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Generalized Hamming Weights of Nonlinear Codes it fits in with Wei's framework. The new definition quantifies the
and the Relation to the Z,-Linear Representation minimum number of information bits (of-ary symbols) contained
in any, sayt, symbols of a codeword. Second, the new definition
llan ReuvenStudent Member, IEEEand Yair Be'ery,Member, IEEE ~ generalizes the different dimension/length profiles to nonlinear codes
by introducing theentropy/length profil§ELP). The relations between
the different dimension/length profiles do exist also between the
Abstract—In this correspondence, we give a new definition of gener- corresponding entropy/length profiles. Likewise, the new profiles can
oot L RO o o e delomites iy v on- 02 used 1@ s way s in [11] 10 invesigate and to lower-bound
tropy/length profile of the c%de. We show tr?at this definition charazterizes various complexity measures of a trellis representation of nonllnear
the performance of nonlinear codes on the wire-tap channel of type Il €0odes. The latter use of our new approach has been addressed in our
The new definition is invariant under translates of the code, it satisfies previous work [20]. In the present work we hence concentrate on
the property of strif:t monotonicity and the g'eneraliz'ed Si_ngleton_ bound. Wei's cryptographical viewpoint.
We check the relations between the generalized weight hierarchies af, - This study comprises two closely related parts. First, we present
linear codes and their binary image under the Gray map. We also show L . . . .
that the binary image of a Zy-linear code is a symmetric, not necessarily OUr New definition of generalized Hamming weights of nonlinear
rectangular code. Moreover, if this binary image is a linear code then it codes. We study the properties of the new notion and its relations
admits a twisted squaring construction. to the other definitions. Likewise, we develop some bounds on these
Index Terms—Entropy/length profiles, generalized Hamming weights, weights and illustrate their use in some examples. In the second part,
linear codes overZ,, nonlinear codes, twisted squaring construction. we discuss the representation of binary nonlinear codes, dmear
codes and the relations between this representation and its binary
image. Hammonset al. [12] showed that some known classes of
I. INTRODUCTION nonlinear codes such as Kerdock, Preparata, etc., can be constructed
Motivated by applications in keyless cryptography, Wei [26] deas binary images under the Gray map of linear codes &@yefThe
fined thegeneralized Hamming weigf{GHW) hierarchy of linear generalized Hamming weights of these codes a¥grhave been
block codes. These weights characterize the performance of tlmmsidered in several recent studies [1], [2], [28]-[30]. These weights
code on the type Il wire-tap channel. After Wei's study this subjecharacterize the performance of tAe-linear codes over the wire-tap
received considerable interest, and the weight hierarchy of severhéinnel of type Il. These studies have utilized the relation between
classes of codes has been derived in numerous recent works (ég generalized weight hierarchy of dual codes. Recently, these codes
[6], [9], and [27]). Many other works introduced bounds on théave also been studied as binary nonlinear codes [21], [22]. It is
generalized weights (e.g., [13] and [24]). Kasashial. [15] showed easily verified that the GHW hierarchy of the codes ofercan be
that bounds on the state complexity profile of a trellis representatioged to lower-bound the ELP of the respective binary codes. We use
for a linear block code can be expressed in terms of the GHWhe results of the above-referenced works to determine and to bound
Forney [11] elaborated on this observation and called the GHWe ELP of the binanf64, 2'%, 28] K(6) Kerdock, and64, 2%, 6]
the length/dimension profilef the codeC, m(C'), whose component P(6) Preparata codes, and to determine the first five generalized
m;(C) is the minimumeffective lengttof any subcode of” whose Hamming weights of the’(m) Goethals codes. Additionally, we
dimension isj, 0 < j < k. The inverse profile, thdimension/length show that the binary image under the Gray map of a linear code over
profile (DLP), k(C'), which contains the same information abdiit Z. is a symmetric code (either when this image is linear or not). We
has been found useful for the study of trellis complexity of linesghow that when this binary image generates a linear code then it is
block codes. The'th component of the latter profild,;(C'), is the equivalent to a twisted squaring construction code. Likewise, we give
maximum dimension of any subcode Gfwhose effective length is a counterexample to show that the binary image éf,dinear code
not larger thanj. A coordinate ordering of a linear block code thaneed not be a rectangular code.
meets the DLP bound is calleficient,and the code for which such The correspondence is organized as follows. Preliminaries and
an efficient ordering do exists is said to satisfy tim®-way chain basic notations are presented in Section II. In Section IIl, we give our
condition. new definition for GHW of nonlinear codes and discuss the properties
Two proposals for generalization of the GHW notion to nonlineasf this notion and the differences between our definition and other
codes have been suggested by Bassalygo [3] and by Gatar{7]. definitions ([3], [7]) of this notion. We also develop some bounds
Both definitions view the GHW as a certain minimum property ofn the ELP which is the inverse of the GHW (according to our
subcodes ofC of a predefined cardinality. However, for nonlineaidefinition). In Section IV, we study the properties of the binary image
codes these subcodes do not represent the amount of informatirZ,-linear codes and the relation between the generalized weight
contained in the corresponding coordinates of the code, though bbiararchy of the code in these two representations. As an example
definitions coincide with the well-known definition when appliedve investigate the GHW of the binai§(6) Kerdock code, thé®(6)
to linear codes. In this study, we suggest a new definition of tiRreparata code, and tb€m ) Goethals codes. For the first two codes,
GHW for nonlinear codes. This definition seems to be a naturak give the ELP for some indices and lower and upper bounds on
generalization of Wei's definition to nonlinear codes. The nethis measure for the remaining indices.
definition has two main advantages over the previous ones. First,
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The rth generalized Hamming weight of a linear co@ed, (C), is Let I be the index set foc, I = {1, 2, ---, n} and letP;(¢)
the minimum support of any-dimensional subcode @', namely, denote the projection of a codewoede C' onto.J C I. The set of
A ML . _ o the projections of all codewords ontb is denoted byP;(C'), and

dr(C) = nﬂn{ (D) D € €, dim (D) = r}, lLsrsh the complementary set aof in I will be denoted byl — J. For a

