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Lecture 5.
DISCRETE REPRESENTATION OF SIGNAL TRANSFORMATIONS

The Conformity principle between analogue and digital signal transformations

Discrete representation of signal transform parallels that of signals.

Discrete representation of the convolution integral

Convolution integral:

(( )) (( )) (( )) (( )) (( ))∫∫∫∫
∞∞

∞∞−−

∞∞

∞∞−−

−−==−−== ξξξξξξξξξξξξ dxhadxahxb . (1)

For the signal restored from its discrete representation over shift basis functions:

(( )) (( ))∑∑ −−==
k

restk xkaa ∆∆ξξϕϕξξ , (2)

(( )) (( )) (( )) (( )) (( )) ==−−−−==−−== ∫∫ ∑∑∫∫
∞∞

∞∞−−

∞∞

∞∞−−

ξξξξ∆∆ξξϕϕξξξξξξ dxhxkadxhaxb
k

restk

(( )) (( ))∫∫∑∑
∞∞

∞∞−−

−−−− ξξξξ∆∆ξξϕϕ dxhxka rest
k

k . (3)

Let (( ))xb  is also going to be restored

(( )) (( ))∑∑ ∆∆−−==
n

restn xkxbxb ϕϕ ;

from its discrete representation over shift basis functions:

(( )) (( ))








∆∆−−== ∫∫
∞∞

∞∞−−

dxxnxxbb discrn ϕϕ (4)

Then

(( )) (( )) (( ))∫∫ ∫∫∑∑
∞∞

∞∞−−

∞∞

∞∞−−

−−−−−−== ξξ∆∆ϕϕ∆∆ξξϕϕξξ dxdxnxxkxhab discrrest
k

kn =

(( ))(( )) (( )) (( )) ∑∑∫∫ ∫∫∑∑ −−

∞∞

∞∞−−

∞∞

∞∞−−

==−−−−−−
k

knkdiscrrest
k

k hadxdxxknxha ξξϕϕξξϕϕ∆∆ξξ .      (5)

Discretization
and

quantization

Digital signal Continuous output signal

Digital
signal

transformations

Reconstruction
of the continuous

signal

Equivalent continuous transformation

Continuous input signal Continuous output
signal



3

or

∑∑ −−==
k

knkn hab , (6),

where

(( )) (( )) (( ))∫∫ ∫∫
∞∞

∞∞−−

∞∞

∞∞−−

−−−−== ξξϕϕξξϕϕ∆∆ξξ dxdxxnxhh discrrestn

Shift-invariant Digital Filter is defined as:
 ∑∑ ∑∑ −−−− ====

n n
nknnkkk ahhab ;

Continuous and discrete impulse response and frequency response of digital
filters:

For a digital filter defined by its coefficients {{ }}nh :

(( )) (( )) (( ))∑∑ ∑∑∑∑
−−

==

−−−−

==
−−

−−

==

==−−







==−−==

1

0

1

0

1

0

b hb N

n
rest

N

k
knk

N

n
restn xnxahxnxbxb ∆∆ϕϕ∆∆ϕϕ

(( )) (( ))(( )) (( ))∑∑ ∑∑ ∫∫
−−

==

−−−−

==

∞∞

∞∞−−

==−−







−−−−

1

0

1

0

b hN

n
rest

N

k
discrk xnxdxknah ∆∆ϕϕψψ∆∆ξξϕϕξξ

(( )) (( )) (( ))(( ))∫∫ ∑∑ ∑∑
∞∞

∞∞−−

−−

==

−−

==








−−−−−− ξξ∆∆ξξϕϕ∆∆ϕϕξξ dxknxnxha

b hN

n

N

k
discrrestk

1

0

1

0

(7)

Continuous impulse response of the digital filter is then:

 (( )) (( ))[[ ]] (( ))xnxxknh,xh rest

N

n

N

k
discrkcnt

b h

∆∆ϕϕ∆∆ξξϕϕξξ −−−−−−== ∑∑ ∑∑
−−

==

−−

==

1

0

1

0

. (8)

