| L. Yaroslavsky. Introduction to Digital Holography | Lect. 6

Lect. 6. Optical Reconstruction of CGHs
6.1.  Introduction

In the reconstruction stage, computer generated holograms synthesized with
the use of discrete representations of wave propagation transformations and recorded
using one of the hologram encoding methods (see Lect. 5) are subjected, to analog
optical transformations. The discrepancy between them and their discrete
representation affects in a certain way the hologram reconstruction result.
Transformations of a digital signal into a physical hologram according to the method
of hologram recording have its influence as well. In order to illustrate techniques for
analysis of the hologram reconstruction that account for these factors, we consider the
reconstruction, in an analog optical set-ups performing optical Fourier transform (Fig.
6.1), of computer generated Fourier holograms for three methods of hologram
encoding: for symmetrization method, for orthogonal encoding method and for double
phase recording on a phase medium.
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Fig. 6.1. Schemes of optical (a) and visual (b) reconstruction of computer generated
holograms

6.2. Definitions and denotations

The following characteristics of the hologram recording device affect the
reconstruction result: type of the sampling grid, sampling intervals, recording aperture
and physical size of recorded holograms (see Fig. 6.2). In what follows, we will use
the following denotations for them:

(e.n) - physical coordinates on the hologram recording medium,
(Ag,An) - sampling intervals of the rectangular sampling grid along coordinates
(&),

(&0’1’]0) -shift parameters that depend on the geometry of positioning the

hologram in the reconstruction set up,
Nree (F,,n) -hologram recording device aperture function and



w(g,n) -a window function that defines physical size of the recorded
hologram: W(&,n)z 0, when (&,n) belongs to the hologram area and W(&,n)zo,
otherwise.
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Figure 6.2. Definitions related to recorded physical computer generated holograms

6.3.  Reconstruction of Fourier holograms synthesized using the symmetrization
method

For the symmetrization method, the following equation describes conversion of
the numerical matrix of the mathematical hologram {Fr’s} into the physical hologram

f(é;,n) recorded on an amplitude-only medium:

l:(E_,, Tl) = W(E.N n)zz:(rrs + b)hrec (é - E.>0 - rAé’ n—-ny— SAT])' (631)

where b is a constant bias required for eliminating negative values in recording
samples {FF’S} of the mathematical hologram and indices (r,s) run over all available

hologram samples. Eqg. 6.3.1 may be rewritten in a form of the convolution:

r'(g,n)=w(&n)- {h En)e® iﬁ; (T, +b)(e— &, - rag)s(n-n, - SAn)} :

(6.3.2)

where ® stands for the convolution and summation limits are changed to [0, o0]
bearing in mind that hologram window function W(é’;,n) selects available hologram
samples from virtual infinite number of samples.

Let now (x,y) be coordinates in reconstructed image plane situated at a
distance Z from the hologram plane and A be wavelength of the reconstructing light
beam. As it was mentioned, we assume that recorded computer generated holograms
I'(¢,m) are subjected at reconstruction to optical integral Fourier Transform.
According to the convolution theorem of the integral Fourier transform, its resulting
reconstructed wave front A, (x, y) the can be represented as:



(T, +b)p(e &~ raE)o(n - no—sAn)exp[ F;fzy“]daoln}=

W (x,y)® {Tj;oh (&, n)exp[— i2n %}dadn x
DI b)ﬁexp(' 20 S0P -, A, SATl)df;dn} _
w(x,y)® { (%, y)ii(r,,s +b)exp(— iznmgx}j%j (6:33)
where o
T T w(gn eXp( ijzyn)d&dn (6.3.4)
and

x(E-E&)+ y(n-n,)
"z

H..(x,y)= Tfhrec &mn exp[ }dgdn (6.3.5)

are Fourier transforms of the hologram window function and of the aperture function
of the hologram recording device, the latter being found with an account of the shifts
(F,O,no) in positions of recorded hologram samples with respect to optical axis of the
optical set up used for reconstruction of the hologram.