The set{di, ds, ---, dy} is called the (generalized Hamming)fixedi € [1, n —1] we split a codeword = (ci, ¢z, -+, cn) € C
weight hierarchy ofC. In the appendix of [26], the connectiont0 its pastportion or headci, ¢z, ---, ¢;) and itsfuture portion or
between generalized Hamming weights and the security of the cd@8 (ci+1, cit2, -++, cn). The entropy of a random variabl¥ is

when transmitted over the wire-tap channel of type Il was explaine@gnoted byH (X'). All the logarithms here onwards are taken to base
The suggested scheme used[then —k] linear codeC'* : the encoder ¢ the cardinality of the alphabet set over which the code is defined.
selects a coset according to theinformation bits and transmits a

codeword randomly chosen from that coset. The adversary has fulllll. GENERALIZED HAMMING WEIGHTS OF NONLINEAR CODES

knowledge of the code, but not of the random selection of a codeword s start with our generalization of the GHW concept to nonlinear
in the coset. The adversary is allowed t(? tﬁ;&;ymbols from the block codes. Similarly to [20], we make tHe, 1] codeC into a
transmitter. The drops of the adversargguivocationcurve for this ,itorm probability space by assigning each codeword a probability
scheme occur at the generalized weights of [inek] code. That 1 /37 Wwe denote byX s a random|.J|-tuple variable that takes on

is, the adversary obtains ¢-ary information symbols if and only ihe vajues of the seP, (C') with probabilities that are induced by
if s > d,(C). The following lemma gives a new interpretation tohe yniform distribution of the codewords.

the GHW hierarchy of a linear code. It refers to the adversary's - _ _

equivocation when the codewords of the, ] code, and not its  Definition 1 [20]: The conditional entropy/length profile (condi-
dual, are transmitted over the channel. This interpretation of tfienal ELP) of a codeC'[n, M. d] over a finite alphabet set of size
GHW is useful to the study of nonlinear codes that do not have duals the sequencé(C) = {h;(C), 0 < i < n} where

codes, and hence the above transmission scheme which is based on N . - U7 ,

cosets of the code is not applicable to nonlinear codes. hiC) = max{ H(X|Xy—): ] =i}, 0<i<n (1)

Lemma 1: Let C' be an|n, k] linear code over GFy) with with the conventiono (C) 2.

d.(C) = t, thenk — r information symbols can be reconstructed This definition extends the notion of DLP of [11] to nonlinear
from anyn — t coordinates of a codeword f. codes, and it coincides with it when applied to linear codes. Likewise,
Proof: Without loss of generality we assume that the firstt ¢ < h,,,(C) — hi(C) < 1, andh(C) > 0 if and only if I > d.

components of the codewordare given. The generator matrix 6f  The DLP of linear codes rises froffh to the code’s dimensiork

is equivalent to the following matrix: in k distinct unit steps. The increase of the ELP of nonlinear codes
A B need not be in unit steps. Thus the total number of steps may exceed
0 C, log, M.

where the matrices”; and B compriset columns,[0 C:] is a Definition 2: Thegeneralized Hamming weight (distanad)order
generator matrix of the largest subcode @f whose firstn — ¢ r, d%(C), of the codeC[n, M, d] over a finite alphabet set of size
components are all zeros. Clearly, the rank4is identical to the will be defined as the index of theh nonzero value of the sequence
total number of rows in it, i.e., its rank is at ledst r. We denote by A(C). That is, letL, be the largest index for which,_(C') = k..,

1 the rank ofA. Thus there is a unique solutigm:, mo, ---, m;) then d},(C) = L, + L. In other words, the GHW hierarchy
to the equation set according to our definition is the set of valugs h;(C') # hi—1(C)}.
(M1, Mz, -y mi) - A= (c1, 2y vy ent) The first value _of the generalized Hamming weight hierarchy is
the index of the first nonzero value of the sequeh¢€’), namely,
for any (n — #)-tuple (c1, ez, -+ cn—¢) which comprises the first the minimum distance of the codé This definition reduces to
(n —t) components of a codeworde C. L Wei's definition when applied to linear codes. Lemma 1 can now

be generalized to this definition: Lét be an[n, M, d] block code
symbols of a codeword af’ with d,(C)) =  can gain at least — over a finite alphgbet set of.siz;ewith dl(C) = t, then the entropy
information symbols. For example, maximum distance separable®f @nyn —¢ coordinates ot is at leastog, M — h.(C') out of total

code C' has the worst immunity. This code meets theneralized 108} information symbols.

