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Notice that the generalized Kerdods-linear code is included in
a generalized Delsarte—Goethals code for which the bound given by
(7) is the same: také = 3; the functionsaz andaz + 4bz® have
same weighted degrek thus the generalized Kerdock code is a

(2m+2, 93mt3 g > omtl _ 3. 2(m+2)/2> On the Trellis Representation
of the Delsarte-Goethals Codes
(nonlinear) code and the generalized Delsarte—Goethals code corre-
sponding toTrs(az + 4b2®) + b is a Yaron Shany, llan Reuverstudent Member, IEEE

) and Yair Be'ery,Member, IEEE
(2WL+2’ Q/UIL-‘,-SH d 2 2m+l _ 3 . 2(”L+Z)/2)

(nonlinear) code. Notice that the functior: + 4bz® + 4cz” has Abstract—In this correspondence, the trellis representation of the

weighted degre®; therefore, the generalized Delsarte-Goethals coffgrdock and Delsarte-Goethals codes is addressed. It is shown that
corresponding tdlrs (ax + 4ba® + de- ‘5) Lbisa the states of a trellis representation of DG(m, ¢) under any bit-order
P g tdlrs(ax + cr are either strict-sense nonmerging or strict-sense nonexpanding, except,

(2m+2 oS3 g gmtl _ 2(m+6)/2) maybe, at indices Within'thg code’i distance set. Fo6 > 3 and for
) » & 2 m > 6, the state complexity,smax[DG(m, 6)], is found. For all values of

m and é, a formula for the number of states and branches of the biproper
(nonlinear) code. To make a comparison with the parameters t@fllis diagram of DG(m, §) is given for some of the indices, and upper
known codes of same length and comparable cardinalities, we n#ig lower bounds are given for the remaining indices. The formula and

consider, for instance, the dual of the extendeetror (respectively the bounds refer to the Delsarte—Goethals codes when arranged in the
' . ' . ', .standard bit-order.
5-error) correcting Bose—Chaudhuri-Hocquengham (BCH) code, that oo pr-order
is a Index Terms—Biproper trellis, Delsarte—Goethals code, Kerdock code,
rectangular codes, trellis complexity.

[2'""!‘27 dm 4 9’ d Z 27n+l _3. 2(nz+2)/2]

(respectively[2™ T2, 5m + 11, d > 2™+ — 207+6)/2]) |inear code. I. INTRODUCTION

We consider the structure and complexity of the trellis diagram of
V. CONCLUSION the Kerdock and Delsarte—Goethals codes. For exen 4 and for

A generalization of the Gray map has allowed us to introduce news & < m/2 the Delsarte-Goethals codag(im, ¢) is a nonlinear
codes: the generalized Kerdock and Delsarte-Goethals codes. Wet§ske which contains more codewords than any known linear code
three directions for further research: with the same length and minimum distance. The Kerdock code,

« an improvement of the bounds given by Corollaries 1 and ?('m), is a special case of the Delsarte—Goethals code obtained when

could imply that the generalized Kerdock codes and/or the _ m /2. For the particular situation wheve = 4 and® =2 (the
generalized Delsarte—Goethals codes have better parameters grdstrom—Robinson code), the structure and complexity of the trellis

an o
the duals of the BCH codes: lagram of the code were studied in papers such as [2], [9], and [13].

» other Z,.-linear codes may be better than those introduced in The main gonceptlons regarding th.e con.structlo.n of a trellis dia-
. gram of nonlinear block codes were investigated in several papers,
the present correspondence;

» other generalizations of the Gray map are to be investigated,sutCh as [2], [71-9], [12].’ and [13]i Kschlschar_lg and_ Sorok_lne [8]
showed that for an arbitrary nonlinear code in a given bit-order,
least fork > 3. ; . . . L
there need not necessarily exist a trellis diagram which minimizes the

vertex count at all indices simultaneously. The sufficient conditions
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that a nonlinear code has to satisfy in order to admit such a trellise V,; for somei € {0, 1, .-, n — 1}. The setV;, 0 < i < n,
diagram are examined in [7], [8], and [14]. A code satisfying thi referred to as the set of vertices at indeX he cardinality of the
above conditions is calletectangular (or separablein [14]). For a setV; is called thevertex counbf the trellis diagram at indek For
rectangular code in a given bit-order, there exists a unlfjpmper : € {1, 2, ---, n} let E; be the set of edges connecting vertices
trellis diagram which minimizes both the vertex count and the edgé V;_; to those ofV;. The cardinality of the seE; is referred to
count at all indices simultaneously [7]. It was shown in [15] thaas theedge counbf the trellis diagram at index For codes over a
the biproper trellis diagram of a rectangular code (in a given bifield A = GF(q), the baser logarithm of the vertex count at an index
order) also minimizes the total number of additions and comparisons {0, 1, ---, n} is called thestate complexitpf the trellis diagram
required to implement the Viterbi decoding algorithm. at indexi. Also, thebranch complexityf the trellis diagram at index

It is well known that the minimum vertex count at a specific index € {1, 2, ---. n} is the baser logarithm of the edge count at index
of a trellis diagram of a nonlinear codé depends on the order of thei. Any path from1; to V,, defines ann-tuple (a1, as, -+, an),
coordinates inC'. A lower bound on the bit-level vertex count of awherea; € A for 1 < ¢ < n is the label of the edge connecting a
trellis diagram of a nonlinear code (for any bit-order) was first derivedertex at indexi — 1 to a vertex at index.
in the work of Muder [12], in which the only property of the code We will confine our scope to trellis diagrams satisfying the fol-
being used is its minimum distance. Following the bounds derived bywing conditions.
Forney [3] for trellis complexity of linear block codes, Lafourcade 1) The trellis has a single initial vertex and a single final vertex:
and Vardy [9] presented a bound on the trellis complexity of nonlinear Vo V.l = 1.
block codes which is essentially tighter than the one in [12] since it2) Every vertex ofl" lies on some length- path.
makes use of the code’s structure. Reuven and Be’ery [13] introduce% trellis T is called one-to-oneif no two distinct lengthw paths

an even tighter bound by a further use of the code’s structure. from the initial vertex to the final vertex df’ represent the same

