function. In numerical reconstruction of holograms, frincd-
function is the convolution kernel that links object and its “out of focus”
reconstruction.

Focal plane invariant version of frincd- function is obtained as

PRt ( N)i| (_. ﬂ)
frlncd( 5q5Xx ) Zexp|:m N exp) 127Z'N (2.5.8,b)

Fig. 2.3 illustrates behavior of absolute values of function frincd(N ;q;x) for
different values of q in the range0 < ¢ <1. In Fig. 2.3, absolute values of function

\/_ frlncd Ni;q;x) for ¢ in the range0<¢g<2.5 are shown as an image in
coordinates (g,x) to demonstrate aliasing artifacts that appear ¢ > 1.

17



abs(frincd)

1 I I I I I y— T T T I T
MTq=0 | . . . .
0 9 Ry RSy -y RS-y RSP R SRR PR ARPRpRPRPR O
[ 8- S S S SR B (S S S SO S
4 S— R e A s N N L beens L b i

' ' ' ' ' v v v ' '
' ' ' ' ' v v v ' '
' ' ' ' ' v v v ' "
' ' ' ' ' i ' 1} ' ]
S e e T e e ettt TEE T PP S
' ' ' ' ' i i i ' ]
' ' ' v .

50 100 150 200 250 300 350 400 450 500

Fig.2. 3. Absolute values of function frined(/V;q;x) for several values of ¢.

Fig. 2.4. Function \/E frincd(N HH x) represented, in coordinates (¢,x), as an image

with lightness proportional to its absolute values. Note aliasing artifacts for ¢ > 1 that
culminate when ¢ > 2
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As one can see from Egs. 2.5.8, frincd-function is DFT of a chirp-function. It is
known that integral Fourier transform of a chirp-function is also a chirp-function. In
Appendix A2.1 it is shown that, in distinction from the continuous case, frincd-
function can only be approximated by a chirp-function:

x
frincd(V;+q; x) = —_ (2.5.9, a)
q(V -1)
For ¢ =1 and integer x, it is reduced to an exact chirp-function
frincd(N;l;x) = xeZ (2.59,b)

As it was already indicated, for ¢ = 0 frincd-function reduces to sincd-function:

N-1, (2.5.9, ¢)

frincd(N ;O;x) = sincd(N ;mc)exp —ir

Movies in Fig. 5 illustrate numerical reconstruction of Fresnel holograms on
different scene depths using Focal Plane Invariant Discrete Fresnel Transform.

V) Mt
1r Lliginhy

)
0 W

Fig. 2.5 a) Digitally recorded hologram BIAS
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D=0.32

BiasHologramReconstructvavie

b)

FresnRec_2005_with_Explan

¢)

Fig. 2.5. Illustrative movies that demonstrate BIAS hologram reconstruction on
different depths: b) — reconstruction of an off-axis recorded hologram of a die; c)
reconstruction of simulated computer-generated hologram of 4 numerical characters
placed under different angle of view on different scene depths
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2.5.6. Convolutional Discrete Fresnel Transform

For small distances Z, canonical Discrete Fresnel Transform and its above-
described versions face aliasing problems when focusing parameter p* = AZ/ NAf>

becoming less then 1, or correspondingly, parameter ¢ of the frincd-function is larger
then 1. For such cases, discrete representation of integral Fresnel transform can be
used that is built on the base of the angular spectrum propagation version of the
integral Fresnel Transform (Eq. 2.2.6):

a(f) o T|: Ta(x)exp(i2mc§)dx:| exp(— ITAZE? )exp(— i2ﬂf§)d§ _

—0o0|_—00

T Ta (x)explizz(x— f)Elexpl- imaze* ixae (2.5.10)

—00

and in the deliberate assumption that sampling intervals AW and Af ) of the object

signal and its Fresnel transform are identical: Ax®) = Af ). In this assumption, the

following version of discrete Fresnel Transform referred to as Convolutional Discrete
Fresnel Transform (ConvDFrT) is obtained for object and hologram sampling shift

parameters u") and v

s=0 | k=0
1 M1 [N 2.2 _
NZak exp(— i ,u; ]exp(ﬂnk"%sﬂ, (2.5.11,a)
k=0 s=0
or
N-1
=Zak frincd*(N;,uz;k—r+w) (2.5.11,b)
k=0

where w = 1) — () and asterisk denotes complex conjugate
ConvDFrT, similarly to DFTs and DFrTs, is an orthogonal transform with inverse
ConvDFrT defined as