Discrete impulse response of the filter is defined as:

{{ }}ndscr h==h . (9)

Continuous frequency response of the digital filter can be found as a Fourier
Transform of its impulse response:

(( )) (( )) (( ))[[ ]]
(( ))[[ ]] (( )) (( ))fp

xpf

xNpf
xpkihpf

cnt
H discrrest

b
N

k
k

h

ΦΦ⋅⋅−−ΦΦ⋅⋅
∆∆−−

∆∆−−
⋅⋅








∆∆== ∑∑

−−

== ππ
ππ

ππ
sin

sin
exp,

1

0

2 ,

           (10)

where  (( )).restΦΦ  and (( )).discrΦΦ  are frequency response functions of the signal restoration
and discretization devices, respectively.

Discrete frequency response of the digital filter is defined as

(( )) (( ))







== ∑∑

−−

==

1

0

2
hN

k
ndscr xfkiexphfH ∆∆ππ           (11)
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Boundary effects and methods for signal extension: extrapolation and mirror
reflection

Discrete Fourier Transform as a discrete representation of the Fourier integral:

For signal restoration basis functions (( )) (( ))[[ ]]xukxx,k restrest ∆∆ϕϕϕϕ ++−−== , where
k is an integer index of signal samples and u is a shift of signal samples with respect
to the signal co-ordinate system,

(( )) (( ))[[ ]]∑∑ ∆∆++−−==
k

restk xukxaxa ϕϕ            (12)

where ak are signal samples, integral Fourier Transform:

(( )) (( )) (( ))∫∫
∞∞

∞∞−−

== dxfxixaf ππαα 2exp            (13)

can be found as

(( )) (( ))[[ ]] (( ))∫∫ ∑∑
∞∞

∞∞−−

==








∆∆++−−== dxfxixukxaf
k

restk ππϕϕαα 2exp

(( ))[[ ]] (( )) ==∆∆++−−∫∫∑∑
∞∞

∞∞−−

dxfxixukxa rest
k

k ππϕϕ 2exp (( ))[[ ]] (( ))fxfukia rest
k

k ΦΦ⋅⋅∆∆++∑∑ ππ2exp .       (14)

Let signal spectrum (( ))fαα  is going to be also approximated from its samples{{ }}rαα :

(( )) (( ))[[ ]]∫∫
∞∞

∞∞−−

∆∆++−−== fvrff dicrr ϕϕαααα           (15)

for spectrum discretization basis functions (( ))[[ ]]{{ }}fvrfdiscr ∆∆++−−ϕϕ , where r is an
integer index of spectrum samples and v is an arbitrary shift parameter that indicates
shifts of spectrum samples with respect to its co-ordinate system. Then:

(( ))[[ ]] (( )) (( ))[[ ]] ==∆∆++−−












ΦΦ⋅⋅∆∆++== ∫∫ ∑∑
∞∞

∞∞−−

dffvrffxfukia discrrest
k

kr ϕϕππαα 2exp

(( )) (( ))[[ ]] (( ))[[ ]] ==∆∆++∆∆++−−ΦΦ∑∑ ∫∫
∞∞

∞∞−−k
discrrestk dfxfukifvrffa ππϕϕ 2exp

(( ))[[ ]] (( )) (( )) (( ))(( ))[[ ]] ==∆∆++++∆∆++∆∆++++ΦΦ∑∑ ∫∫
∞∞

∞∞−−k
discrrestk dffvrfxukiffvrfa ππϕϕ 2exp

(( ))(( ))[[ ]] (( ))[[ ]] (( )) (( ))[[ ]]∑∑ ∫∫
∞∞

∞∞−−

∆∆++∆∆++++ΦΦ∆∆∆∆++++
k

discrrestk dfxfukiffvrfxfvrukia ππϕϕππ 2exp2exp .