The Delsarte-Goethals codes consist of cosets of the first-ordef,1e A proper trellis is a trellis in which no two distinct length-
Reed—Muller code, RM(In), in the second-order Reed—Muller codei paths from the origin correspond to the samtiple for every

RM (2, m). The trellis diagram of Reed—Muller codes was examined € {1,2, ---, n}.

among.others in (1], [2], [5], [6], anq (10]. . ) Denote a block cod€' over A with M codewords of length

In this correspondence, we examine the trellis representation 9fy minimum distance as an(n, M, d) code. A trellis diagram
the Delsarte—Goethals codes. We derive the maximal vertex countlogs said to be a trellis diagram, g(f,if and only if the set ofn-
the biproper trellis representation DYy (. ) for the bit-order that 165 corresponding to all the lengghpaths from the initial vertex
minimizes this quantity. The structure of any trellis representathB the final vertex inZ" is identical toC". Since the codes discussed

of the Delsarte—Goethals codes is addressed for any given 'ﬂllt'this correspondence are over G, we focus only on the case
order. Finally, a partial formula is derived for the state and branch _ GF(2)

complexity of the trellis diagram of the Delsarte—Goethals codes wheny o, . _— (c1, ¢2y -+ cn) be a codeword ofC. For i €
arranged in the standard bit-order. (1,2, n} et
The correspondence is organized as follows. In Section Il we’ '

present the terms and definitions relevant for the succeeding sections. Pi_(c) = (c1, c2y ="+, €i)
In Section Ill we use the distance set of the Delsarte—~Goethals codes L . )
in order to derive the maximal vertex count of the biproper tre!|i@€ thepast projectiorof the codeword, and fore {0, 1. ---, n—1}
representation ofDG(m, §) for the bit-order that minimizes this et
guantity. Several properties of the structure of any trellis diagram
of the Delsarte—Goethals codes are derived.

In Section 1V, motivated by the results of Section Il and thée thefuture projectionof the codeword. Let
well-known optimality of thestandard bit-orderfor constructing
trellis diagrams for the Reed—Muller codes [5], we examine the bit- Pi(C)={F-(9:ceC)
level state complexity of the trellis diagram of the Delsarte-Goethalgnote the past projection of the code, and let
codes when arranged in this specific bit-order. A formula for the
(partial) bit-level complexity of the biproper trellis representation of Pii(C)={Pis(c) : c € C}
_Dg_(m, 8) is derived. The formula applies to an increasing number %Ifenote the future projection of the code at index
indices as the value éfincreases towards /2 (corresponding to the . . . .
Kerdock code). We observe that finding the vertex count at the indicggThecartfeSIan arrayfor € at deX" 'sa reprﬁe;_entatlon (])jfthe code
for which the above formula is irrelevant is a subproblem of derivin, a set of points on a rectangular array Wit (C)] x |1+ (C')|

an o he bounds fom 9 of (3] Trreior, e use proeries g2 SISeed b Kechicrang s Sorone 1 (6 The
RM (1, m) and RM(2, m) to derive upper and lower bounds on th '

o columns are identified with future projections of the code. For
;/':aertszx i?]?jl::etSOf the trellis diagram of the Delsarte—Goethals codesla_ a < |P,_(C)| let P*_(C) be the past projection corresponding

to the ath row of the array, and forl < b < |P+(C)| let
P! (C) be the future projection corresponding to thiéd column.
Il. PRELIMINARIES A point is placed on thea( b) square of the array if and only if
This section includes several definitions and notations that will k&~ (C), P/.(C)) € C.

used throughout the following sections. A trellis diagram is an edge-For convenience we will sometimes refer to a codeword paiat,
labeled directed grap’ = (V, A, E), whereV is a set ofvertices referring to the point on the Cartesian array which is associated with
(also referred to astate3, A is a finite alphabet, and’ is the set of this codeword. As shown in [8], a set of points (codewords) can pass
ordered triplegv, v', a), wherev, v € V anda € A. The ordered through a single state of the trellis diagram of the code at ird@ty
triples in E are referred to agdges(or branche}. Moreover, the if its points form acomplete rectanglen the Cartesian array at that
set of verticesV’ can be expressed as the unionroft- 1 disjoint index, that is, the set of points is identical to the Cartesian product
subsetsy = I, Vi, such that if(v, v, «) € E thenv € V; and  of its past and future projections. Thus the problem of minimizing

Piy(c) = (Cit1s Ciza, « v, )
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the vertex count of the trellis for a specific indéxs equivalent to The distance set dPG(m, §) is
finding the minimum number of complete rectangles that cover all the
points on the array. The problem with this concept is that minimizing
the vertex count at one index might impose an augmentation of t\%
. e ere
vertex count at another index, as exemplified in [8].
For D, s = {27~ 2m ' 4 2mThTl s < < m/2}.