Introduce now an array Kk(f’l), k=0,.,2N, -1, I=01,...,N, -1, of samples

of the object wave front. In the symmetrization method, the array is symmetrical as
defined by Eq. 5.1.19 (Lect.5):

K(O):{A A, 0<k<N,-L0<I<N,-1 (6.35)

A N <k<2N, -1 0<I<N,-1

For Fourier holograms, mathematical hologram I, is computed as Shifted
DFT of this array:

T exp{,z,{m We+p), ( +v)<s+q>}}, 657
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where (u,v) and (p,q) are shift parameters. Substitute Eq. 6.3.7 into Eq. 6.3.3 and
obtain:

Arser (X, ¥) e W (X, ¥)® {H . (x, y)x

(23] S rvenfd ke, (] o)

r=—o0s=—o0| k=0 [=0

At this stage one can see that selection of shift parameters p=q =0 will be
appropriate to remove phase shift factors at samples {Kk(",)} of the object wave front.
Then, using the Poisson’s summation formula,:

iexp(— i2nfr) = ia(f —do) (6.3.9)

r=—c0 do=—0

obtain:

Avesr (X, y) e W (x, y)®

2 & Wttt L (k+u o AEX l+v  Any
{Hmc(x,y > 2 Ak(,I)SLZNl ‘E‘dOXJS(N_Z_x_Z_dOV i

DD W(X—Edox,y—Edole:lffg’"”(%dox1%0'%}: (6.3.10)

do,=—0 dOy =—0

where it is denoted:



l

2N;-1N,-1 _ .
K(O)(x,dox; y,doy) Hm[(k b —doX]x_Z,[l +V _dOY]£i|Ak(?I) x

k=0 1=0 N, Ag N, Ag
Wl xKHUAZ g A2 1AV AZ g A2 (6.3.11)
N, Ag AE N, Ag Ag

More detailed derivation of this formula is provided in Appendix.
It follows from this formula that
e the hologram placed into the optical Fourier system reconstructs the original

object wave front i(")(x,dox; y,doy) in several diffraction orders defined by
indices do, and do;

e the pattern of the reconstructed images samples in the diffraction orders is

}“—Zdox,}"—zdoy , frequency response of the
AE 7 AS

rec

masked by a function ﬁ(EOY”O)(

hologram recording device.
e the masked object wave front is reconstructed by interpolation of its samples

with the interpolation function W(X—Edox, y—};—édoy] equal to Fourier

Ag
transform of the hologram window function w(g,n);
e constant bias in hologram recording results in appearance in the reconstructed
image of bright spots in the center of each diffraction order (the last term in Eq.
6.3.9
Arrangerr?ent of diffraction orders in the reconstructed image plane under shift
parameters u=—-N,,v=-N,/2and an example of image optically reconstructed
from a computer-generated hologram synthesized using object symmetrization by
duplication are shown in Fig. 6.3.

Figure 6.3. Reconstruction of a hologram synthesized using image symmetrization by
duplication: a) - a test object, b) - diffraction orders of reconstruction; the zero order
is outlined by the red rectangle; c¢) — an example of optical reconstruction of a
computer generated hologram synthesized using symmetrization by duplication.



Note that Eq. 6.3.9 can be extended to the case of hologram recording on combined
amplitude and phase medium. For this one can simply discard in the formula the term
containing constant bias b :

Nl e e K+u AZ (l+v AZ |50
rcstr(x y)_ z z z Hrec|:( N1 dox) é,[ N2 @ }A&:|Akl

k=0 1=0 do,=-o0 do,=—0

WLX kKturz Az T+vAZ_ X_Z}—Z i()(x,dox;y,doy)

N, A5 TAETTTON, ABT AR Sl

(6.3.11)

6.4. Reconstruction of holograms recorder using the orthogonal encoding
method

In case of orthogonal encoding, the encoded hologram I:m,n is formed from

samples I, . of the mathematical hologram as
~ 1 r{:\m m *
Foo =5y comr, v 1 oo (64

where m=2r+m, , m,=0,1, n=r (Lect5, Eq. 5.1.4). Then for the physical

hologram f(&,n) in continuous coordinates (&,n) of the recording medium one
obtains, in the same denotations that were adopted above:

Fem)-2 Wi n){Z > S e Gy [y, « ] bk

r=—00 s=—c0 My=0

Dy (& —&, —TAE,n—"n, - SAT])} =

W(&,n){ i i le{Re[(— 1) (-i)™ Fr,s]+ b} h,. (E+E&, —rd&,n+n, - sAn)} -

wefn.(ene 35 S {rday Cirr, o

8(5 &, —rag)s(,n-m, —san)},  (6.4.2)

where Re(.) is real part of the variable.