1 N—1|:N—1 ( k—r+w jj| [ ,UZSZ]
a, =— a,exp| —i2x————s | |exp| iz =
Ns=0 r=0 N N

N-1
a, frincd|\N; u’sk—r+w). (2.5.11,¢)
>a, rinca

When p® =0 and w = 0, ConvDFrT degenerates to the identical transform.

Although ConvDFrT as a discrete transform can be inverted for any g, in
numerical reconstruction of holograms it can be recommended only for
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W =AZ/NAf? <1.If u* = AZ/ NAf? >1, aliasing appears in form of overlapping
periodical copies of the reconstruction result.

2.5.7. 2-D Discrete Fresnel Transforms. Scaled and rotated transforms

2-D discrete Fresnel Transforms are usually defined as separable row-column
transforms. For instance, canonical 2-D Fresnel Transform is defined as

(100) _ o (kp—rrp) NS . (u-sip)
a \/W;exp{ in-———" I, zﬂ;ak,,exp in N, . (2.5.12)

As the last stage in the algorithmic implementations of all versions of discrete
Fresnel transforms is Discrete Fourier Transform implemented via FFT algorithm,
scaled and rotated modification of DFT can be applied at this stage. This will enable
scaling and/or rotation of the transform result, if they are required when using
Discrete Fresnel transforms for numerical reconstruction of digitally recorded
holograms. For instance, scaled reconstruction is required in reconstruction of
hologram of the same object recorded in different wavelength, such as color
holograms.

2.6. Discrete Kirchhoff-Rayleigh-Sommerfeld transforms

Using the above-described transform discretization principles and assuming, as in
the case of the Convolutional Fresnel Transform, identical sampling intervals

Ax"and Af “)of the signal and its transform, one can obtain the following 1-D and

2-D (for square data arrays) discrete representations of integral Kirchhoff-Rayleigh-
Sommerfeld transform:

N-1 _
a, =Y a, DKRS"( - 7) (2.6.1)
k=0
and
N-1N-1 N
o, =Y Y a,DKRS®™ (& 7T -7) (2.6.2)

~
1l

0/

Il
>

where it is denoted:
[. 22 [1+n2/2’2]
exp| i2n——
n'N

1+n®/7? ;

DKRS!"" (n) = (2.6.3, a)
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Ez\/1+m2/22+n2/22
WN

1+m2/32+nz/22

exp| i2n

DKRSE(m,n)= ; (2.6.3,b)

NAf?  NAf

(2.6.3, )

We refer to these transforms as 1-D and 2-D Discrete Kirchhoff-Rayleigh-
Sommerfeld Transforms (DKRST). When 7 — 0, DKRS-transform degenerates into
the identical transform. When 7 — oo, DKRS-transform converts to discrete Fresnel
transforms. In distinction from 2-D DFTs and DFrTs, 2-D Discrete KRS-transform is
inseparable transform.

As one can see from Eqgs. 2.6.3, Discrete Kirchhoff-Rayleigh-Sommerfeld
transforms are digital convolutions. Therefore, they can be computed using FFT as:

{a,}= 1FFT{FFT[{a, }]s FFT|KRST, ,(n)]}, (2.6.4)

From this representation, inverse DKRS-transform can be obtained as:

~_ . 1
{ak}—IFFT{FFT{ar} FRT[RRST,. (n)J}’ (2.6.5)
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Appendix

A2. 1. Inverse scaled DFT

Scaled DFT
1 kr j
a’=——) a, exp| i2n— A2.1.1

has its inverse only if oV is an integer number (oV € Z). In this case, inverse
ScDFT, for o > 1, is defined as:

