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Euclidean-space codes and group codes. An important applicatsmme related ideas to periodic packings. There is a one-to-one
of these codes is to the construction of minimal trellises for latticemrrespondence between the points of the fundamental module and
and more generally, packings. The coordinate system for a lattites label code of a periodic packing. Hence the fundamental module
is not unique. Distinct representations of a packing in differemxtracts the dynamical properties of the trellis diagram for the
coordinate systems may not incorporate the same number of paffecking. In general, the fundamental module is a Euclidean-space
For lattices and packings this degree of freedom is superimposecdctwle, and in particular, the fundamental module of a lattice is a group
the permutation problem for group codes. code. The results of [18] and those of the present work can thus be
The majority of the work in the field of trellis representation ofpplied to the label code of periodic packings. However, the proposed
group codes and lattices is included in [6], [8], and [9]. These papegsneralization is limited to givencoordinate system, and thus it does
introduce the basic concepts and define the algebraic derivationnot provide much information about the minimal trellis complexity
trellises for lattices. In two recent papers [22] and [23], Tarokh aref the packing.
Blake have proposed three measures of trellis complexity which wereThis correspondence is organized as follows. The next section
defined as functions of the coding gain of the lattice. The study dftroduces the weighted entropy/length profiles and the weighted
the behavior of these functions led to lower bounds on the trel@@ordinates bound. In Section Ill, we present the generalization of
complexity of lattices. These lower bounds were given as an explige construction of a trellis representation for periodic packings. In
power of the coding gain. The main result of the above two papersSection IV, we extent the ELP concept to periodic packings, and
that the number of states and branches of trellis diagrams of lattigggsent theentropy/dimension profile$\Ve use the weighted profiles
grows exponentially with the coding gain. Tarokh and Vardy [24] conjunction with the results of [18] to present bounds on trellis
have shown that not even argtional lattice (which hence has a finite complexity of periodic packings. We illustrate the devised bounds by
trellis) has a coordinate system in which the average number of staa@glyzing the trellis complexity of Constructions B and C of packings
is upper-bounded by a function of the coding gain or the dimensioihich are based on block codes. Finally, concluding remarks and
However, several measures of trellis complexityimtegral lattices @ discussion of the computational complexity of the bound and its
were bounded in the afore-mentioned work by the volume of tigactical value are given in Section V.
lattice. These bounds were improved and generalized by Banihashemi
and Blake [2] LikeWise, in [1], fOCUSing on the number of distinct 1. THE WEIGHTED COORDINATES BOUND ON THE
paths of the trellis diagram of a lattice as the complexity measure, STATE COMPLEXITY PROFILE OF BLocK CODES
they lower-bounded this measure by a function of the coding gain.
Trellis diagrams that minimize this complexity measure were deriv%%

fc;r Sl??r]]e wgll-knom]/cn Iattlceas in trl](e gbcl).vq;mde:\tlcl)nt(ta.d work.k'!'he SCORfe new technique can be used also to tighten other related bounds.
ot all the above-referénced works IS limited 1o fattice packings. — ry,q proofs of the claims in this section are very similar to the

The construction of trellises for nonlattice packings has not be%@rresponding (unweighted) ELP-based theorems of [18], and thus
defined heretofore. The study of trellis representation of nonlatti ey are omitted '

packings has both theoretical and practical importance. This study, length sequence spacdV is defined by anindex setl,
may shed further light into the structure of these packings. Practically, 1,2,---,n} and by a set obymbol alphabetq 4; : i € I};
this study is closely related to the complexity of soft-decoding[/- is thé Cartesian product; x As x -+ x A,. That is, ¥ is the
algorithms for these packings which are the densest packings knoy® ¢ 4 sequences = (a;,i € ) with a; € 4L A block codeis
in some dimensions. In dimensioid, 11, 13, and20 there are non- a subset ofi’. When the Symbol alphabets are groups, thenis

lattice packings denser than any known lattice ([5], [25]). Likewise(\:a”ed agroup sequence spac#/e define the componentwise group
in many other dimensions there are nonlattice packings that have Hb%ration inv