(15)

The summation term (( ))(( ))[[ ]]∑∑ ∆∆∆∆++++
k

k xfvrukia ππ2exp  of this equation is used to

define discrete representation of integral Fourier Transform:
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(( ))(( ))∑∑ 



 ++++

==
k

kr N

vruk
ia

N
ππαα 2

1
exp , fxN ∆∆∆∆== /1            (16)

Introduce (Shifted) Discrete Fourier Transforms by removing from this equation an
exponential factor (( ))Nuvi /exp ππ2  that depends neither on k nor on r:

(( )) (( ))












 ++

== ∑∑
−−

== N

ru
i

N

vrk
ia

N

N

k
k

vu
r ππππαα 22

1 1

0

expexp, .            (17)

These transforms are invertible:

(( )) (( ))












 ++
−−== ∑∑

−−

== N

kv
i

N

ukr
i

N
a

N

k
r

vu
k ππππαα 22

1 1

0

expexp, .             (18)

For signal and its spectrum sample shifts u=v=0, SDFTs are known as direct and
inverse Discrete Fourier Transforms:

∑∑
−−

==




==

1

0

2
1 N

k
kr N

kr
ia

N
ππαα exp ;

 ∑∑
−−

==




−−==

1

0

2
1 N

k
rk N

kr
i

N
a ππαα exp .            (19)

The presence of shift parameters  makes SDFT to be more flexible in simulating
integral Fourier Transform: it allows to

• perform continuous spectrum analysis;
• perform convolution and correlation with sub-pixel resolution;
• flexibly imitate sinc-interpolation of discrete data required by the sampling

theorem.

In order to illustrate this property, we will, for a discrete signal {{ }}ka ,

110 −−== N,...,,k , compute its direct SDFT with shift parameters (u,v) and inverse
SDTF from subset of K spectral samples with shift parameters (p,q):

(( ))
==






 ++

−−














 −−== ∑∑

−−

== N

qrn
iexp

N

rp
iexp

N
a~

K

r

v,uq/v,p/u
n r

ππππαα 22
1 1

0

(( ))
××















 −−














 ++







∑∑ ∑∑

−−

==

−−

==

1

0

1

0

222
11 K

r

N

k
k N

rp
iexp

N
ruk

iexp
N
kv

iexpa
NN

ππππππ

(( ))






 ++

−−
N

qrn
iexp ππ2 =

(( )) (( ))






 ++

−−





 −−






 ++







∑∑ ∑∑

−−

==

−−

== N
qrn

iexp
N
rp

iexp
N

ruk
iexp

N
kv

iexpa
N

N

k

K

r
k ππππππππ 2222

1 1

0

1

0

=
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(( ))∑∑ ∑∑
−−

==

−−

==






 −−++−−







 −−1

0

1

0

22
1 N

k

K

r
k N

rpunk
iexp

N
nqkv

iexpa
N

ππππ =

(( ))(( ))
(( ))(( ))∑∑

−−

== −−−−++−−
−−−−++−−







 −−1

0 12
12

2
1 N

k
k N/punkiexp

N/Kpunkiexp
N

nqkv
iexpa

N ππ
ππ

ππ =

(( ))(( )) (( )) (( ))(( ))∑∑
−−

==






 −−++−−++−−

−−
++

1

0

2
1N

k
k nqkvpunk

N
K

iexpp-un-kN;K;sincda ππ =

(( ))(( )) ××








++













 ++∑∑

−−

==

1

0

2
N

k
k p-un-kN;K;sincdv

N
1-K

kiexpa ππ

(( ))





 −−

−−














 ++

−−
−− pu

N
K

iexpnq
N

K
iexp

1
2

1
ππππ .              (20)

In lecture 6, we will demonstrate how this property can be implemented in efficient
algorithms for signal interpolation in signal spectrum analysis and convolution.
An important role in these applications plays inverse DFT of a function

(( ))
(( ))









−−++==
==

−−==
==

∗∗
−− 112

20

12102
0

N,...,/Nr,

/Nr,

/N,...,,r,N/uriexp

rN

r

ϕϕ

ππ
ϕϕ             (21)

which is discrete version of the sinc-function (( )) xxx /sinsinc == :

