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Lecture 3. Signal transfor mations and mathematical models of imaging systems.

1. Signal transformations

Generdly, signal transformations are mappings in the signal space. In practice, a hierarchical descriptionis
adopted that regard arbitrary signal transformations as a combination of point-wise non-linear and linear
transformations.

Point-wise transformations: b(x =x) =PWT [a(x =x)]

Linear transformations satisfy the superposition principle: Lga a,a (X) a a L(ak (X))

Linear signal transformations are defined only for linear signal space. Lmearly transformed signals also
form a linear signal space. Therefore for linear transforms, one may introduce the notion of the sum of

transforms, i.e. a L, , aswell as the product of transforms, O L, . The physica equivalent of the
product is a series (cascade) connection of units realizing the transform-factors. The physical equivalent of
the sum of linear transforms is a parallel connection of units realizing the transform-items. Thanks to the
linearity of the transforms, their multiplication is distributive with respect to addition:

Ll(L2+L3):LlL2+L1L3; (L1+L2)L3 :L1L3+L2L3'
If alinear transformation L performs a one-to-one mapping of a signal, then there exists an inverse
transformation L ™" such that
LL'a=L"La=a
A linear transformation of discrete signalsis fully characterized by a matrix L —{I } linking the input
{a } and output b = {b }parrsof the linear transformation b = La, respectively:

Thus, in order to describe a linear transformation of a sequence of N numbers, it suffices to specify a

matrix of N 2 numbers. In the general, linear transforms are not point-wise, and that they become so only
if transformation matrix is a diagonal one({l en =1 de_n}.

For continuous signals, integral transforms are the instruments by which one produces a meaningful
description of linear transformations. Linear transformation

o) =Labx) =L G (1) (x. £ )of —oi(f)[LJ (x. 1 o =@n(f ke, )

is fully specified by |ts response h(x, f)= Lﬁ (x,f)) to the transform kernel. spectra b f ) and
a(f ) of asignal and its linear transformation are also related with an integral transform

b(f)=cp(p)H (f, p)dp, where H(f, p)= Glx, p) (f x)ox

Signal integral representation via delta-function is of especia importance for the characterization of linear
transformations. For such a representation, the relationship between output signal b(x) and input signal

a(x) of alinear transformation is reduced to

b(x)= fp(x)h(x,x)dx ,where h(x,x)=L(d(x,x))

islinear transformation response to a delta-function called impulse response or point spread function of a
linear system that implements this transformation.



Cascade combination of units performing linear and point-wise signal transformations is the basic
model used to describe mathematically imaging and holographic systems.
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Basic model of imaging and holographic systems

2. Direct image planeimaging
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b(x, y)= ggpx h)(x, y;x,h)axdh
In space-invariant imaging: h(x, y;x,h)=h(x -X,y- h). It is modeled by the convolution integral

b(x,y)= :‘;éﬁ(x,h)h(x - X, y- h)jixdh
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Point spread function is the basic specification characteristic of imaging systems. It definesimaging system
resolving power. On aqualitative level it is commonly accepted that resolving power of imaging systemsis
defined by the Rayleigh’s criterion: two point sources are considered resolved if minimum between two

corresponding PSF peaks does not exceed 80% or so of the peak maxima.

Rayleigh's criterion
of the resolving
power




3. Transform domain imaging
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Free space wave propagation point spread function

ep@op 07 +(x- ) +[- ,F 12
Jot+(c- £, ) +y- 1,f |

Kirchhoff’sintegral : the relationship between complex amplitudes a(x, y) and a(fx , y) respectively
of the wave front in the input and output planes
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Kirchhoff’sintegral isreduced to its Fresnel apprOX|maI|on
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Far zone approximation: p(f Z 4 f )/I D»0 and p(x +y )/I D » 0, Fourier integral can be used:
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Properties of Fourier transform

Signal

Fourier Transform

al)=tim el Jewol- 25t =

&l )ecol- i2pix

a(f ): ::(ji(x)exp (i 2pix )dx

alp)= (F(f)df alo)= (ﬁ(x)dx
a( x) al- f)
a(x) 1a( x) a(f) 1a( f)
a*(x) af(-f)
a(x):ia'(x) a(f):ia*(— f)
a(x)—+a( x)=a"(x) a(f)=za(- f)=a’(- )
o) (120 ya(t)
(d J
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Shift theorem: a(x- xo) a(f )exp(— i2p‘x0)

Convolution theoremb(x) = :‘ﬁ(x)h(x - x)dx
-¥

bl )=alf (7).
where a(f ) and h(f ) are Fourier Transforms of
a(x) and h(x)

Parceval’sidentities: m(x)h (cJox = (p(f)w(f)d

-

; da(x] dx = fka(f ) of

a(x)cos(Zﬁ x)

[a(f + f )+a(f - f )]/2
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2-D Fourier Transform:

¥ ¥
a(x, y)= oon
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i, f, )l izp(f,x + 1, y)pr, df,

(x, y)exp[i Zp(f X+ f yy)}jxdy

¥ ¥
a(f,, fy):Q?

For shift-invariant imaging systems, Fourier Transform of impulse response is called
frequency responseof modulation transfer function (MTF).




4. Imaging from projections

Parallel X-ray

Linearray of X-ray
sensitivesensors

Radon transform: p(3.)= &a(x, y)dx- xcosd- ysind)ixdy

Projection theorem:
r(J, f,): (‘)p(.],x)@(p(in‘xx)dx: (‘I‘y(x y)exp[in‘,(xcosJ +ysi nJ)}ixdy:
a(fx =f,cosd, f, = f,sinJ)

5. Stochastic transfor ms and noise models

Additive signal independent noise model (ASIN-model) :

b(x)=a(x)+n(x),

Multiplicative noise (MN-) model assumes signal transformation defined as
b(x) = m(x) xa(x) ,

Impulse noise model (ImpN-) model

b(x)=[1- elx)l>alx)+e(x)n(x)

Home work HW-1: Derive, following the table of properties of 1-D Fourier Transform,
as many properties of 2-D Fourier Transform as you can