Consequently, we conclude that an adversary who taps:.any

Singleton boundi,.(C') = n — k 4+ r. An adversary that listens _ _ o
to I components of the codewords gains the maximum possitfle Relations Between the Different Definitions
information, namelymin(l, k) information symbols. A different definition of the GHW of binary nonlinear codes was

In the sequel we denote b¥[», M] a block code that consists given by Coheret al. [7].
of M codewords of length: over a finite alphabet set of size

When the minimum distance of the codg,is of interest, the code a*(C) a min U Y(ej +1) @)
will be denoted by the triplén, M, d]. When we refer to afin, k] (trer ez, en)CO | )
linear codek will denote the dimension of the code. Likewise, we .

such that the vectors{(e: +1t),(¢c2 +t),---, (¢r +t)} are linearly

use parentheses to denote the pair ), the length of the code, :
and its minimum distance and by(n, d) the largest numbei{ of |ndepender_1t._ . . . .

codewords in any binargn, d) code. For nonlinear codes, it is more 1S definition has two prominent drawbacks. First, it is not
convenient to use a different definition of the support of a Subcoo%.comblnatorlal definition for a combinatorial object (a nonlinear

We will denote this measure byipp (D). We definesupp (D) as code). This definition depends on the field, ring, etc., over which
follows: the code is defined. The above definition applies only to binary

A codes, and different dependency relations should be checked in other
supp(D) = {i: 3(cr, 2, -+, cn) =€ €D cases. Likewise, this definition does not satisfy the property of strict
and(by, bz, ---, b,) =b € D with ¢; # b;}. monotonocity of the definition of GHW for linear codes. Another
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definition, which is not subject to these deficiencies was given alues (see the first list at the bottom of this page). The hierarchy
Bassalygo [3]. This definition is related to ttwardinality/length of generalized weights of the code according to [7] is shown in the
profile (CLP) notion of [17]. The CLP of a nonlinear code is definedecond listing at the bottom of this page. The next (final) lists on the
as the sequencflog, M (1;C), log, M(2;C), ---, log, M(n;C)}  bottom of this page give the sequence of GHW of the code according
where to the definition of [3] and the corresponding CLP values.
A The generalized weight hierarchig$(As) and dl(A) may be
M C) = mgx{ [DI: D € C, [supp (D)} < T} ®) deduced from [17] and [20]. In order to deridé(\is) we list the

The CLP also reduces to the DLP when applied to linear codé@dewordS ?(s ahun]iolrll Of_ eigh_t iosets of [bé, 5, 8] R_eed.—MuIIer
From (1) and (3) we have the obvious relation between the CLP aﬁ%de' We take the following eight coset representatives:

the ELP 0000 0000 0000 0000 0001 0001 0111 1000
, 0000 0011 0101 0110 0001 0010 0001 1101

log, M(I:C) 2 h(C). @ pooo 0101 0110 0011 0001 0100 0100 1110

Let L, be the largest index for which/(L,;C) = k,, then if we 0000 0110 0011 1010 0001 0111 0010 0100

defined;,,(C) = L, + 1 we achieve the hierarchy of GHW of and use the standard bit order of ti, 5, 8] Reed-Muller code,
[3] Thus the GHW hIeraI’Chy of the latter reference is the set QE: we genera’[e the code by the genera’[or matrix

values{l: M (;C') # M(l—1;C)}. ltis noteworthy to comment that

M(d;; C') is denoted byl; in [3]. Also, the index of the generalized ééééééééﬁﬁﬁﬂ
weight according to our definition and that of [3] does not reflect the G _ 10000111100001111
cardinality of the underlying subcode, unlike the definition of [7] and RM(1, 4) = 0011001100110011 :
the definition of the GHW of linear codes. Both the ELP and the 0101010101010101

CLP satisfyh,1(C) < j, log, M(d;; C') < j whered; andd; stand
for the respective definition of thgth generalized weight. The CLP We consider the following six codewords:

also satisfies\ (d%; C') > j + 1. This relation does not necessarily 1910 1100 1001 0000 0110 1010 1100 0000
hold for the ELP. For both definitions of GHW of nonlinear codes 1119 1110 1000 0111 0010 1110 1101 1110
d}(C) andd?(C) strict inequalities hold between successive values, gg10 1000 1000 1101 1110 1000 1101 1011

dN(C) > di_,(C) and d¥(C) > d_,(C). Likewise, using [20, _ ) ) )
Lemma 3] it is straightforward to show that our definition satisfieshe first three codewords (left-hand side of the list) determine the
the generalized Singleton bound. second_ generalized weight accoro!lng to [7], and all six codewords
determine the next three generalized weights. The support of the
Lemma 2: The ELP of an[n, M] codeC satisfies the following eight coset representatives i¢, and the rank of their linear span
inequality: iy 10, 174-(C) > 7. is 6 and thusdz(Nis) =11. The next generalized weight is deter-
Using (4) we also havibg, M (1 —log, M +r;C) > r. Al three mined by the coset representatives (actually, seven out of the eight

definitions coincide with the well-known definition of GHW Whenrepresentat[ves) a.’?d the secolnd codewordrif (1,4), and thgse
codewords in addition to the third codeword@fw (1, 4), determine

applied to linear codes. Likewise, under all three definitions of th ZBN’ ) =13. The next two generalized weights are determined by
. B - 16 ) = .
GHW, a code and its translate have the same hierarchy of generallﬁqéls set of codewords in addition to the fourth, and the fourth and fifth

weights. However, the definitions of [3] and [7] doeal definitions dewords ofC: The total number of generalized weights
that do not average the total amount of information contained fiPoc VS RM (1, 4)- al number of g lzed Weig
atfcordlng to the definition of [7] i$1—the linear span als is the