Dm,é = {07 2777} U D:n,ﬁ

a=(a, az, -+, ar), I21 We denote

and for dd — gm—1 + grm—6-1
b= (b1, ba, ---, br), k>1 max

which refers to the largest entry in the distance setDgf(m, 6)
except for2™.

ab = (ai, az, -+~ ar, bi, ba, -, by). The Kerdock code/(m), is the special case oDG(m, 6)
obtained whens = m/2. This code consists of RM, m) and
2m~1 _ 1 cosets of RM1, m) in RM (2, m).

we denote theconcatenatiorof « andb as

A code C of lengthn > 1 is said to berectangular[7] if, at each
i e {1,2,---.n—1}, {ac, ad, be} C C impliesbd € C, for
distincta, b € P,_(C) and distinct, d € P, (C'). Schematically('
is rectangular if for each € {1, 2, ---, n — 1} there exists a certain Ill. OBSERVATIONS REGARDING THE TRELLIS STRUCTURE
row and column permutation of the corresponding Cartesian array for AND COMPLEXITY OF DG(m, §) UNDER ANY BIT-ORDER
which it consists of nonoverlapping complete rectangles, none sharing_;sing the distance set @¢(m, 6), D, s, we find

the same row or column. In general, for a given nonlinear code, there

need not be a trellis diagram of the code minimizing the vertex count Smax[DG(m, 6)], form > 6 andé > 3.

or the edge count at all indices simultaneously. Nevertheless, when . .
a code is rectangular there exists a unique biproper trellis diagram}f observe that_for any blf-order, the states of a tr_ellls dlagram of
the code. It has been shown in [15] that this biproper trellis minimizdad ("> &) at any index ¢ D, 5 are simple. If there exist nonsimple
both the vertex count and the edge count at all indices simultaneoud] tes at an |nqeo<e D’.”v »» then th.e.y are nepessarlly butterfly states.
Also, this trellis minimizes the quanti9|E| — |V| + 1 [15], which We begin with a slightly modified version of the proof to [14,

is the total number of addition-equivalent operations required Jweorem 12]. This proof was independently derived before we
implement the Viterbi decoding algorithm. ecame aware of [14].

There is a one-to-one correspondence between the states of thitheorem 1: For any bit-orderDG(m, §),m > 4,2 < 6§ < m/2,
biproper trellis at an inde¥ < i < » and the maximal nonover- s rectangular and therefore admits a biproper trellis representation.
lapping rectangles in the Cartesian arrayCoft that specific index. Proof: In order to establish the proof it is sufficient to show that
When C' is rectangular, the notationS;(C') = |V;| (vertex count), for eachi € {1, 2, -+-, n — 1}, {ac, ad, be} C DG(m, §) implies
5:(C) = log,[S:(C)] (state complexity)B; (C) = |E;| (edge count), bd € DG(m, 6), for distincta, b € P,_[DG(m, §)] and distinct
and b;(C) = log,[B:(C)] (branch complexity) will refer to the ¢, d € P, [DG(m, 6)]. Clearly
unique biproper trellis diagram @f. For a code which is rectangular
under any given bit-order, it is also of interest to defifig.. (C) dist (ac, bd) = dist (ac. be) + dist (ac, ad) (3.1
as the minimum value thahax,;<,[S:(C)] attains wherC' varies
through all coordinate permutations 6f. In a similar way to the
above notations, we denotg,.(C') = log,[Smax(C)].

As defined by Reuven and Be'ery in [13], we will refer to a state qist (ac, bd) > 240 > 2™ — 2T 5 gmTly gm=d s g d
at indexi that has only one lengthpath entering it as atrict-sense 3.2)
nonmerging stateand to a state at indexthat has only one length- ’
(n— ) path leaving it as atrict-sense nonexpanding stalhe term for all legal values ofm and 8. Thusdist (ac. bd) = 2™, which

“strict sense” in the above definition emphasizes the fact that thergigylies thatbd € DG(m. §) since bd is in the same coset of
only onepathentering (or leaving) the state, and not merely one edggy (1, m) with ac. _ O

entering (or leaving) the state. A state that is strict-sense nonmerging,

or strict-sense nonexpanding, or both, will be callesiraple state. Since the Delsarte—Goethals codes admit a biproper trellis represen-
Note that if all the complete rectangles in the Cartesian array at ind@kion for any bit-order, it is of interest to addreSs..[DG(m, 6)].
t€{1,2,---, n—_l} are either rows, or c_olumns, or both, it implies Proposition 2: For m > 6 andé > 3

that everyv € V; is a simple state. Likewise, we call a statec V;

a butterfly stateif it has exactly two lengthi-paths entering it, and  Siax[DG(m, )] = L|DG(m, §)| = 20"~ Dm/2=0t0+m (3 3)
exactly two lengthcn — i) paths leaving it. Obviously, a nonsimple

state that has exactly four codewords passing through it is a butterfly Proof: We denoted = dy;’, and apply Muder’s lower bound

where dist (u, v) stands for the Hamming distance between the
binary vectorsu and v. Therefore,

state. [12] at the indexi = d — 1.
For evenm > 4 and for2 < § < m/2 the Delsarte and Goethals IDG(m, 6)]
- B _ m. > ’ .
code [11, Ch. 15]DG(m, 6), is a Sa-1[DG(m, 8)] > Ad—1 DA —d51.d) (3.4)

