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A Systolic Array Realization of an LMS Adaptive
Filter and the Effects of Delayed Adaptation

Hanan Herzberg, Raziel Haimi-Cohen, Member, IEEE, and Yair Be’ery, Member, IEEE

Abstract—This paper presents a design of a systolic array of
an adaptive filter. The filter is based on the least mean square
(LMS) algorithm, but due to the problems in implementation
of the systolic array, a modified algorithm, a special case of the
delayed LMS (DLMS), is used. The DLMS algorithm intro-
duces a delay in the updating of the filter coefficients. The con-
vergence and steady state behavior of the systolic array are
analyzed. It is shown that the performance of the systolic array
is similar to that of a conventional LMS implementation in a
wide range of practical conditions.

I. INTRODUCTION

ADAPTIVE filters have a wide range of applications
[1], [2], such as echo cancellation, adaptive equal-
ization, and noise cancellation. A great deal of research
(e.g., [3]-[5]1) has been conducted on the efficient imple-
mentation of an adaptive filter. One of the most common
algorithms for adaptive filtering is Widrow’s least mean
square (LMS) algorithm [1]. An Nth order adaptive filter
qf this type may be represented by the following equa-
tions:

N-1

Output: y(n) = EIO w(n)x(n — k) (1
Error: e(n) = g(n) ~ y(n) )
Coefficient: wi(n + 1) = wy(n) + pe(mx(n — k)

k=0,1,--+- N—-1 3)

where
x(n)  filter input (reference signal) at time n,
wi(n) kth filter coefficient at time 7 k=0, -,
N - l))

y(n) filter output,
g(n)  desired response (primary signal),
e(n)  residual error, and
u step size (a small positive number).

This algorithm requires 2N multiply-add operations at
each time interval n. Many applications (e.g., high rate

Manuscript received October 2, 1989; revised August 9, 1991.

H. Herzberg is with the Department of Electrical Engineering-Systems,
Tel Aviv University, Tel Aviv 69978, Israel.

R. Haimi-Cohen is with the DSP Group (Israel) Ltd., Givat-Shmuel,
51905 Israel.

Y. Be’ery is with the Department of Electrical Engineering-Systems, Tel
Aviv University, Tel Aviv 69978, Israel, and with the DSP Group (Israel)
Ltd., Givat-Shmuel, 51905 Israel.

IEEE Log Number 9202781.

data transmission as in the ISDN system [6]) require fast
computation by adaptive filters of a large order. Serial
processing implementation may be impractical because of
available processing rates and a parallel configuration
should be considered. Systolic arrays, which have re-
cently been applied to fast digital signal processing [7],
[8], are one of the most viable alternatives because of the
great progress in VLSI technology.

Systolic-array design is essentially the decomposition
of the system into simple processing units, interconnected
by appropriate delays. The algebra of [9], which is a sys-
tematic method for performing this decomposition, to-
gether with a retiming process, leads to the satisfaction of
the so-called ‘‘systolic conditions.’” This approach main-
tains the correctness of the design.

In this paper we utilize this algebra for the design of a
systolic-array implementation for adaptive filters based on
the LMS algorithm. However, since the LMS algorithm
contains a feedback loop, the delays created in the decom-
position and retiming process prohibit the exact imple-
mentation of the algorithm as given by (1)-(3). The de-
sign procedure of [9] leads to a systolic array which
implements a special case of the so-called delayed LMS
(DLMS) algorithm [10], [11]. The error e(n) used in this
algorithm is available only after the processing delay of
the systolic array, and thus, the update of the coefficients
is performed with this delay.

The formal design of an array consisting of 2N identical
processing elements (PE) with maximum efficiency is
presented in Section II. Discussion and conclusions are
given in Section III. The conclusions are based on an
analysis of the convergence and the steady state behavior
of the implemented adaptive filter, using the theoretical
results of [10], [11]. It is shown that under reasonable
assumptions the systolic array has the same performance
as the conventional implementation of the LMS algo-
rithm.

II. DESIGN OF THE SYSTOLIC ARRAY

Fig. 1 shows a direct implementation of the LMS al-
gorithm as stated by (1) and (3), where r(n) = pe(n) and
z7!is a unit delay. Figs. 2-4 present a sequence of
changes in the scheme of Fig. 1, which eventually enable
the utilization of the algebra of [9]. Fig. 2 is a z-notation
of Fig. 1. The adder of N inputs is split into N adders of

two inputs and the input, x(n), to the filter is presented as
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Fig. 1. Direct implementation of the LMS algorithm.