, 1 ( , kr] {ak, k=0,1,.N-1
a, =—— ) a,exp|l —i2x—— |=

oN o oN 0, k=N,N +1,...,.0N -1
Proof:
1 oV-1 1 oN-1| N-1
a; = — Z a exp(— lZﬂk—j =— { a, exp(zZrz—ﬂ exp(— lZﬂk—j =
oN = oN ‘o | o
1 M oN-1 _ 1 M P _ -1
— ) a, exp i27rur =——) a, exp[z ”(n k)] =
oN = pr oN oN = [ n—k]
exp| i2z—— |—1
oN

N-1 . _ _
1 Z“n sin[z(n - k)| exp|:i7[ oN -1 (n- k)} _ { a, k=0,1,..,N-1
oN k N 0,k=N,N=1,....0N -1

(A2.1.2)

as for k= N,N =1,...,oN -1 , sin[z(n—k)]=0 and sin(ﬂ z ;vk ) #0
O!
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A2. 2. Approximation of function frincd(.)

Consider a discrete analog of the known relationship ([9]):

® . 2
Iexp(inczxz )exp(— i2mf )dx = £exp(— in f—ZJ (A.2.2.1)
T o c
By definition of integral:
®© N/2-1
Iexp(inczx )exp( i2mfc Jdx = lim Zexp(mc k* Ax? )exp( i2nrk AxAf ) Ax
St A k=N 12

(A2.2.2)
where x = kAx, and the integral is considered in points f = rAf . Select AfAx =1/ N
and assume that /V is an odd number. Then

(N-1)/2

Texp(mc X )exp( i2mfic Jdx = lim exp(inczszxz)exp(— i2nrk AxAf )Ax

—© Ax—)l) oo k=—(N-1)/2
(A.2.2.3)
Therefore
1 (e g kz k \/— ZAfZ
lim —— exp| iz exp| —i2z— |= llm—exp —iz———|.
Ao NAf (512 NAf? N | Now g P
(A.2.2.4)

Denote: o2/ NAf? =¢. Then

. 1 (N—l /2 . qu k ZAf
lim —— exp| im exp| — 12n = lim 5
N> NAf P N—l)/Z N N> Af I qu N

Ji r
= lim exp| —in— |, (A.2.2.5)

or

1 (N-1)/2 2 . 2
lim — ;ﬁ exp[in ak jexp(—ﬂn—kj = lim Vi exp[— inr—j. (A.2.2.6)
Nowo N N-1)/2 N N Noow ,Nq gN

Therefore, one can say that

1 (N-1)/2 2 . 2
— exp(in ak jexp(— i2m i) = Ji exp(— in F—J (A.2.2.7)
N 5212 N N \ Vg qgN

It is assumed in this formula that both & and r are running in the range
-(N-1)/2,..0,.(N-1)/2. Introduce variables n=k+(N-1)/2 and

s=r+(N —1)/2 to convert this formula to the formula that corresponds to the
canonical DFT in which variables n and s run in the range 0,...,/NV —1.
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1 (N-1)/2 qk2 vk
— exp| in exp| —i2n— |=
Nk:— N-1)/2 N N
1

N

N-lexp{m gln- v =1)/2] }exp{_ 2 [s—(N—l)/Z][n—(N—l)/z]} _

—lexp —im
\ Nq qN

(A.2.2.8)
From this we have:
—— ;exp(ln%] exp[ 2 n[s - (1 - q]z](N - 1)/ 2]) ~
Vi i [4-1) V=) . s(V-1) [s-(v-1)/2]
m eXp{— lTE|:(E - jT eXp|:— IT T] exps —IT qN
(A.2.2.9)

. . . N -
within boundaries (1 — q)

1 N-1
<s<(1+q)T; 0<¢g<1,or finally

(A.2.2.10)

I

_zexp[

n=0

where v, =(1—q)(N—1)/2 ,0<¢<1 and s runs from 0to N -1.
Numerical evaluation of the relationship
i s—v, s—v
RCT( Niqss ) z [ Jexp|:—127[ / /exp|:— im~— 17 ) ]
=0