same density as lattices.
This work comprises two intimately related main sections. The first axb=(a;xb,i €l
one introduces a new lower bound on the state complexity profile of )
block codes under any coordinate ordering. The new bound appli@erea: * b; denotes the product dfu;,b;} € A; under the binary
to any block code. This bound, which will be henceforth referre@™OUP Operation ind;. Evidently, 1V is a direct product group under
to as theweighted coordinates boundjeneralizes the notions of the above operation. group codeis a subgroup of a group sequence
ELP and ELP bounds to block codes whose components are dradqce'V _
from distinct alphabets. In particular, it may improve upon the well- A tréllis 7" = (V, A, E) for a block code”" of lengthn is an edge-
known DLP bound on the state complexity profile (of linear block2beled directed graph in which thertex(statg set” is the union
codes), and upon the ELP bound [18] for the general case. The i+ 1 disjoint subsetsl” = Ui, Vi, whereV’ is the set of vertices
bound assigns arbitrangeightsto the coordinates of the code, ancft leveli, theedgeset ' = | J_, i, consists of ordered triples
acco_rdingl)_/ modified (weighted) ELP are gvaluated. The ELP bound, Ei={(u,,0) 1 € Viei,0 € Vi, € A;)
and in particular the DLP bound, are special cases of the new general
class of bounds. It is illustrated that the new bound may be tight@here 4, is the alphabet set at indéxandA4 = Ay x Ao x---x A4,
than the DLP/ELP bound, and thereby distinguish codes that do ®ta finite alphabet set. Any pattv,a) € V x A from 15 to V,
satisfy the two-way chain condition [7], [28]. defines a state sequence, and the correspondinple sequence of
The remainder of the correspondence is devoted to the studyedfge labels(a+,as,--+,a,) is associated with a codeword af.
the trellis complexity ofperiodic packingsA periodic packing is a The state complexity of the trellis diagram at levels; (C'), is the
union of a finite number of translates of anthogonal lattice All  logarithm of the vertex count at this level, i.8;{C) = log |V;(C)|.
useful constructions of nonlattice packings (and evidently also latti¥dée sequence(C) = {s;(C),0 < i < n} is the state complexity
packings) comply with the above definition of periodic packings. profile of C. All the logarithms in this study are assumed to be
We define afundamental moduleof a packing, and use this to the same arbitrary base. For a given coordinate ordering we
definition in conjunction with the weighted coordinates bound tdenotes,..(C) = max;{s;(C)}. The minimums.m..(C) over all
generalize the construction of a trellis diagram for a lattice armbordinate orderings is called tistate complexity(C').

In this section, we present a new lower bound on the state
mplexity profile of block codes under any coordinate ordering.



1660 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 45, NO. 5, JULY 1999

The block codes discussed in this section need not be lineand
Furthermore, their different coordinates need not take on values from
the same symbol set. We denote a block code by the (pait! ),
wheren is the length of the code an¥ is its cardinality. The derived we prove the main result of this section.

bounds refer to any trellis representation of the code. The diagram fo . )
nonlinear codes, which need not necessarily admit a minimal biprop :I'heorem 1 (The Weighted Coordinates Boundjie state com-

trellis, need not be proper or one-to-one. plexity profile of an(n, M) codeC is bounded by
Let I be the index sef1,2,---,n}, and letJ be a subset of
I, J C I. In particular, we denote by~ the subset consisting of
the firsti consecutive indicefl, 2,---,¢], and similarly we denote
it 2 i+ 1,44 2,---,n], with the conventio)™ = nt = {¢}
are the null set. The complementary setJfoin I will be denoted where the above weighted profiles are evaluated with respect to an
by I — J. We denote byP;(C') the set of the projections of the arbitrary weight setw.
codewords of”' onto the indices off. We make th€n, M) codeC

into an ensemble whose sample space is the entire set of codeword¥/hen the bound is applied to block codes over a fixed alphabet set
Similarly to [18], we assign the codewords a uniform probabiliy?€" Some of the resulting bounds will be looser than the ELP bound
of 1/M. We denote byX, a random|.J|-tuple variable that takes (or its DLP version for linear codes) while others may be equal to

on the values of the se;(C') with probabilities that are induced ©" larger than the ELP bound as illustrated in .the foII_owing simple
by the uniform distribution of the codewords @f. We use the example. The lower bound on the state complexity profile may thus be

basic information-theoretic measures: taetropy of an ensemble defined as the maximal bound given by (2.6), where the maximization
X, H(X), and themutual informationof the joint XY ensemble is done with respect to the weight set. For the all-zeros weight set the
I(X:Y). In what follows, we assign each coordinate of the coddifferent profiles reduce to the corresponding entropy/length profiles.

an arbitrary weightv;, 1 < ¢ < n, and we evaluate some entropy'n p.articularl, for Iinear. block co.des over a common.alphabet set this
profiles with respect to the chosen weight set. choice provides the different dimension/length profiles.