 ==





 −−∑∑

−−

==

1

0

2
1 N

r
r N

kr
i

N
ππϕϕ exp

==














 −−++






 −−++ ∑∑ ∑∑

−−

==

−−

++==

12

1

1

12

22
1 /N

r

N

/Nr
rro N

kr
iexp

N

kr
iexp

N
ππϕϕππϕϕϕϕ

(( ))
==















 −−

−−++





 −−++ ∑∑ ∑∑

−−

==

−−

==
−−

12

1

12

1

22
1 /N

r

/N

r
rNro N

rNk
iexp

N

kr
iexp

N
ππϕϕππϕϕϕϕ

==














++






 −−++ ∑∑ ∑∑

−−

==

−−

==

∗∗
12

1

12

1

22
1 /N

r

/N

r
rro N

kr
iexp

N
kr

iexp
N

ππϕϕππϕϕϕϕ

==






















 −−++






 −−






++ ∑∑ ∑∑

−−

==

−−

==

12

1

12

1

22221
1 /N

r

/N

r N
kr

iexp
N
ur

iexp
N
kr

iexp
N
ur

iexp
N

ππππππππ

(( )) (( ))
==















 −−

++





 −−

−−++ ∑∑ ∑∑
−−

==

−−

==

12

1

12

1

221
1 /N

r

/N

r N

ruk
iexp

N

ruk
iexp

N
ππππ
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(( ))(( )) (( ))

(( )) ++










−−





 −−

−−







 −−

−−−−−−−−
++

12

2
1

1

N
uk

iexp

N
uk

iexpukiexp

N ππ

ππππ

(( ))(( )) (( ))

(( ))









−−





 −−







 −−

−−−−
++

12

2

N
uk

iexp

N
uk

iexpukiexp

ππ

ππππ
=

(( )) (( ))

(( )) (( )) ++
















 −−

−−−−





 −−







 −−

−−−−





 −−

−−
−−

−−

N
uk

iexp
N

uk
iexp

N
uk

iexpuk
N

N
iexp

N ππππ

ππππ
1

1
1

(( )) (( ))

(( )) (( ))















 −−

−−−−





 −−







 −−

−−





 −−

−−

++

N
uk

iexp
N

uk
iexp

N

uk
iexpuk

N
N

iexp

ππππ

ππππ
1

=

(( )) (( ))

(( )) (( ))






 −−

−−−−





 −−







 −−−−

−−





 −−

−−

N
uk

iexp
N

uk
iexp

N
uk

N
N

iexpuk
N

N
iexp

N ππππ

ππππ
11

1
=

(( ))

(( ))[[ ]] (( ))(( ))ukN
NukN

uk
N

N

N −−==
−−





 −−

−−

N;1;-Nsincd
/sin

sin

ππ

ππ
1

.                 (22)

In a similar way, one can show that inverse DFT of a function

(( ))
(( ))

(( ))








−−++==
==

−−==
==

∗∗
−− 112

22

12102
2

N,...,/Nr,

/Nr,ucos

/N,...,,r,N/uriexp

rN

r

ϕϕ
ππ
ππ

ϕϕ

is function

(( ))(( ))
(( ))

(( ))[[ ]]NukN

uk
N

N

NukN
/sin

sin
N;1;Nsincd

−−





 −−

++

==−−++
ππ

ππ
1

.            (23)

Combination of these two functions:
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(( ))
(( )) (( )) (( ))

(( ))








−−++==
==

−−==
==

++
==

∗∗
−− 112

2

12102

2

20
1

N,...,/Nr,

/Nr,ucos

/N,...,,r,N/uriexp

rN

rr
r

ϕϕ
ππ

ππ
ϕϕϕϕ

ϕϕ                (24)

corresponds to the function

(( )) (( )) (( ))[[ ]] 2111 /x;N;Nsincdx;N;Nsincdx;N;sincd ++++−−==±± .            (25)

We call these functions discrete sinc-functions.