Y(n)
Fig. 2. Z-notation of the LMS algorithm.

two signals: x(n), the input to the convolution process and
s(n), the input for updating the filter’s coefficients. In the
LMS algorithm x(n) and s(n) are the same, whereas in the
systolic array s(n) is a delayed version of x(n) (as will be
shown later). By combining each multiplier and adder into
a multiply-add processor element (PE) a; we get the
Z-graph [9] representation in Fig. 3. Note that in this
Z-graph, the same type of processors are used for com-
puting the convolution and for updating the coefficients.

In order to utilize the algebra of [9] efficiently, we will
use a short form of the Z-graph (Fig. 4). This is achieved
by combining the two PE’s @; and ay . ; of Fig. 3 into one
node with a single output, v;, in Fig. 4. Each node in Fig.
4 is associated with a function that computes the output
and updates the respective coefficient. Therefore, the de-
pendence relations in the conventional adaptive filter can
be described by the algebraic representation of [9] as fol-
lows:

V « AV ““+°° Bl(n) 4)
where
[0 0]
v
1 z_o
v
v=| 2|, a=| 0o z° 0
0
v
Y | 7t o_
o o e
x(n)
! 7 -0
In)=|sn)|; B= . .
o)
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Fig. 4. Short form of the Z-graph for LMS algorithm.

and
y=CVv 5)
where
cT=10 0---0 z°.

Note that the *“+°’ in (4) as well as the additions im-
plied by the matrix multiplications represent the combi-
nation of information in terms of the algebra of [9] rather
than the usual arithmetic addition.

Let D be a diagonal matrix D = diag (Z
This operator maps a vector V into another vector U, so
that

i d(N
d) L ANy

U=Dpv, v=D"'U ©6)

The matrix D delays the output of the PE v; by d(i), i =

1,2, - - -, N. By multiplying (4) and (5) by D and using
(6) we get

U < (DAD™HYU ““+° (DB)(n) @)

y = (C'D™HU. ®)

An important step in the design is the selection of the
matrix D. The following algebraic manipulations are
aimed at obtaining D such that, by substituting u; <
279y, in the design, the delay of y(n) will be minimal
while the following systolic conditions will be satisfied
[91:

D dG) + aj) — d(j) = 1
fori,j=1,2,---,N )

where 4 = (z7*9)).

II) All nonzero entries of any column of DAD™! and
DB must be different from each other.

In order to satisfy condition I, communication without
a delay unit between the nodes must be prevented. This
reduces the cycle time of the filter. In order to satisfy con-
dition II global communication must be prevented.
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From condition I we get
di+ 1) —di)=1; i=12,---,N-1. (10

The columns of DAD™! fulfill condition II for any d(i),
but for columns 1, 2 of DB, condition II implies

di)y #di+1H+1;, i=12,---,N—-1 (11
and for column 3

d@)y £ d@gy, i=+j, i,j=12,---,N (12
Solving (10)-(12) yields

di+1)=diy+1 i=12,---,N—-1. (13)

Because the minimal possible value of d(1) is zero (for
causality) we can choose the following D:

Z_O
7! 0
D= (14)
0 Z—N+1
Hence, by (4), (5), and (14),
[0 0 <+ 0 0]
z71 0
DAD'=} 0 z'o0--- 0 (15)
0 :
| z7' 0_
_Z—-O Z—O Z_O
772 772 !
DB = (16)
Lz—z;v+2 z—z;wz Z—1;+|
and
cp!'=10,0,---,z"" 1. an

Substituting (14)-(16) into (7), and (8), yields the systolic
Z-graph of Fig. 5. The function associated with u; is the
same as that of v; but delayed by d(¢). Practically, we
can’t implement z" ! of (17) (this is the output segment
in Fig. 5) by a causal system. Thus the output y(n) must
be delayed by N ~ 1 in the systolic array (see Fig. 6). In
Fig. 6 we replace the nodes u; by the multiply-add pro-
cessor elements a; and a; , y from Fig. 3.