a partial set of the coordinates of the code. The total number [% 11] second-order Reed—Muller code

generalized weightg2(C') is equal to the dimension of the linear . .
code generated by the linear span of the codewordS.ofhe total . Th% maximum ;cardmahty of any subcode 4fis whose support
is 6, 7, and 8 is 2. However, forl = 8, the codewords of\is

number of distinct generalized weighf$(C) and d2(C) is lower- L . . -
can be divided to 128 pairs such that each pair has eight common
M - —d+1. , ; )
bounded bylog, M and upper-bounded by —d +1. In general, the qmponents at the same eight coordinates of the code, and for

total number of generalized weights according to the three differe% i . . .
g ¢ g = 6 and 7 one can find only 32 pairs with ten or nine common

methods is different. s i
components, whereas the 192 remaining codewords have all distinct

We illustrate the difference between the definitions by calculatin ts at th dinates. Thus th h of 13] and 117
the GHW of the Nordstrom—Robinson code according to the thré%mponen_s at these coordinates. Thus the approach o .[ ] and [17]
oes not distinguisti = 8 as a generalized Hamming weight. Our

definitions.
approach, however, takes account of the fact that a further amount
Example 1: The Nordstrom—Robinson codé€;s is a[16, 256, 6] of information can be gained by intercepting nine components of
nonlinear code. The profiles at the bottom of this page are the GHWé code instead of eight. Using Wei's terminology: the adversary’s
hierarchy according to our definition and the corresponding Eléjuivocation is different in these two cases.

r 12 3 4 5 6 7 8 9 10

di(Nig): 68 9 10 11 12 13 14 15 16

hay(Nig): 025 1 %log,3=119 219 3 4 5 6 7 8
= 12 3 4 5 6 7 8 9 10 11
(Ng): 6 9 10 10 10 11 12 13 14 15 16

r 12 3 4 5 6 7 8 9

a3 (Nig): 6 9 10 11 12 13 14 15 16

log, M(d3(Ni6);Nig): 1 logy3 log,6 3 4 5 6 7 8
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B. Bounds on the Entropy/Length Profile Example 4: Forn which is a multiple of4, the (nonlinear)s,, and

Some bounds on measures of trellis complexity and on the gdi¢C» Hadamard codes have the paramelers 1, 2n, 37 —1] and
eralized weights (according to the definition of [3]) were derivedi’> 27- 371, respectively. It can be verified that fer values which
by Muder [19] and Lafourcade and Vardy [17]. These bounds afé€ not divisible bys we have
usually expressed in terms of the maximum size of a code with a 1 2 1 2
given minimum distance. These bounds do not consider the impact hujo—1(Bn) < 54— huy2(Co) < 5+
of asymmetrical structures in the examined code. Clearly, any upper
bound on the CLP is also an upper bound on the ELP at the sam&'(?arly, the bound of Theorem 3 is useful only when it is smaller
level. However, the derivation of tighter bounds on trellis complexithan1. The smallest length of a binary code with an even minimum
of nonlinear codes entails the evaluation of the ELP or bounding tilistanced that comprises more than two codewordslisd and
profile. We recall that this profile describes the inverse function to thd{ 1.5d. d) = 4. The next lemma bounds the ELP value at the index
determined by the GHW hierarchy. The derivation of bounds on tHe>d-
ELP rather than the GH.W seems to be a rea.sonable approach dqe 1%Bmma 4: Let C be an[n, M, d] binary code wherd is an even
the fa_ct that the ggnerahzed weights were defined as the set Qf 'nd'ﬁ'ﬁéger, and leF be the set of the lengths —1.5d) tails of codewords
at which the ELP increases. The bounds of [3] were also derived MC such that each tail in this set is comprised in four codewords of

on the GHW hierarchy but on the inverse profile (CLP) accordin@u_ The minimum distance of the sét is lower-bounded by Ld].
to the respective definition. The formulation of bounds on the ELP Proof: Suppose thafy,. y,} C F and that 4
. 1 2 =

requires more delicate combinatorial considerations. In this section,

we derive some bounds on the ELP using the pasic parameters of {(21i. y1), (w2i, y5), 1 =1,2,3,4} CC.
the code[n, M, d]. We show that these bounds improve upon the
CLP-based bounds. We denote
Theorem 3: Let C be an[n, U d] binary code. The value of the d= min dist (211, 22;).

ELP at leveli, d < i < [1.5d] is bounded by 1=1,2,8, 4 j=1,2,3,4

Aln —i 2] — (i — If d =0, then we havelist (y,, ¥,) > d. Otherwise,

hl(C) S 24(" D) |_d/2-| (l d)) (5) ¢ 1s (yl y2) =
M Y 4
Proof: Without loss of generality we assume that(C) = 2 > [2-dist (@1i, 22;) + dist (z1i, 215) + dist (224, 22)]

maxy {H(Xs|X7-7): |J| =i} is achieved forJ = [1, i]. Clearly, =t j=1
there are at most two codewords with the same leKigth-) tail for > 24d+32d'. (6)

indices: in the rangel < ¢ < [1.5d]. However, it may happen that

not all length¢n — ¢) tails have two distinct heads. Let us examinén the other hand, lef. be the8 x 1.5d matrix whose rows are
the cardinality of the largest subsBt of C' such that the tail of any {®i;. ¢ = 1, 2, j = 1, 2, 3, 4}. Suppose that théth column of L
codeword of D appears in two codewords @f( and D). For any comprisesn; 0's and (8 — n;) 1's. Hence this column contributes
four codewords which are partitioned to past and future portions Z:(8 — n:) to the sum on the left-hand side of (6), and the latter
indexi, {(z1,9,), (£2,¥9,), (3,¥3), (z4,9,)} C D, we have expression is maximized it; = 4. Thus