(27n 2(m—l)(m/2—§+l)+m+l 27n—1 _ 27n—l—6) ) .
’ ’ where A(n, d) is the maximum number of codewords of a block

nonlinear subcode of RN2, m) which consists of RM1, m) and code of lengthn and minimum distance! over GF(2). Clearly,
2(m=1(m/2=8+1) _1 cosets of RM1, m) in RM (2, m). We denote A(d — 1, d) = 1. We will use the Plotkin bound in order to
the minimum distance of this code by upper-bound4(n — d + 1, d). Indeed, since

dm,b — 2mfl _ 21777671' 2d > 2177 _ 2mfb _ (217771 _ 2mflfé‘ _ 217776 _ 1) —n—d + 1

min
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(©) Fori ¢ Dy, s, d™0 < i< n—d"?’ we did not eliminate the
i+ possibility of having both rows and columns of points in the Cartesian
E_ (C) u Vv w array, so it is possible to have at these indices

oo e® SiDG(m. 8)] < min{|P_[DG(m. 8)]|, |P.4[DG(m. 6)]}

for a trellis diagram having both strict-sense nonexpanding states and
strict-sense nonmerging states. At these indices, the minimum vertex
count is the cardinality of the largest set of nonconcurring codewords
at these indices (a set of codewords is called nonconcurring at an
index:, if any two codewords in it have both different past projections
at the index; and different future projections at this index [13]). We
will denote this set asV;. From Proposition 3 and the fact that no
An—d+1,4d) < 2{ d J _ 2{1 s 1- QdJ. (3.5) Wo nonconcurring codewords can be in the same row or column
3d—n-—-1 3d—n—1 in the array, we know that the minimum number of states at these

indices is at leasfV;|. In [13] it is shown that there exists a trellis
construction that achieves this vertex count, so this is indeed the
minimum vertex count for each of these indices. The fact that these
codes are rectangular ensures that the above counts are achieved at
all indices simultaneously.

It can be confirmed that in the trellis diagram of the Nord-
strom—Robinson code (which is, in fadt;(4)) presented in [13],
}his actually occurs at indice and 9. The number of states at
these two indices is equal to the cardinality of the largest set
of nonconcurring codewords at these indices, which is less than
Si[DG(m, §)] < 2tm-Dm/2=8F1)dm ie{0,1,---, n} min{|Pi_[K(4)]], |P+[K(4)]|} whenK(4) is arranged in the spe-
cific bit-order determined in [13].

AN BN BN J

Fig. 1. A complete rectangle with more than four points.

the Plotkin bound is applicable. Hence

By substitutingn, = 2™ andd = 2™~ ! — 2™~*~1 into (3.5) it
can be verified thati(n — d + 1, d) < 2 whené > 3 andm > 6.
Therefore, for any bit-order

Sa_1[DG(m, 6)] > %IDQ(m., 5| = o(m—1)(m/2—8+1)+m

Conversely, it is known from [1] that there exists a bit-order fo
which the maximal vertex count of the minimal trellis diagram o
RM (1, m) is exactly2™. For this specific bit-order we have

since DG(m., 6) consists of2(m~V(m/2=6+1) cosets of RM1, m)
in RM (2, m). Combining the last two results we establish the

M IV. THE BIT-LEVEL TRELLIS COMPLEXITY
proposition. O

OF THE DELSARTE-GOETHALS CODES WHEN

The following proposition concerns the structure of a trellis dia- ARRANGED IN THE STANDARD BIT-ORDER
gram of the Delsarte—Goethals codes, under any given bit-order. In this section we use the Boolean polynomial representation of
he codewords oG (m, é) (and in particulariC(m)), to derive a
ormula for the bit-level complexity of the biproper trellis diagram
of these codes under the standard bit-order [5], [6]. It is known
[5] that this bit-order is optimal for RN, m) in the sense that
ateach € {1, 2, ---, n — 1} the vertex count of the biproper trellis
éié'agram of the code under this bit-order is not larger than that of
thé biproper trellis diagram of the code under any different bit-order.
This fact, along with the result that the nonsimple states in a trellis for
DG (m, §) (under any bit-order) have only four codewords passing
through them (Proposition 3) suggests that this bit-order is probably

establishing the first part of the proposition. Note that even thou good one for constructing a trellis f(ﬂg(.m, .6) havm_g a smal!

the states at these indices are simple, they are not all necessarily r;gponentw!se vertex cou_nt. However, this bit-order is r_10t optimal
same kind of simple states, that is, there may be a combinationcgfﬁponenm'se as shown in [13] for the Nordstrom-Robinson code,
strict-sense nonexpanding states and strict-sense nonmerging sta]t‘é 4).

It is clear from the distance set of the Delsarte—Goethals coctest he_terms ‘|n this s‘ectlgn fOHOV\t/ thle OPE'.S from [1.1’b|ChS' 13_Ilt5].
that the above argument does not hold fa& D), s. However, the ? ;—b_ (“‘B’ ”l’ % 1"’"3. N int'r? uple o bllnary\//o/arlz?lu :S' atn the
existence of a nonsimple state with more than four codewords passm% € a boolean function o mese varia is' € will denote the

space of all binaryn-tuples as’™. A length2™ vector, f, is related

through it (as illustrated in Fig. 1) implies that batlh andzw are he ionf(m by placi . ific ord e | h
the bitwise complementary afv. Obviously, this cannot occur for to the ur.]Ct'Onf(?—']) y pacmg_(ln a specific order) t € \{iues that
distinct u. w. = the function attains when varies through all vectors ™. For
- 1 < i < 2™, let x; be the value off(v) wherewv is the standard
Clearly, for0 < i < d";” no two codewords can share the sambinary expansion of — 1, v, being the LSB. The vectof is said to
future projection, since the distance between two binasuples be in the standard bit-order when it is arranged as follows:
sharing the same future projection at these indices is smaller than the F= (1 2oy s am) @.1)
minimum distance of the code. Thus at these indices the array will L7\ B T 22 '
consist of (one-point height) complete rectangles, none sharing gimilarly to the definition presented by Kasastial. in [5] and [6]
same column with the other. It follows that the minimum vertex courftvith the exception that the LSB is instead ofv,,). In the standard
at each) < ¢ < d™." is |P,i_[DG(m, 6)]|. Similarly, the minimum bit-order, the vector related to the functiop, 1 < I < m, has a
vertex count at each — d":" < i < n is |P.+[DG(m, 6)]|, where “period” of 2'. Each period consists @ ~' zeros followed by2'~*
n = 2™. These counts are achieved simultaneously, and they does. Throughout this section, we will assume that a vector related
not induce any constraints on the vertex assignment at the remainiog given function is in the standard bit-order. Also, we denote by
indices. log a the base2 logarithm of .