Following the reasoning and settings used in deriving Eq.(6.3.9), one can obtain
that, in the Fourier transform reconstruction scheme, such a hologram reconstructs
the following wave front:



Xy (AEX o 1 Any
bcos(n 5 ZZW( v dox+2, - doyj}}, (6.4.3)

where
2N;-1N,-1
©)(x,do, ;y,do, )= I:| £k+u —do }X—Z,LHV J (°
Aldo,;y.do,)= 3 3 N, 0N, T Jag [
w[x-KFUAZ 4o A2, IRV AZ g AZY (6.4.4)
N, AE X Ag N, AE AE
2N;-1N,-1
() x,do_;y,do. )= ﬁ K+u _do, XZ |+V dO XZ A(o)
ACOI"I]( yl y) kz=(; |Z=(; rec Nl A& A?; N;—k,N,— Ix
wl x— k+u7»_Z_d XZ; +Vv AZ ny_Z1 (6.4.5)
N, AE  *Ag N, A& Y AE

and, as above, (u,v) are shift parameters of SDFT used in computing the
mathematical hologram (as in Eq. 6.3.7 with (p,q) set, as above, to zero) and N,
and N, are dimensions of the array {Kk(f’l)}.

One can see from Eq. (6.4.3) that, similarly to the above case, the reconstructed
image contains a number of diffraction orders, masked by the function

I-~|reC k+u—d AZ I+—V—doy E, spatial frequency response of the
N, ") A A

hologram recording device, and a central spot in several diffraction orders due to the
constant bias in the hologram. But here, in contrast to the above case, each diffraction

order contains two superimposed images of the object, - a direct image and its
conjugate rotated by 180° with respect the former. Each of them is additionally




masked by functions <cos n(£+£] and <sin n(l—ﬁj , respectively.
4 AD 4 AD

Therefore, in the central region of the direct image the conjugate image is suppressed,
but at its periphery the aliasing conjugate image has an intensity comparable with that
of the direct image. This is caused by the fact, that here additional intermediate
samples hologram needed for representing the spatial carrier are obtained by zero
order interpolation of samples of the mathematical hologram.

The pattern of diffraction orders of the direct and conjugate images and their
corresponding masking functions are shown in Fig. 6.4 for u=-N,/2 and

v=-N,/2. One can easily see the direct image and its conjugate, an aliasing image

whose contrast increases along the horizontal axis from the center to the periphery.
Additionally, Fig. 6.4, represents an example of an image optically reconstructed from
a computer generated hologram with orthogonal encoding, in which one can clearly
see the aliasing artifacts.

?

Figure 6.4. Test image (a), its reconstruction (b) for the orthogonal encoding method
(at the bottom, spatial weighting functions of the direct and conjugate images are
deﬁ)lcted) and an example (c) of optical reconstruction of a computer generated
hologram synthesized using the orthogonal coding method; red arrows indicate
aliasing images superposed on the reconstructed image.



6.5.  Reconstruction of holograms recorded on phase media with double-phase
method

The phase recording of the hologram on phase-only media according Eq. 5.2.3 (Lect.
5) is described, in the same denotations, as

T(gm)=w (&n){zzzexp{ [(prs +(=1)" arCCOS‘gAﬂ}

r=—00s=—0om, =0

hrec [&»+ <‘::'O - (Zr + mO)A&Hn +n, — SAT]]:

W(&n){hrec(&,n)@riigoexp{ [(Prs +(=1)™ arcco{EAo‘]]}

3[e— &, — (2r + m, )AE p(n—n, — sAn)}. (6.5.1)