5 0 1 0 0 1 5 0 2 0 0 2 5 0 3 0 0 3 5 0 4 0 0 4 5 0 5 0 0
- 0 . 2

0

0 . 2

0 . 4

0 . 6

0 . 8

s i n c d ( ( N - 1 ) ; N ; x )

5 0 1 0 0 1 5 0 2 0 0 2 5 0 3 0 0 3 5 0 4 0 0 4 5 0 5 0 0

- 0 . 2

0

0 . 2

0 . 4

0 . 6

0 . 8

1

s i n c d ( ( N + 1 ) ; N ; x )

5 0 1 0 0 1 5 0 2 0 0 2 5 0 3 0 0 3 5 0 4 0 0 4 5 0 5 0 0
- 0 . 2

0

0 . 2

0 . 4

0 . 6

0 . 8

s i n c d ( ( + - 1 ) ; N ; x )

Discrete sinc-functions
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N - even number

N - odd number

        N1,N2 - even numbers N1,N2 - odd numbers

N1 -odd,N2 - even

 

   N1- even,N2 - odd number

 

Types of the DFT spectra symmetry for one and two-dimensional real-valued
signals

k=0 N/2

k=0

k1=0
k2=0

N1/2;0

0,N2/2
N1/2;
N2/2

H1 H2

V1

V1

C1

C2

k1=0
k2=0

k1=0
k2=0

N1/2;0

k1=0
k2=0

0,N2/2

are complex congugate to
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Centering DFT spectrum representation

Centering DFT spectrum

0 1 6 3 2 4 8 6 4 8 0 9 6 1 1 2
0

5 0

1 0 0

D F T ( 1 + s i n ( 2 * p i * k / ( 1 2 8 / 1 6 ) ) )

0 1 6 3 2 4 8 6 4 8 0 9 6 1 1 2
0

5 0

1 0 0

C e n t e r e d  D F T

2 0 4 0 6 0 8 0 1 0 0 1 2 0
0

0 . 5

1

1 . 5

2
1 + s i n ( 2 * p i * k / ( 1 2 8 / 1 6 ) )

0 1 6 3 2 4 8 6 4 8 0 9 6 1 1 2
0

5 0

1 0 0

D F T ( 1 + s i n ( 2 * p i * k * 1 5 . 5 / ( 1 2 8 ) ) )

0 1 6 3 2 4 8 6 4 8 0 9 6 1 1 2
0

5 0

1 0 0

C e n t e r e d  D F T

2 0 4 0 6 0 8 0 1 0 0 1 2 0
0

0 . 5

1

1 . 5

1 + s i n ( 2 * p i * k * 1 5 . 5 / 1 2 8 )

DFTs of sinusoidal signals with integer and non integer number of periods

N1/2;
N2/2

C2

0,N2/2

V1

k1=0
k2=0

H1

V1

N1/2;0 H2

C1

are complex congugate to
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Shift parameters in SDFTs provide them also with a flexibility in dealing with signal
symmetries. There exist quite a number of special cases of SDFTs for different integer
and semi integer shift parameters and different types of signal symmetries. Here are
some examples

Discrete cosine transform
DCT= (( ))kNk aaSDFT −−−−== 12021 ,/ ;

IDC= (( ))rNrISDFT −−−−== 2021 αααα,/

(( ))
∑∑

−−

==







 ++
==

1

0

2/1
cos

2

2 N

k
kr

N

rk
a

N
ππαα

(( ))















 ++
++== ∑∑

−−

==

1

1
0

2/1
cos2

2

1 N

r
rk

N

rk

N
a ππαααα

DCST= (( ))kNk aaSDFT −−−−−−== 120,2/1

IDCST= (( ))rNrSDFT −−−−== 20,2/1 αααα

(( ))
==







 ++
== ∑∑

−−

==

1

0

2/1
sin

2

2 N

k
kr

N

rk
a

N
ππαα

         
(( ))

∑∑
−−

==







 ++1

0 2

2/1
2exp

2

1 N

k
k

N

rk
ia

Ni
ππ ;

(( ))