Proposition 3: Under any bit-order, the states of a trellis diagra
of DG(m, §) are simple states at eaéh¢ D,, 5. If there exist
nonsimple states at an index € D,, 5, then these states are
necessarily butterfly states.

Proof: A nonsimple state at indexe {1, 2, ---, n—1} in the
trellis diagram of the code implies the existence of three codewor
{ac, ad, be} C DG(m, §), for distincta, b € P, [DG(m, 6)], and
distincte, d € P4 [DG(m, 6)]. We denoted, = dist (ac, bc), and
d, = dist (ac, ad). From the proof of Theorem 1 we know that
d.+dy, = 2™. However, fori ¢ D,, s bothd, < i andd, < 2™ —i,
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The rth-order Reed—Muller code consists of the vectors related

to all the Boolean polynomials of degree or less. Letl = 1. Llog i_| (Llog iJ+l)
(li, Iz, ---. l,n) be a binary vector, le) = (¢;;) be an upper
triangularm x m binary matrix with an all-zero diagonal, and let
¢ be a binary variable. A typical codeword in RN, m) can be
expressed as the vector related to the quadratic polynomial

cw)=vQu" +1v" +¢ (4.2)

!
0

where the linear polynomialy” + =, corresponds to a codeword of

RM (1, m), and the quadratic formyQu”, determines which coset .

of RM (1, m) contains the codeword € RM (2, m). Particularly, 0

when @ is the zero matrix,c(v) corresponds to a codeword of

RM (1, m). Thus there is a one-to-one correspondence between all 0

Fhe possible values of the mati and all the .Cosets of RW}J m) Fig. 2. The symplectic matriB for a quadratic polynomiat; (v) that has

in RM (2, m):[. We henceforth use the notatiodsv) = lv™ and  p~ (. ) =.1If i is not a power o2, then the column numberddog i+ 1

Qv) = vQu". has zero entries for the rows in the rarjge [log :']], where:' is defined in
We will refer to a quadratic polynomia(v), as a polynomial of Lemma 4. Ifi is a power of2, the latter column does not necessarily have

rank 26 if rank(B) = 26, whereB = Q + QT and Q is defined Zero entries.

in (4.2). It is clear [11, Ch. 15] that the matri® will always be of

EVGT rank, ?nd th_e Iat'):ove deflnlt;orlass&g?s;\rjnék t<o ea}czh ?huadrat'ﬁorollary 5 lfatl < i < 2™ P_(c;) = P(c,), then
oolean polynomial. For evem > 4 and for2 < 6 < m/2,the .\ ' p (. andp._ —p where

Delsarte-Goethals cod®G(m, 6), is then composed of RM, m) = * (er) v (c), @) b Q).

and cosets of RM(Ly:) in RM (2, m) corresponding to the maximal i, if i is a power of2

set of quadratic forms such that the rank of every form is at least U= Y 2llesd) 4 oMosi’l  gtherwise (4.5)
26, and the rank of the sum of any two forms is also at lexfst

[11, Ch. 15]. andc, ¢, @, Q,, and:’ are defined in Lemma 4.

In what follows we shall use properties of quadratic Boolean Lemma 6: Let c(v) be a quadratic function of ranks or more
polynomials and the above definition of the Delsarte—Goethals codeﬁ ' e . . '
erev = (v, va, ---, vy), andm > 4 is an even integer. Then

to find a set of indices in which the biproper trellis representation 3 ) o .
DG(m, §) is composed of parallel sections, each corresponding to & (9),76 0 for 52 +1< i< n, wheren = 2™, and0 is the
different coset of RM1, m) in DG(m, §). lengthi vector of all zeroes. _

We first observe that if the vectors related to two quadratic Froof: Suppose that there exists(v) = Q1(v) + Li(v) + &1
Boolean polynomials share the same past projection, then the tWBich has ranké or more, and thaf’ - (¢, ) = 0. By choosing:: (v)
quadratic polynomials must agree on some monomials (single-tefgnde zero, we get from Lemma 4 that thex m symplectic matrix
polynomials). In other words, there are some monomials that c&h= Q1 +Q1 will have zero entries at the indices specified in Fig. 2.
never appear in the sum of the above two quadratic polynomials. ~Evidently, if anm xm matrix contains aim —&-+1) x (m—6+1)
submatrix which has only zero entries, its rank is less thanThus

Lemma 4: Let if [logi] = m — 6 and [log i'] = m — ¢, then the matrixB

a(v) = v’ +1Lv" e cannot be of ranké or more, contradicting our basic assumption.
and Consequently, the smallest indéxXor which the last two identities
T o H g9nz—6
e2(v) = vQav" + 1" + 2 hold is 52" + L. =

Corollary 7: If ¢; andc, are two codewords from different cosets
of RM(1, m) in DG(m, §), and DG(m, §) is arranged in the
standard bit-order then

be two quadratic Boolean polynomials. If at an index< ¢ < 2™
P,_(¢;) = Pi_(c,), then