In a Fourier hologram reconstruction setup, this hologram is Fourier transformed
and reconstructs the wave front described as

A (103)= | 6 o] - 12825 YW oz -

—00—00

{T ]‘ohrec a 1 eXp|: 271 X(&‘éo)}j‘ZY(n—no)]dgdnx

Sirigoexp{i[(prs ( 1) arccos‘gAﬂ}x

J Jexp| - izn%}% ~&o—(2r +moJAgk(n—m; - SAn)d&dn} -

S=—00 r=—c0 My=0

exp[iZn (2r + my )AEX + sAny]} _
AZ

W(x,y)®< e (X, y)z Z Zexp{ [(prS (-1)™ arccos;%]}x

W (x, y)®{ (X, Y)Siwi:exp{ [(Prs +(=1)™ arccos‘gAﬂ}x

expl i2r 2rAEx +sAny ) x| i2n (2r + 1)AEx + sAny | _
AZ AZ




W (x, y)®{ﬁrec(x’ Y)Z: Z:{ [ [@m +arccos%]] exp[iZWW}_

+ exp[i[(pr = arccosM]] EXp|:i o (2I‘ + 1)A§X + sAny}}} _
| 2A, AZ
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S=—00 '=—0
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© F
23] 55 - \44 sl oo M)l 652
By substituting 7. ; with its expression through SDFT (u,v; p,q):

I Jexplio,.)=3 3 AC exp{,z {(k+ u)r+p), ( +v)(s+q)}}

k=0 1=0 N, N,
(6.5.3)

and introducing an auxiliary function ,&S’l) defined through equation

N;—IN,-1

. [explio,.)=3 3 AC) exp{,z,{(kw)(w p)+(l+V)(S+q)}}

4N —
k=0 1=0 N, N,
(6.5.4)

obtain after some transformations and setting p=q=0:

A,cstmx,y)ocvv(x,y)®{Hm(x,y)exp(mj—ixjx
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AEX) D = G () < KHU  2AEX l+v Any
cos| m—=~ )8 -~ —do,,——-——do
[ (n Az )Z 2 22N N, Az N, az o)t

(CAEX ) A R0) o K+U  2AEX l+v Any
sin| T—— AYd ———-—2--do,——-——"—do =
[“ "z )Z 2 22 A N, Az N, az

0 0

cos(n%} i ii(")(x,dox;y,doy)+sin(n%j > Z;(")(x,dox;y,doy), (6.5.5)

M=-00 N=—0

where
= &G~ [(k+u AZ (1+v AZ |~
A x,do,;y,do, )= H.. L —d X]_L _ J_ Ak(o)
( ) 2 { N, AE\N, ) Ag
wlx KFUAZ g4, A2, HVAZ_ g A2 (6.4.4)
N, A A N, A AL
= NG~ |(k+u AZ (1+v AZ |~
AL(x,do. :y,do. )= H —do, |=-=, —do. |25 AL
( xr Y y) ; IZ;, rec|:£ N1 XJAg ( N2 y]A§j| K| X
W X_k+U)\,_Z_dOX)\,_Z;X_I+V}\._Z_dOy)\,_Z . (645)
N, A§ AE N, Ag AE

The result of reconstruction of a hologram recorded on a phase medium by the
two phase method is, thus, similar to the reconstruction of an hologram with
orthogonal encoding (see Eg. 6.4.3). Image is also reconstructed in a number of
diffraction orders masked by the function Hrec(x, y). There is also superposition of

the aliasing image described by the function Aﬁ‘f,) over the original image Kk(f’,) and the

48 X

original and aliasing images are additionally masked by the functions cos(n—j

AE X

and sin(nx—Dj, respectively. In the center of the proper image aliasing image is
fully attenuated but over the peripheral area it may be of the same intensity as the
proper image. In contrast to the orthogonal coding method, the aliasing image here is
not conjugate to the original one, but is similar to it, in a sense, because, according to
Eg. 6.5.4, it has the same phase spectrum and a distorted amplitude spectrum. An

example of an aliasing image is shown in Fig. 6.5 for input images with and without
adding pseudo-random phase components.