 ++
++== ∑∑

==

N

r
rNk

N

rk

N
a

1

2/1
sin2

2

1
ππαααα

DCT-IV= (( ))kNk aaSDFT −−−−−−== 122121 /,/

IDCT-IV=
(( ))rNr aISDFT −−−−−−== 122121 αα/,/

(( ))(( ))
∑∑

−−

==







 ++++
==

1

0

2/12/1
cos

2 N

k
kr

N

rk
a

N
ππαα

(( ))(( ))
∑∑

−−

==







 ++++
==

1

0

2/12/1
cos

2 N

r
rk

N

rk

N
a ππαα

Discrete Sine Transform
DST= (( ))0;21,1 ==−−== −− nkNk aaaSDFT

IDST=
(( ))012211 ====−−== ++−− NNrNr aaISDFT ;, αααα

(( ))(( ))
∑∑

−−

==








++

++++
==

1

0 12

11
2sin

2

1 N

k
kr

N

rk
a

N
ππαα

(( ))(( ))
∑∑

−−

==








++

++++
==

1

0 12

11
2sin

2

1 N

r
rk

N

rk

N
a ππαα

DST-IV=
(( ))0;22/1,2/1 ==−−== −− nkNk aaaSDFT

(( ))(( ))
∑∑

−−

==







 ++++
==

1

0 2

2/12/1
2sin

2

1 N

k
kr

N

rk
a

N
ππαα

(( ))(( ))
∑∑

−−

==







 ++++
==

1

0 2

2/12/1
2sin

2

1 N

r
rk

N

rk

N
a ππαα

“Modified DCT”, or “lapped
transform
MDCT= (( ))kN aSDFT ~

,
2

1

4

2++





−−==++
−−==−−

==
−−−−

−−−−

12,...,,

1,...,0,~

13

1

NNkaa

Nkaa
a

kNk

kNk
k

∑∑
−−

==
==

























 ++






 ++
++

==
1

0

2

1

4

2

2cos
N

k
kr

N

r
N

k

a ππαα

∑∑
−−

==
























 ++






 ++
++

1

0

2

1

4

2

2exp~
2

1 N

k
k

N

r
N

k

ia ππ
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Types of signal symmetry for DFT, DCT, DST and MDCT

S    I   G   N   A    L    S   I    G   N   A   L
DFT

S   I    G    N   A   L    L  A    N   G   I    SDCT

   S      I       G       N       A       L

   -G     -I      -S

 +L   +A    +N

MDCT

 S   I    G   N   A   L

  -L  -A  -N  -G  -I  -S

DST

S    I    G   N   A   LInitial signal
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Discrete Fresnel Transform

Because of the existing correlation between the Fresnel transform (2.37) and
the Fourier transform (2.27) we may use the Fourier transform's discrete
representation to construct that of the Fresnel transform. In doing so, it is particularly
important to take into account a possible shift of the sample raster of a signal
a(x)exp(i2ðf2/D2) relative to the origins of the signal and its spectrum coordinate
systems, which serve as the centers of symmetry of the exponential terms
a(x)exp(i2ðf2/D2) and a(x)exp(-i2ðx2/D2). Thus, for the bases of the sample functions

(( )) (( ))(( ))[[ ]]{{ }}x/xukxsincxk ∆∆∆∆ππφφ ++−−== ,

(( )) (( ))(( ))[[ ]]{{ }}ffvrfsincfr ∆∆∆∆++−−== /ππχχ           (25)

where u and v, as above, are the samples raster shifts relative to the origin of
coordinates over x and f respectively, we obtain the following discrete representation
of the direct and inverse Fresnel transforms

(( )) (( ))[[ ]]{{ }}∑∑
−−

==

++−−++−−==
1

0

21 N

k
kr N//vrukiexpa

N
κκκκππαα κκ ,          (26a)