Z quvkv] + Z lfvj,

log ;;}é;]ﬁnr log i+1<5<m P77(£1) # Pif(gz)g for 227)272\ 4 1 g i S n.
if 7 is a power of2
ealv) = Z R vrvs + Z Bope; (83) Proof: We .recall that the ra.nk of the quadrgtlc polynomlal
= llon ] 41 Llog i | F3<j<m related toc; +¢, is at leas26. Applying Lemma 6 to this polynomial
[log i/ 1<k<j 1<k<) establishes the proof. O
+ Z le'Uja otherwise While Corollary 7 refers to past projections, the same results hold
Llog i]+2<j<m for future projections by replacingwith » —i. This is due to the fact
where that if (c1, ¢2, - -+, cn) € DG(m, 6) and thus related to a quadratic
N - polynomial, sayc(v), then also(c,., cp—1, - -+, c1) € DG(m, §),
ca(v) = (@) +eafv) =vQav’ 10" +ea (44) gince it is related to the quadratic polynomiak ¢(1 + v). Clearly
i' = i — 2=l 18 is the jth entry of 1, and¢f; is the (k, j) €= (c1,¢2, 2+, en) @NAE = (cn, cn—1, -+, 1) are in the same
entry of Qa. coset of RM(1, m) in RM (2, m).
The proof to this lemma is given in the Appendix. We can finally get to the main results of this section.

Recall that the first’~" indices ofv, are zeros. The following Theorem 8. Structure and Partial Complexity of the Minimal
corollary readily follows. Trellis: The biproper trellis diagram @G (m, &) under the standard
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bit-order has the following (partial) bit-level state complexity since the structure of the biproper trellis implies that at n/2 each
state has exactly two edges entering it, and two edges leaving it.
si[DG(m, )] It follows from Corollary 5 that if two codewords from different
iy 1<i<dy, s—1 cosets of RM1, m) in RM (2, m) share the same past projection at
1 < i < n/2 -1, then these words share the same past projection
(m—=1)(m/2=6+1)+ [log /] +1, at =, wherez is defined in (4.5). In addition, the past projections
%2”’*‘“ +1<i<n/2 of two distinct cosets are either identical or disjoint. Denote the set
of all coset representatives of RM, m) in DG(m, §) which are
=¢(m—-1)(m/2—-6+1)+m—1, i=n/2 (4.6) related to quadratic forms (including the zero vectorfjas; (m, §).

We therefore have

 — 1 /2 —6+1 log(n — 1 1,
b T P (DG (. §)]| = |Po—[Qma(m. &)]] - |Po—[RM (1. m)].

1<i<n. (4.8)

n—1,  —d. H+1<i<n-—1
e nedmstlsrsm From Theorem 8 we know that

where SDG(m, §)] = |Pi_[DG(m, 8)]|,  forl<i< n/2

dm, 5 = {8, otherwise since the biproper trellis diagram of the code consists of strict-sense

is the dual distance aPG(m, §) [4], [L1, Ch. 15]. nonmerging states at these indices. Similarly,

The above trellis will have strict-sense nonmerging state$) far Si[DG(m, 8)] = |Pit[DG(m, O], forn/2 <i < n.

i < n/2, butterfly states at = n/2, and strict-sense nonexpanding__ o o o )
states forn/2 < i < n. Since the problem of finding the cardinality of past projections is a

Proof: We begin by proving (4.6). Using Corollary 7 and theSubproblem of finding values of the CLP [9] or the ELP [13], there

corresponding result for future projections, we conclude that at evéﬁl”o use in applying bounds from [9] or [13]. We will therefore use
index in the range 9m=b 4 1 p — Bgm—b _ 1] both the past (4.8) in order to derive an upper bound on the vertex count at the
2 ’ 2 <

projections and the future projections of any two distinct cosets Bidices that (4.6) does not cover.

RM (1, m) in DG(m, ) are disjoint. Thus for indices in this range  proposition 9. An Upper BoundfFor the minimal trellis of

we have DG(m, §) mentioned in Theorem 8, the state complexity at any
$:[DG(m, 8)] = s,[RM (L, m)] + (m — 1)(m/2 — 6 + 1). (4.7) indexd,, s <i < 52™ °is upper-bounded by

The second term in the RHS of (4.7) is the logarithm of the number of s:[DG(m, 6)]

cosets of RM1, m) in DG(m, §). Substituting the state complexity min[o, £ log i(log i — 1)] +1log i + 1,

of RM (1, m) from [10] in (4.7) we prove the three middle terms < if 7 is a power of2

of (4.6). = ] min[o, £ [log i]([log 7] — 1) + [log (i — 2oz 1 1y7]
The fact that for a code having dual distanée any set of +log i] + 1, otherwise

d' — 1 positions in the code comprises all possible~" different (4.9)

(d' —1)-tuples [11, p. 139] establishes the first and last part of (4.6). '
Similarly to the proof of Proposition 3, it is clear that any trelligvherea = (m - 1?77(7771’5;/2 - S+ 1). _ _
diagram of DG(m, &) will have strict-sense nonmerging states for AlSo, forn — 52 < i < n—1 the upper bound is obtained

i < d:? and strict-sense nonexpanding statesiforn — d:’. by replacing: with » — i in the RHS of (4.9).
Clearly, for the indices in the rangé 2™+ 1, n— 2 2™ =% —1] Proof: Clearly
the minimal trellis for DG(m, §) has the same structure as the | [Qpo(m. 8)]| < |Qpg(m. 6)] = olm=1)(m/2=56+1)

minimal trellis for RM(1, m). Also, itis easily verified that fof > 3
3 3 Denote byQ F(m) the code obtained from taking the vectors related
[dfﬁ;j, n— dfﬁ;j] C {5 2" b — 5 2m 1}. to all the quadratic forms in RNR, m). Let Q) = (qx;) vary through
- all upper triangularn x m binary matrices. It follows from Lemma

Combining these two results we prove the statement about thghat there is a one-to-one correspondence between
structure of the trellis fob > 3. For 6 = 2, we have