. . . . 0: 4 4
dist (@2, 3) + dist (@1, 24) < 20 — dist (m3, m) < 2 —d. Z Z (2 - dist (214, T25) + dist (z1i, @15) + dist (224, 225)]

. . . . i=1 j=1
gggﬁggﬁﬁggﬁ(g?k\_&zii‘u (21, x3) or dist(z1, £4) (or both) is < 15d-32 =48, (7)
dist (21, @3) < |d/2] + (i — d) and/or Combining (6) and (7) we have
dist (21, 24) < [d/2] + (i — d). < 3d.
Thus we havelist (y,, y,) > [d/2] — (i — d) and Consequently,
DI < 24(n =4, [d/2] = (i = d)) dist (y;. 95) > [2d].  V{y,. 9} CF. O

which completes the proof. O
) 3 Thus the sef" has a minimum distance of at legstd]. The next
Example 2: For the Nordstrom-Robinson cod&is we have hegrem follows immediately.

log, M (6;M16) = 1. However, using Theorem 3 with the bound ) )

A(10, 3) = 79 [4], we havehs (A1) < 79/128. This value can be Theorem 5: Let C' be an[n, M, d] blnary code wherd is an even

used to improve the bounds on trellis complexity of the code. In [2@)teger. The value of the ELP at level5d is upper-bounded by

it was found that the actual value &(Ni¢) is 0.25. 4A(n — 1.5, [d/4]) o (4)}
~log (3) ¢

Example 3: The Kerdock code K(6) has the parameters f15a(C) < min {2’ log 3+ M
[64, 2'*, 28]. Using the fact that the best known code with the (8)
parameters(n, d) = (36, 14) comprises2® codewords [18] we
obtain 225 (IC(6)) < 0.25 and h29(K(6)) < 0.25 (postulating that ~ This bound is based on the observation that the code consists of
cross sections of this code do not provide a better code than #temostA(n — 1.5d, [d/4]) sets of four codewords with common
linear code with parametef86, 9, 14]). Both the constructions of elements orin —1.5d) positions while the remaining codewords may
Shanyet al. [22] and Yanget al. [30] provide the trivial bound be partitioned to sets with at most three codewords with common bits
hos(KC(6)) > 0, hao(K(6)) > 0. at these(n — 1.5d) positions.
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Example 5: When we apply Theorem 5 to thie, 2n, %71] C., where
Hadamard code we obtain

Ble) = B((e1, ca,y +-+,en)) = (B(er1), Ble2), -+, Blen))
Psuya(Cn) < 2(% + %)+ e - %) - log, 3, and, similarly,
if n is not divisible by16. (€)= v((c1, c2r -y en)) = (Aer)av(e2), <= v(en)).
han/a(Ca) < 2(% + %)"’ <% - %) -~ log, 3. The binary image of a quaternary code is the ima&ge= ¢(C)

under the Gray map. A code of even lengths calledsymmetricif

if n is not divisible byS. : 2y
(a, b) € C' implies (b, @) € C, wherea andb are (n/2)-tuples.

i ivi n) < 2. . . . . .
These results improve upon the trivial boumx;,l_n/J‘(C ) < Lemma 6: The binary image of &,-linear code is a symmetric
Furthermore, one can elaborate on the above ideas and use som

. ; ) . . . - CO
more subtle combinatorial considerations in order to achieve tightér

. X - - Proof: We denote by the binary image of the&,-linear code
bound;. Likewise, th_e _prescnl:_;ed bounds are not useful for codes W&Fhunder the Gray map. Suppose that the binary codeward)) € C
a relatively small minimum distance.

is the image of a quaternary codeward C, then the binary image

of the quaternary codewortt: € C is (b, a). O

IV. Zi-LINEAR CODES . . .
GHW AND THE RELATIONS TO THE BINARY IMAGE Let S be a finite set and lef/T denote a partition ofS into

= |S/T| disjoint subsetsl’, T5, ---, Tn, whereT; C S for
-+, N. The Cartesian product set denoted By x T},

. N
Hammonset al. [12] have shown that some known families of. 2
rises all pairgt;, t;,) such thatt; € T; andt;, € T;.. The

nonlinear codes, such as Kerdock, Preparata, etc., can be construﬁ&&%ql1

as binary images under the Gray map of linear codes dfer mp . . - - .
W Y wisted squaring constructio(TSC) [10] is defined as the unioii

The Kerdock and the Preparata codgs are .fom.‘a' duals” over t N setsT; x Tj;. such that bothi andj; run throught, 2, ---, N.

binary field in the sense that the weight distribution of one code We denotel’ by ZHS/THQ.

the MacWilliams transform of the weight distribution of the other.