Due to the delay by N — 1 imposed on y(n) by the
systolic conditions, we have to add a delay of N — 1 to
g(n) (the desired response in (2)). Hence the residual error
e(n) is delayed by N — 1. Consequently, the input 7(n) is
delayed by N — 1, and for correct updating of the filter’s

coeflicients we have to set
s(n) =x(n — N + 1). (18)

The final architecture of the systolic array for the adap-
tive filter is given in Fig. 7 with 2N processing elements
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"(n) N

Fig. 5. Z-graph for the systolic array (short form).
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Fig. 7. A systolic array for adaptive filter.
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Fig. 8. Processing element (PE).

&

which are described in Fig. 8 (PEy should be without the
two delay units). The structure in Fig. 7 is based on that
of Fig. 6 with additional parts for generating the residual
error according to the aforementioned delay.

Let X(n) = [x(n), x(n — 1), - - - ,x(n — N + 1)]" and
W(n) = [wo(n), wi(n), -+ + , wy_1(n)]". Equation (18)
implies the following modification in the vector form of
3):

Win+ 1) = Wn) + pe(n — N + 1)

“X(n —k — N+ 1). 19)

This means that the updating of each of the filter coeffi-
cients is delayed by N — 1. Therefore, the systolic array
implements a special case of the delayed LMS (DLMS)
algorithm [10], [11].
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III. DiscussioN AND CONCLUSION

For the following discussion we assume that {g(n)} and
{x(n)} are wide-sense stationary stochastic processes and
that W(n) is independent of X(n) (see [1]). We also as-
sume that the distribution of X(n) is either Gaussian (not
necessarily white) or white binary (WB) (the entries of
X(n) are independent and have the values of {1, —1} with
equal probability). The Gaussian distribution is applica-
ble to analog signals such as speech, whereas the WB dis-
tribution can be found in many digital communication
applications (e.g., echo cancellation and adaptive equal-
ization) in which scramblers are incorporated. Let

E{Xm)X"(m} =R = Q'MQ and E{gn)x(m)} = p
(20)

where M = diag (m, m,, - -+ ,my)ymyzm, = -+ =
my > O are the eigenvalues of R and the columns of Q
are the corresponding eigenvectors of R. Let the excess
mean-square error (EMSE) be defined by EMSE (n) =
E{e’(n)} — ®, where & = P'R™'P is the mean-square
error corresponding to Wiener’s optimal filter.

By using the results presented in [10], [11] for a DLMS
algorithm with d = N — 1, we deduce that, for the sys-
tolic array, a sufficient condition for convergence, with-
out oscillation, of the EMSE and of the mean of the coef-
ficients is

N - V!
pm, < 2 ‘(“TN)—
2e”!

- _ N-1
2(1/N)(1 — 1/N) -

@n
Let z; be the root with maximum absolute magnitude of
Ml -2 = um;. From [10] and [11] we also deduce
that if the EMSE converges its limit is given by

N
2= z)®

EMSE () = (22)

N
2—a5—_§(1—z,.)

where 1 — zy < 8 < 1 — z; and « depends on the dis-
tribution of X(n); for the Gaussian case o = 2 and for the
WB case o = 0.

Asp—0,z @G =1,2, -+, N) may be approximated
by 1 — pm;, thus (22) is reduced to the common formula
for the EMSE of the LMS adaptive filter (see [2]). Most
practical implementations require u to be sufficiently
small, thus the delay in the adaptation has no significant
influence on the performance of the filter.

This paper has addressed the implementation of the
LMS algorithm by a systolic array and the issues evolving
from the interaction between algorithmic formulation and
VLSI architectural constraints. In [3]-[5] we may find
other approaches for the design of adaptive algorithms,
including the LMS algorithm. However, in light of the
quote from [3]: ‘‘the total processing latency must be less
than one sample period,’” it is clear that the approach in
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[3] does not comply with the systolic conditions (see [9])
and hence the structures of [3]-[5] provide a slower
throughput than the systolic array presented in this paper
(Fig. 7). The difference in the throughput increases with
the number of taps in the filter. The penalty for complying
with the systolic conditions is the delay by N — 1 in up-
dating each of the filter coefficients. However, as we have
shown, for most of the practical applications, this delay
has a negligible effect on the convergence and the steady
state behavior of the adaptive filter.
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