_ {ar;}2<i<t08i s if i is a power of2
dnz,ﬁ n — d7n‘5 _ é 2777.—?5 n — §21n—5 1<k<y .
‘min * 'Y ‘min - 2 s v 2 {q;.q]'}zgjsuog i] U {q1,r-,]} j=llog i|+1 » OtherWIse
1<k<y 1<k<[log ']
so we have to check whether the states=at2 2™ * are strict-sense (4.10)
nonmerging. Since the trellis structure implies that at 3 2™ ~°+1 and P,_[QF(m)]. Hence,
no two codgwogds stl?re the same future projection, this is obviously 1log i(log i — 1), if i is a power of2
true also at = 5 2™, completing the proof of the theorem. L o0 |p, _[QF(m)]| = Lllog i|([log i] — 1) + log(i — 218 )7,
It is readily confirmed from (4.6) tha$,,.x[DG(m, §)] found in otherwise

Proposition 2 fors > 3 is attained for this bit-order. The structure ofyyhich is the number of free binary variables in (4.10). Combining
the biproper trellis diagram presented in Theorem 8 implies that @k fact that

1 <i < n/2-1 each state has a single edge entering it, and thus the
branch complexity at these indicestis= s;. At n/2 +1 < i < n, |Pe—[QDg (m, 0)]| < [P [QF (m)]]
each state has a single edge leaving it, se/@&+ 2 < i < n, the

o S with the results from [10] we establish the part concerning indices in
branch complexity i$; = s;,_1. Similarly,

the range€[l, n/2). Using similar arguments the second part of the
bojo =bnjogr = sny2 +1=1og|DG(m, §)| — 1 proposition can be proved. |
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TABLE |
A COMPARISON BETWEEN THE ACTUAL VERTEX COUNT AND THE DERIVED UPPER AND LOWER BOUNDS FOR SEVERAL DELSARTE-GOETHALS CODES
i 6 7,8 9 10 11, 12 13-16 17 18 19,20 | 21-24 25-32 33 34 35,36 | 3740 41-48
UB 26 27 28 29 2]0
s]x(6)] 26 27 2 2 | 2.00
LB 25 26 27 28 29
UB 26 27 28 29 2]0 2]] 2]2 2I3 21} 213
S,[K(S)] 26 27 28 29 10 ol 12 %‘213 %_213 %_213
LB 24 24 25 26 27 28 29 2]0 211 212
UB 26 27 28 29 2[0 21] 212 2]3 2]4 2[5 216 2]6 216 216 216 2!6
S,[Z(IO)] 26 27 28 2° 210 a1 12 %_213 %-2” %'214 %_215 _3__216 %‘216 %.210 %_216 %.216
LB 24 24 25 25 25 25 26 27 28 29 210 211 2]2 2[3 214 2]5
UB 28 29 210 21] 212 213 214 2]5 216 217 218 219 220 22!
S,[D¢(8,3)] 28 2° 210 ol 212 o1 ol 215 2l6 P 718 219 %.220 %.221
LB 27 28 29 210 2]1 212 2]3 214 2]5 2[6 217 2]8 2]9 220

Proposition 10: For the minimal trellis ofDG(m, ) mentioned Remark: Sinced,,, ,,/,,_, = 8, the firstindex not covered by (4.6)
in Theorem 8, the vertex count at any index i < n/2 satisfies isi = 8. However, it is clear from arguments similar to the ones in
, - ) . . . the proof of Proposition 10 th&[DG(8, 3)] = S-[DG(8, 3)] = 27.

Si-a[DG(m, §)] = Si[DG(m. 8)]; ifwa(i=1)>2 (411 \ye therefore begin our calculations froim= 9.
wherew,(7) is the Hamming weight of the standard binary expansion
of the integeri. Forn/2 < i < n — 1 the vertex count satisfies V. CONCLUSION

Si+1[DG(m, 6)] = S:[DG(m, )], if wa(n—i—1)>2. In this correspondence, we have examined the structure and com-
(4.12) plexity of the trellis diagram of the Kerdock and Delsarte-Goethals
Proof: Leti; = 2'* +2'2 < n/2, and leti, be the largest codes. Although these codes are nonlinear they admit a biproper trellis
integer satisfyingia = 2's + 24 < i\, wherel,, Iy, I3, I, are diagram under any given bit-order.
positive integers. It is clear from Corollary 5 that there is a one-to- It was proved that at each ¢ D,, ; the states of any trellis
one correspondence betweBn_ (C>) andP;_ (C>) fori» < i < iy, diagram of the Delsarte-Goethals codes (under any given bit-order)
whereCs is any subcode of RN2, m), and (4.11) is established. By are simple. At indices withitD],, s, the states are either simple states
using similar arguments, the statement concermifig < i < » — 1  or butterfly states or a combination of both.
is established. O Combining the properties of quadratic Boolean polynomials with
) . ) __the property that the sum of any two codewordsld (m, 6) from
Obviously, forl < i < n/2 the vertex count of the biproper trellis different cosets of RM1, m) in RM (2, m) is of rank2é or more,
from Theorem 8 satisfies we derived a partial formula for the vertex count of the biproper
Si_1[DG(m, 6)] > max{ é Si[DG(m, 8)], Si_1[RM (1, m)]} trellis diagram of_thgse codes when a_rranged in the standard bit-order.
if wa(i—1)<2. (4.13) The number of indices for which this fqrmula holds grows as the
- value of§ grows, and therefore reaches its maximumd&ee m /2,
Forn/2 < i < n — 1, the vertex count satisfies the expression  corresponding to the Kerdock code. In this case, the formula applies
to2(n/2 — 2 /n +4) + 1 indices (excluding = 0, n).