Moreover, these codes are dual ov&r, and duality in theZ, Theorem 7: If the binary image under the Gray map ofZ-

domain implies that the binary images have dual weight distributiorigiear code is linear then there exists a coordinate ordering under

The generalized Hamming weights of these codes dXgerhave which this binary image is a TSC code.

recently been considered in several works [1], [2], [28], [30]. These Proof: Consider the quaternary linear codegenerated by

studies have utilized the relation between the generalized weight I, 4 B

hierarchy of dual codes ([1], [2]). Recently, these codes have also G = { (‘)‘ ,)‘I ‘)D}'

. . . . . Py N Z

been studied as binary nonlinear codes [21], [22]. In this section,

we show that the binary image under the Gray map oF.a We further decompose the rows &f and carry out the following

linear code is a symmetric code. We also show that the binamgw operations. We find the maximum numbler, of Z,-linearly

image need not be ectangular code [16]. Finally, we address independent codewords with binary entries only. Thus the cardinality

the relation between the generalized weights of a code Byeand of the Z,-span of these codewords i1, We note that these

those of its binary representation; in particular, we use the resuisdewords have the forn.” -G, wherem is a binary vector. We

of the above-referenced works to determine the ELP of the binaignote these codewords b J. .Js], where the total number of

[64, 2'%, 28]K (6) and[64, 2°%, 6] P(6) codes for some indices and columns in the submatricek, .J», and.J; corresponds to the above

to derive bounds on the generalized weights for the remaining indiceartition of G. We append additiondli2 = ki — k1 quaternary Z,-

Let Z, be the ring of integers modulh We say that two codes arelinearly independent) rows to the new generator matrix. Obviously,
permutation-equivalenif one can be obtained from the other by a/; is a full-rank matrix, and hence these additiokal rows can
coordinate permutation. A linear lengtheode overZ, (quaternary be taken ag:12 rows of [Ir, A B] from the original generator
code) is an additive subgroup @f'. Any quaternary linear codé matrix such that the chosen rows &e-linearly independent of the
is permutation-equivalent to a code with a generator matrix of thiest k11 rows. We denote these rows iy K, Ks]. Clearly,

form [12] Ky and K> may be taken to be binary matrices.
, Thus the code generated By is equivalent to the code generated
Iy 4 B (9) by the following generator matrix:
0 2I, 2D y gg :
. . . . Jvo T s
whereA andD are binary matrices is aZ4-matrix, andl; denotes G= K K K
. . . - T = 1 o K3 |. (11)
the & x k identity matrix. This code compriseg2*2 codewords. 0 2I. 2D
We define two mapg and~y from Z, — Z, as follows: B
¢ Ble) (o) If C' = ¢(C) islinear, and’ is defined by (11), thef" has a generator
0 0 ’0 matrix
1 0 1 Ji T2 J3 0 0 0
2 1 1 0 0 0 L T T
3 1 0 Go=|0 0 pB(K3) Ki Ky ~(I3)]|. (12)
K, K, 'y’( K3 ) 0 0 LJ-’ ( K3 )
The Gray mapyp: Z, — Z3 is given by 0 I, D 0 I, D
o(c) = (B(c), v(c)) We denote
d th - n 2n ) b . 0 0 /5(1{5)
and the Gray map: Zy — Z3" is given by Goyr E T () Gy & 7 T Ja] 13)

o(c) = (B(c). ¥(c)) (10) 0 I, D
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to rewrite (12)

Gr 0
Go=| 0  Gr (14)
Gsyr Gsyr

where bothG's,, and GS/T generate the same vector spaS¢T]
which is a system of coset representativesofin S, and G
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linear) quaternary codé. It is easily verified that

for d,(C) < [ < d,r.l,.oAa(C)
Whenth(C) = h,(C) +2

(16)
7

where the logarithms in this inequality, as well as all the logarithms
here onwards, are all taken to the baseThese inequalities are

generatesI’. Thus the codeC' may be constructed as a unionjustified by the fact that the support of the binary image of the set of

of 4"122%2 subsetsT; x T;,, where [T;| = 2*1t for all i =
1,2, .-, 4k1zok2, =

Sidorenkoet al. [23] have shown that the binary image ofZa-

guaternary codewords that determine each generalized weight upper-
bounds the corresponding generalized weight of the binary code.
Similar relations also exist between the CLP of both codes

linear code under the Gray map is rectangular (e.g., [16]) at even

indices when a symbol-by-symbol map is used. This map differs from
the map of [12] which we adopt in our results. The following example

shows that the map defined by (10) does not have this property.
Example 6: Consider theZ,-linear codeC generated by

10 0 2
0 1 0 1f.
0 01 3

This code comprises the codeword$112,1200,1103}. The bi-

logM (21; C) > logM (1;C)
logM (21 4+ 1;C) >logM (1;C) + 1
whenlogM (I + 1;C) =logM (1;C) + 2.

In the following theorems, we utilize these relations in conjunction
with the results of [1], [2], [21], [22], [29], [30], and values of the
function A(n, d) or bounds on this function to calculate and bound
the ELP of the binary Kerdock cod€(6) and the Preparata code
P(6). Using the same approach, we also determine the first five
generalized weights of thé(m) Goethals codes.

nary image of these codewords under the map defined by (10) isl'heorem 8: The entropy/length profile of thgs4, 212, 28] Ker-

{0001 1111,0100 1100,0001 1100}. If we assume that the binary 4.\ codek (6)
code is rectangular at the center level then it includes the codew

0100 1111. However, the corresponding quaternary codewidrtil
is not a codeword of’.
Yet, the nonlinear binary image of &,-linear codemay be a

rectangular code. For example, the Kerdock codes are rectangw%rr

under any coordinate permutation ([22], [23]).