. (S— Yy )2

\/; explim———
gN |y . qn’ . n(s—vq) s=v,
exp| in—— |exp| —i2n——— [ = rect| ———
\J iN n=0 N N q(N — 1)
(A.2.2.11)

confirms the validity of this approximation ([16]). This is illustrated in Fig. 9 for
N=512 and four different values of ¢ (0.25; 0.5; 0.75 and 1.0). Rect-function of Eq.
A.2.1.11 1s shown in bold line.
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Fig. 9. Plots of absolute values (magnitude) and phase (in radians) of function
RCT(N:q,s, Eq. 9.3.11, for N=512 and four different values of ¢ (0.25; 0.5; 0.75 and
1.0). Rect-function that approximates this function is shown in bold line.
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A2.3. Summary of the fast discrete diffraction transforms

Table.
Transform
Canonical
Discrete Fourier 1 & "
Transform (DFT) & = JIN & Oa K X TSR
Shifted DFT N-1 N1 ~_

o = b a, exp{ﬂn (k+ ur + v)] _ 1 Da, exp[ian—r}

\/N k=0 N \/ﬁ k=0 N
Discrete Cosine per p R k+1/2
Transform @ = [N kz::‘)a" cos # N r
(DCT)
Discrete Cosine- 2 = k+1/2
. DcST — —za sin| 7 / r
Sine Transform r \/— k
(DcST) 2N =
Scaled DFT - 1 N—la exp[iz (k+uXr+v)j| 1 N_la exp iZnE—?
VON k=0 g oN VON =0 g ()
Scaled DFT as a 72
cyclic exp[i” crN] Nt o c_ )
convolution al =———2 |a, exp| in— | |exp| — iz —
' JoN k:ﬂ[ ! ( oN ﬂ oN
Dy 2P 35, e ,zﬂ[ﬁu_s]
NNszIO ! Ny N,

Affine DFT Ni=1N,-1 vk sk vl sl

a,, = a,,expli2x + +

' =0 im0 ouN, ocNy ozN, o,N,
Rotated DFT EJE " rcosﬁ—ssinﬁk rsin6+sc0s61 3
(RotDFT) @ris = = l_oa 1 CXP) 12 N * N B
N-1N-1 k k —
a,, exp[ilrr(r + st cos @ —> rl sin HJ]
k=0 I=0

Rotated Scaled NNl . (rcos@—ssind  rsin@+scosd
DFT a,v:z a,, exp|ilr + l|=

oN

e S k + sl k—rl
a, , exp l'Zﬂ{ = cosg- 2T sine)
k=0 1=0 oN oN
Dlscr.ete Sinc- sinc d( N, x) _ sin x
function N sin(x/N)
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Table(Ctnd.).

Transform

Canonical 1 N
Discrete a, == k€
Fresnel =
Transform
(DFrT)

Shifted DFrT

Fourier 2
Reconstruction exp[— in ] ,
algorithm for af”*w) - H Z a, exp|:— ir (k/”' W) }exp(izr: k+w/pu "J
Fresnel JN k=0 N N

holograms

Focal Plane ( ﬁ]
invariant DFrT a, =

Ya, exp{— ip == N/ 2) ]’ }

N

Partial DFrT
(PDFT) r

N-1 2,2 _
exp[— mk £ ]exp|:i27rk(rw#)}
N N
Convolutional

N-
Discrete =Z f“md( Nsp?sr+w—

Fresnel
Transform [
=0

0
N-1
a, exp 127[ ]exp —m

k=0

1X
(ConvDFrT) N § J
Convolutional 1 NN ks e
reconstruction a,=— a; eXP 1275 exp| —in2> |exp| -2z s
. N Sl N N

algorithm for
Fresnel
holograms

r=0

. 2
frincd(/V;1; x)=1}# eXp(— iﬂ%] , XeZ

Analytical approximation:

- 2
frincd(N sTq; x) = /]i\_[—; exp[i in ;_N} rect[m}

Frincd-function 1 N 2
. . _qr . Xr
frincd(NV;q;x)=— ) exp| iz — |exp| —i2nx—
(V3g3x)=— 3 p[ NJ p[ N]

Discrete \/1 ) /
Kirchhoff- exp 12” + —r)j/z

Rayleigh- N-1 u'N
Sommerfeld a, = a, —

Transform k=0 ( —7) / z’
(DKRST)
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