(( )) (( ))[[ ]]{{ }}∑∑
−−

==

++−−++==
1

0

21 N

k
rk N//vrukiexp

N
a κκκκππαα κκκκ ,          (26b)

where 21 fDx/N ∆∆∆∆== ; {{ }}ka  is the sequence of the signal samples such that

(( ))[[ ]] (( )) (( ))(( ))[[ ]]∫∫
∞∞

∞∞−−

++−−







−−++== dxx/xukxsinc

D

x
iexpxaN/ukiexp

x
ak ∆∆∆∆ππππκκππ

∆∆ 2

2
221

,

           (27)
{{ }}κκαα r  is the sequence of the Fresnel spectrum such that

(( ))[[ ]] (( )) (( ))(( ))[[ ]]∫∫
∞∞

∞∞−−

++−−







++−−== dff/fvrfsinc

D

f
iexpfvriexp

f Dr ∆∆∆∆ππππαακκππ
∆∆

αα κκ
2

2
221

(28)

x∆∆ and f∆∆  are the discretization intervals of the signal and its spectrum, and  κκ  is a
dimensionless parameter

(( )) 21 /x/f ∆∆∆∆κκ == .            (29)

This kind of representation assumes the following approximation of a continuous
signal and its Fresnel spectrum

(( )) (( )) (( )) (( ))(( ))[[ ]]x/xukxsinc
N

uk
iexpaD/xiexpxa

N

k
k ∆∆∆∆ππ

κκ
ππππ ++−−







 ++
≅≅ ∑∑

−−

==

1

0

22
22         (30a)
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(( )) (( )) (( )) (( ))(( ))[[ ]]f/fvrfsinc
N

/vr
iexpD/ifexpx

N

k
rD ∆∆∆∆ππ

κκ
ππαααα κκ ++−−







 ++
−−≅≅ ∑∑

−−

==

1

0

22
22

(30b)
Transforms (26) involve three parameters: u,v and ê. However, these shift parameters
are additive and consequently may be replaced with just a single parameter
representing (26) by

(( )){{ }}∑∑
−−

==

++−−−−==
1

0

21 N

k
k

w,
r N/w/rkiexpa

N
κκκκππαα κκ ,          (31a)

(( )){{ }}∑∑
−−

==

++−−==
1

0

21 N

k
r

w,
k N/w/rkiexp

N
a κκκκππαα κκκκ ,          (31b)

where w is the overall shift  w=uê-v/ê. We call the pair of transforms (31) the direct
and inverse discrete Fresnel Transforms (DFrT), respectively.

 It is quite evident that the discrete Fresnel transform may be calculated by
means of the SDFT(w/ê,0):

(( )){{ }} (( ))








−−













 ++

++−−== ∑∑
−−

==
2

21

0

2 2
1

κκ
ππ

κκ
ππκκππαα κκ

N

r
iexp

N

r/wk
iexpN/wkiexpa

N

N

k
k

w,
r

           (32)

Introduce a periodic function frinc(N;q;r)of period N, discrete Fourier transform of a
“chirp-function” (( ))2qkiexp ππ :

(( )) (( ))∑∑
−−

==







 −−==

1

0

2 2
1 N

k N

kr
iexpqkiexp

N
r;q;Nfrinc ππππ            (33)

Function frinc(N;q;r) plays the same role in the DFrT as the function sincd(N; x)
plays in DFT.  Function frinc(N;q;r) is a symmetric one with the symmetry center
that changes with N and q. This change is compensated in a modified frinc-function:

(( )) (( ))[[ ]]∑∑
−−

==







 −−−−==

1

0

2
1 N

k N

kr
iexpkqNkiexp

N
r;q;Nfrinc ππππ            (34)

that is illustrated in figure.
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Absolute values of function (( ))rqNfrinc ;;  for N=256 and different “focusing”
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Test questions
1. Explain the conformity principle between analog and digital signal

transformations.
2. Derive general formula of digital filtering in signal domain. What are continuous

and discrete impulse and frequency responses of digital filters.
3. From the Fourier integral, derive basic formula of SDFT and demonstrate

similarities and dissimilarities between SDFT and integral Fourier Transform.
4. Derive DCT, DST as special cases of SDFTs. Explain energy compaction

capabilitiy of DCT.