We now revisit the issue of GHW and discuss the relations betwe%wI

the GHW of Z,-linear codes and their binary image. The GH

hierarchy of Z,-linear codes was defined by Ashikhmin [1]. Thes

weights characterize the performance of fhelinear codes over the
wire-tap channel of type Il. Theth generalized Hamming weight of
a Z4-linear codeC is defined by

d-(C) 2 n}%n{ |x(D)|: D is aZ,-linear subcode of
C, log, |D|=r},r={05,1, 1.5, ---, log, |C|}.

(15)

is determined/bounded as follows. When the value
the ELP is not known exactly we give two values, the first one

is a lower bound and the second is an upper bound (see the bottom

of this page).

Proof: All the lower bounds are deduced from the GHW

archy of the code ovef, [1] (which provides better bounds

than those deduced from [22]). The upper bound ifoe 28, 29

llows from Theorem 3. This bound relies on the parameters of the

V\ﬁest known codes, and thus this entry in the table is denoted by
%n asterisk. The upper bounds and the exact values of the ELP for

the indices32--56 are derived from the Plotkin bound ofii, 28).
The ELP for the indice$9 < i < 64 is7 — 52 since that the dual
distance of the codéd' is 6 and hence any set gf< d’ — 1 columns
of K(6) contains each-tuple exactly|/C(6)|/27 times. Finally, the
ELP value for the indice$7 and 58 is upper-bounded by the ELP
value ati = 59. O

Theorem 9: The entropy/length profile of thé4, 2°2, 6] standard
Preparata codé”(6) is determined/bounded as follows (see the

Some binary codes can also be described as nonlinear codes dattom of this page).

Z4 [8]. The GHW hierarchy of the codes ovef, can be used to

Proof: All the lower bounds are deduced from the construction

lower-bound the ELP of the codes over the binary field. That is, Lef [21]. The upper bounds far0 < i < 16 follow from the known
C = ¢(C) be the binary image under the Gray map of (not necessarimlues ofA(7, 6). The upper bounds for the indicég < 7 < 36 are

i 1-27 2820  30-31 32—41 4243 4446 47-51 52-53
RIKG)] 0 *[0.025 [0,1] 1 [1L.2] 2 [z 1+ log L;giiﬂ [3, 1+ log LSgiiH
i 54-55 56 57 38 59-64
ha[K(6)] [4, 1+ log LSZ [5, log 112] [5.7] [6,7] i—52
i 15 68 9 10 11 12 13-14 15-16
RIPO)] 0 1 2 [2log6] [3.log12] [3,log24] [i—9,i—8] [i—10,i~8§|
; 17-20 21 22-94 25-32 33-34 35-36  37-64

WP©6)] *[i—10,i—9] *[10,log 2560] *[i—11,i—10] *(i—11) *[T—12,i—11] *(i—12) i—12
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derived from the table of the best binary code®wn([18], and [5]

for ¢ = 34), and hence these entries are denoted by asterisks. The
upper bound for the indice¥7 < i < 64 is due to the fact that the (1]
dual distance of this code i# = 28. Actually the use of bounds on

the maximum size of codes with a given length and minimum distancg)
increases the upper bound by at mb$br the indicesl 724, 32-34,

36, and by no more tha for the indices25-31 and 35. o B

The dual of theZ,-linear Kerdock codéC(m) is a code whose
binary image is 42", 22" ~?™, 6] nonlinear code. This code has the
same weight distribution as the standard Preparata code but it diffe[‘é
from the standard Preparata code. Thus the GHW of4hdinear  [5)
Preparata code cannot be used to bound the ELP of the standard
binary Preparata code. Yet, the GHW hierarchy of the quaternar
Preparata code as given in [28] provides looser bounds on the EL
relative to the bounds deduced from the construction of [21]. The
profile of Theorem 8 can be used to evaluate lower bounds on the]
trellis complexity of the Kerdock code in either one of the two
representations of this code. Theorem 9 can be used to bound tEﬁ
trellis complexity of the standard binary Preparata code.

Form = 2t + 2 > 6, the G(m) Goethals code is a nonlinear
[2m, 227 =3m+1 8] code. TheZ,-linear Goethals codes also differ [9]
from the standard binary Goethals codes though they have the same
weight distribution. Using values aofi(n, d), it can be shown that [10]
both the standard Goethals codes and the binary image af.the
linear Goethals codes achieve the maximum possible value of the|
ELP for the first 16 indices, and this fact in turn gives the first five
generalized weights of these codes. Hence the first five generaliié@
weights of these codes as derived in [29] give the exact value of the
ELP of the corresponding binary images (for the respective indices).

Theorem 10: Both the standard Goethals codes and the binary irﬁl-?’]
age of theZ, -linear Goethals codes have the following entropy/length

profile at indicesl < i < 16: [14]
] 1-7 811 12-13 14 15 16 [15]
hi[G(m)] 0O 1 2 3 4 5

Thus the first five generalized weights of these codes are
{8, 12, 14, 15, 16}. [16]
Proof: The Plotkin bound implies that the ELP of the Goethals
codes for the indiced—16 cannot be larger than indicated in thelt]
above table. Conversely, The first five generalized weights of the
Goethals codes ovef, are {4, 6, 7, 8, 8} [29]. Using (16) and [18]
(17), it is clear that the binary image of these codes meet the
above ELP profile. Likewise, in [25] it is proved that the first fivel19]
generalized weights of triple-error-correcting primitive binary BC"[zo]
codes of lengt™ — 1 are{7, 11, 13, 14, 15}. Using these values
along with the construction of [21], it follows that the standard binary
Goethals codes also meet the profile of the above table. The first fi¢él
generalized weights of these codes are derived from this profie.