- S Jlg . ,
Si+1[DG(m, 6)] 2 max{3 Si[DG(m, 6)], Si+1[RM (1, m)]} For§ > 3, we observe that wheRG(m, §) is in the standard bit-
if wa(n—i—1)<2. (4.14) order, the maximum vertex count in the biproper trellis representation
of the code achieveS$m.x[DG(m, §)] = 5 - |DG(m, 6)|. For all

We can use (4.11) together with (4.13) to formulate a lower boun

. lues ofm and § the states of the biproper trellis diagram of
on the vertex count at < i < n/2. We use the relation m prop d

DG (m, §) are strict-sense nonmerging states fo i < n/2 — 1,
= o(m—1(m/2—b41)Fm—+2 strict-sense nonexpanding states fof2 + 1 < ¢ < »n — 1, and
butterfly states at = n/2.
from (46) as an initial value of the state Complexity in the above The upper and lower bounds derived’ using main|y the properties
lower bound. The lower bound on the vertex counng® < i < of RM(2, m), are tighter for small values & since in these cases
n — 1, is obtained by replacing with » — i in the lower bound at pg(m, 6) is a larger subcode of RK2, m). For the Kerdock codes,
1 <i<mn/2 it appears that when going in a descending order of indices from
A comparison between the actual vertex count (obtained from— g\/ﬁ the vertex count will decrease in small amounts at the
a computer search) and the upper and lower bounds on the sfatfices described in (4.13) that are closeite 2 \/n, as observed
complexity (calculated from (4.9), (4.13), and (4.11)), is given ifkom Table I. It suggests that the lower bound will not be tight for
Table | for several Delsarte—Goethals codes. The rows marked “Uge Kerdock codes.
and “LB” correspond to the upper and lower bounds, respectively. Wet js noteworthy to remark that the results of Theorem 8 suggest
give the results only for the indices in which (4.6) does not applynat for values ofs that are close t@, only a small portion of the
and only fori < n/2, since trellis representation 6P (m, &) is composed of parallel sections,
Si[DG(m, 8)] = Su_i[DG(m, )] each corresponding to a different coset of RMm) in DG(m, 6).
Therefore, whery is close to2 and DG (i, é) is in the standard
and the bounds obey the same rule of symmetry. Evidently, the lowst-order, the Viterbi decoding by means of biproper trellis may be
bound is not tight forC(10). fairly more efficient thancoset decodingCoset decoding consists

5(3/2)2m4+1
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of Viterbi decoding (in turn) each of the cosets of RMm) in  (the second half of its first period), so (A.4) reads
DG (m, §), and retaining the best codeword. The number of addition-

equivalent operations required to decode the Delsarte—Goethals coted’t » V2. =+ Z

described in Table | was calculated for both mentioned algorithms. 1<k<log 1]
Viterbi decoding by means of biproper trellis required up to 10% less

operations than coset decoding. The number of addition-equivalent ) )
operations required for Viterbi decoding was calculated directly froMfnich is a linear Boolean polynomial. From the lemma’s assumptions,
the formula2|E| — || + 1. It should be noted that it is possible tolt follows that the vector related to this linear function has zero entries

reduce the decoding complexity of both methods by the use of trelfisthe rangdl, i'], wherei’ is defined in Lemma 4. Using arguments

sectionalization. similar to the ones mentioned above, it can be shown that if the
In [13] it was shown that the vertex count @G(4, 2) (the VeCtor related to a linear polynomial has zero entries in the range

Nordstrom—Robinson code), under the standard bit-order is not mif- i'] it actually has zero entries in the whole rarfge2"°s 1], It

imal componentwise. However, the question whether there exigi§o follows that both

Ullog i]) = Gk, llog i|+1Vk + £,

S, = IUog i]+1 (As)

a bit-order for which the trellis diagram dPG(m, 6) is minimal
componentwise remains pending.

andz’ = 0, completing the proof of Lemma 4.

APPENDIX
PrROOF OF LEMMA 4

We decomposea (v) into

qk,Uog i+l = Os 1 S k S |710g 7,-|
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ca(v) =:za + Z diyvrv + Z 1o,
1<k<y<|log 7] 1<5< log 4]
(1]
+ Z qﬁ]vk'v i+ Z l]A v [2]

llog i]+1<j<m
1<k<j

llog i]+1<5<m

(3]

Al
(A1) n

For [log i +1 <1 < m we havel, . :j,_(v,) = 0 and thus .
the vector related to the last term in the RHS of (A.1) is zero for its[ 1
first 212 ') indices. We define

v llog 7] )

>

1<k < < log i)

éalvy, v, -, [6]
[7]
(8

El

2. U

1<5< log 4]

diyvrvy + vj | +2a. (A2)

From the above arguments, and sifée (c,) = 0, it follows that
ca = Fples iJ)_(EA) =0. (A-3)

From (A.3) we have that all the values taken by the; i |-variable
quadratic polynomialéa (vi, v2, -+, v|1oe ;) When its argument
goes throughall the elements of’'°5 "] are zero. This is possible (11
only if

[12]
éalvr, va, e, Vllog i) =0 [13]

that is,qp; = 0 for 1 < k < j < [logi], andi$ = 0 for
1 <j < |logi], andea = 0, establishing the first part of (4.3). [14]

For ani that is not a power of two, we will examine the vectar
at the indices in the range s i/ 4 1, 211 i+1]. From the above ]
discussion it follows, that the only elements ©f(v) that may not
be zero at these indices (i.e., wheiis the binary expansion of these
indices) can be written as

s Ullog > Vllog iJ+1)

>

1<k<log 7]

éalvr, va, - -

qk, |log i]+1 VkV|log i|+1

Hllog i |+1V]log i J+1- (A.4)
Yet, v, ;41 IS one for all indices in the range

[2 Llog 4] +1, QUOA iJJrl]
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