11



Fig. 6.5 Input image (left) and aliasing images in double phase encoding method for
the input image with and without pseudo-random phase component (center and right,
correspondingly)

Unlike the holograms coded via the symmetrization or orthogonal methods, double-
phase encoding does not produce a central spot in the diffraction orders of the
reconstructed image because the hologram is recorded on a phase medium without an
amplitude bias.
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Appendix.
Derivation of Eqg. 6.3.10.

FEn)=wE Y (T, +b)h (E—& - rAn—n, - san)

r

Amtr(x,y)=ﬁ wig, )ZZ(F +b)h (&~ &, — rAE - no—SAn)}

( +b) Moo (& = & — rAEM - no—sAn)eXp( i2m ‘t’x ynjdﬁd =

WERMEm Y. 3 (T, +b)x

I =—00S=—00

Neee (&= &, — rAE M - no—sAn)exp[ ( g)§+zy nh}dédn

AL

=—00S=—00

(a,n)exp[— 2n ‘E)g +(y ‘ﬁ)“}dadn =

AZ

I=—00S=—0

T 5'3'—08 é'—bS 8.—‘8 é'—aS 8'—-8
8'—-8 é'—:S 8'—'8 é'—.s 8'—'8

T;TW (E’ﬁ)H rec (X - E’ y— ﬁ)exp{— i2n (X _ E)E’O;_Z(y - ﬁ)no :| y

S, + b)exp{— 2 0 E)rAing(y - ﬁ)SAn}dEdﬁ =

[ z 9y 850 + MM

:[o_w ( E: ) rec (E.> Tl)eXp( T]

i i(r + b)exp( %Jd&d_ (A1)
Consider first the term

AL (69)= J W (c-Ey =t (e -2 55 0

3 ir exp(— i2n @Jd%dﬁ; (A2)

Wi, n)d&dnz S 5+b)exp{—i2n( x—E)&, + rag)+ (y - n)n, +SAn)]x

wERHER Y. 3., +b)exp{ (‘E)(E»o+VA§)+(y—ﬁ)(no+SAn)}x
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Denoting
= . +n
regg e (‘: n) rec (&1 Tl)eXp(— |21’t &ao)\‘%j (AS)
and substituting into Eq. A2
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Now use Poisson summation formula for the second line of the Eq. 6.3.9 :
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iexp(— i2nfr) = ia(f —do), (A6)

do=—o

obtain

Al (x,y)

i ooW(X—E, y—_)Hrec(E,ﬁ)ZNl_lNz_lﬂ,ff’,) exp| i2m k+u P+ | +v q||x
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NS  [k+u | +v

> Ak(’l)exp{lh[ N p+ N, qﬂx

> D H... K+u —do, )"—Z | +v —do, AZ X
- N, Ag '\ N, AE

K+u AZ A l+v AZ AZ
W| x— ——do, —; X - ——do,—|.
N, Ag Ag N, Ag Ag

(A7)

At this point one can see that the appropriate selection of shift parameters p and q
will be p=0 and g = 0. With this selection obtain:

AL (x,y) e

2N;-1N,—1 o © .
>TSS ALY o, |22 [ Y o, |2 A6
N, A\ N, Ag | &

k=0 1=0 do,=— d0y=—oo

(A8)

k+u AZ AZ_ l+v AZ AZ
W x— 22 _do, Soix -t 22 _go 22
N, A Ag N, A& 7 AL

Now consider the second term and obtain similarly:

A 51 [ -t o e ST

—a0—00

i i exp(— i27 W}Edﬁ =

an +ﬁno\]x

b _[ IW (x-&y-1)H..(E ﬁ)exp(— i2n v

= o EAE | & I (VAN R
—i2n=>= —i2n——
Z expl —i2n 7 rJ =§ exp( 27 v s)d&dn

S=—00

Thus obtain for the reconstructed object wave front:
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do,=—o0 do,=—0

N, ag'( N, Ag
W _k+uaz XA_Z; l+v AZ AZ (A1)
N, A& A§ N, A§ Y AE
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