Finally, we mention that there exists another definition of gene[fzz]
alized weights, generalized Lee weights, for (not necessarily linear)
codes overZ, [14]. This definition follows a similar approach as thej»3)
one by Bassalygo [3] and extends it #a codes by checking Lee
weights instead of Hamming weights. These generalized Lee weig#4]
of a Z, code coincide with the generalized Hamming weights of its
binary image under the definition of [3]. [25]
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42, pp. 1587-1593, Sept. 1996. [10]. However, there exists a class of codes having unique minimal
trellis. These codes are calledctangular [11] or separable[20].

A code C of length n is rectangularif for each positiont, 0 <

t < n, it can be separated into disjoint subcodes in such a way
that concatenation of thelength head of one codeword with the
(n—t)-length tail of another codeworel belongs toC' if and only if

c; andc; are in the same subcode. A rectangular code has a unique
Vladimir Sidorenko, lan Martin, and minimal trellis that has minimal number of verticgs| and edges

|E| and has minimum cycle rarj£| — |V'|+1 [20], [23]. As a resullt,

the Viterbi decoding complexity of a rectangular code is minimum
when using the minimal code trellis.

Abstract—We give simple sufficient conditions for a code to be rect-  Using the partition of a rectangular code it is straightforward (at
angular and show that large families of well-known nonlinear codes are least theoretically) to obtain the minimal trellis of the code [11],
fcrtgggt'a;-nJhNezredgt‘g;deRgggzomnargéd'-ei"egZ?;ei”r’e gg'r?al:}gr—(;gaeéﬂa'; [20]. Thus, if a nonlinear code is rectangular, then complexity of ML
theese coﬁes has a unique minimal trellis thét can t?e used fgr soﬁ—decision dechlng may be reduped_ with the aid of the .mlnlmal t.re.llls. For
maximum-likelihood decoding. nonlinear codes, encoding is also a problem. Using the minimal code
trellis, the encoding problem for rectangular code can be solved as
well [11].

All group codes (including linear codes) are rectangular [5], [11],
[20]. In this paper, we investigate rectangularity of some known
I. INTRODUCTION nonlinear codes. We say that a codepermutation-rectangulaif

Modern practice requires from coding theory powerful codes anfgls rectangular gnd all equivalent codes obtained by permutations of
optimum soft-decision maximum-likelihood (ML) decoding. Usuallycodeword coordinates are also rectangular. _
linear codes are used, since the theory of linear codes is well'_n Section Il we obtain some general_ results concerning rectangu-
developed and linearity simplifies coding and decoding proceduréity of codes. We show that codes witld > » are permutation-
However, several famous families of nonlinear codes have md&ftangular, wheré is the Hamming distance andis code length.
codewords than any comparable linear code presently known. TH/g prove _that some transformatlons of a rectangular code (including
fact explains interest in nonlinear codes despite coding and decodffy€Xtension or translation) yields a rectangular code. We show that
problems connected with the nonlinearity of the codes. if 3d > n then a binary self-complementary code is permutation-

It is traditional to implement ML decoding using the Viterbi'éctangular. _
algorithm [24] applied to a code trellis. Let each edge in a trellis N Section IV, we show that the Hadamard and the Levenshtein
be labeled by a single code symbol. In this case, the Viterbi decodifgd€S areé permutation rectangular. It is tempting to conjecture that
algorithm require$E| additions andE| — |V'|+ 1 comparisons [15], all known codes (or at least codes descrlbe(_j in [13]) are rectangL_JIa_r.
where|E| is the number of edges anti | is the number of vertices However, the example of a conf_erence matrlx code shows thgt this is
in a code trellis. For a given code many trellises can be construct®@! the case. A conference matrix cadg, in the standard coordinate

To minimize the Viterbi decoding complexity we have to use a COCf}_'rdering,'is not rectangular but can be made rectangular by coordinate
trellis that has the minimum number of edd&4 and minimum cycle Permutation.

On the Rectangularity of Nonlinear Block Codes

Bahram Honary Senior Member, IEEE

Index Terms—Codes, Delsarte—Goethals, Hadamard, Kerdock, Leven-
shtein, nonlinear, Nordstrom—Robinson, rectangular, trellis.

rank|E|— |V |+1. However, historicallya minimal trellisof a codeC” In Section V, we investigate rectangularity of binary images under
(with fixed order of codeword coordinates) is defined as one havilfif Gray map ofZ, linear codes. We show that such a code can
the minimum number of verticeld’| [4]. be nonrectangular. We prove that the Delsarte-Goethals codes, the

For linear codes (and group codes) it was shown that the minind&grdock codes, and the Nordstrom-Robinson code are permutation
trellis is unique [5], [16] and it has the minimum number of edgekectangular.
|E| [15] and the minimum cycle rank [20], [23]. Thus, for linear
codes the minimal trellis minimizes the Viterbi decoding complexity. [l. DEFINITIONS
As for constructions of minimal trellises, it was proved [3], [9], A block codeC is a set ofn wordsc = (c1,---,¢,) of length
[15], [27] that the classical methods of trellis design suggested Byover an alphabe) = {0,1,---,¢ — 1}. Denote by(n, M, d) a
Bahl-Cocke—-Jelinek-Raviv [1], Wolf [26], and Massey [14] producgode with lengthr, which has} codewords and the minimum code
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