Definition 1: The ordered Weighted ELP(ordered WELW of Example 2.1:.Consider the binary linear cod€ defined by the
C(n, M) with respect to the weight sab = {w;,1 < i < n} 9enerator matrix
will be defined as the sequeng&C,w) = {g;(C,w),0 < i < n} [1 11 0 1 0}
1

R (C.w) < g'(Cow)

5(C) 2 log M + Y wj — hyi(Cw) — hi(Cow),
=1

1<i<n-1 (2.6)

where

0 001 11

7:(Cow) 2 H(X;-) + Z“"J‘ (21)  In this example, all the logarithms are taken to the binary base. The
7=t DLP values at indiceg and4 are»(C,0) = 1 andh4(C,0) = 2,
o B ) and thus the ELP (DLP) bound at indicsand 4 is 1 state. We
Definition 2: The ordered conditional WELFOf C'(n, M) with  now assign weight /2 to the first two coordinates and weight zero
respect to the weight set = {w;, 1 < < n} will be defined {5 the rest, namelyw = {1/2,1/2,0.,0,0,0}. For this choice we

1

as the sequencg(C') = {g:(C,w). 0 < i < n}, where have h»(C,w) = 1 and h4(C,w) = 2. Therefore, this choice of
i weights provides the bound of two states at indizesd4. Clearly,
g (Cow) 2 H(X,— | X;+) + Z“’f' (2.2) this bound may be achieved at both indices in the permutation that

j=1 replaces the last two positions with the third and the fourth positions.

Example 2.2: We consider a group cod€ which consists of the

Definition 3: The weighted entropy/length profil§WELP of following 12 codewords:

C(n, M) with respect to the weight sat = {w;, 1 < i < n}
is the sequenca’(C') = {1}(C,w),0 < i < n} where 0000 0031 0220 0251 0440 0411
1300 1331 1520 1551 1140 1111.
RL(C,w) £ min{ H(X ;) + Z“”f S| =i (2.3) This code is a subgroup @ x Zs X Zs x Z. The WELP of the code
7 with the all-zeros weight set &(C, 0) = {0, 0,log 3,10g 6, log 12}.
This profile provides the lower bound of two states at le¥ebf
Definition 4: The conditional weighted entropy/length profilethe trellis representation of the code under any symbol permutation.
(conditional WELR of C(n,M) with respect to the weight set However, when we use the following weight set for the coordinates
w = {“/’is 1 < i < 'n} is the Sequencé(c) = {h,(c,’lU), 0 < of the codew = {10g150,0.10g 15} we obtainhs (CUJ) = 10g3
i < n} where and hy(C,w) = log 27, yielding the lower bound of three states at
level 2. This bound is achieved, for example, under the given order

}' 2.4) of the symbols.

Jj€J

The bound on the state complexity ([18, Theorem 6]) can be

hi(C,w) 2 InJaX {H(‘XJ | ]{17\/) —+ Z'wj : |]| =1
rewritten with the WELP measures replacing the ELP values.

jer

Lemma 1: For an(n, M) codeC’ with weighted profilesh(C’, w) Theorem 2 (State Complexity)-et C' be an(n, M) code, and let

!

and b (C'w) {#z1,22,---,z~n} be any set ofNV positive integers provided that
, . i z1 + z2 4+ -+ 4+ zv = n. The state complexity of any trellis

hi(C.w) = log M + Z wj = Tn—i(C.w). (2.9) representation fo€' under any coordinate ordering is bounded by

J=1
n N
Using the above lemma along with the obvious relations log M + ; w; — ; h- (C,w)
s(C) > = - 27

h(C.w) > g(C,w) N-1
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whereh; (C,w) is theith component of the WELP af' with respect P with respect to a given coordinate system will be called the
to an arbitrary weight setr = {w;,1 < i < n}. orthogonal sublattice A shifted version of a Voronoi cell of this
We now depart to a study of the trellis complexity of periodidattice (with respect to the coordinate system associated with the
packings. Our approach is based on the fundamental module of daistituent, one-dimensional lattices) will be calledfandamental
packing. We use the weighted coordinates bound to address the stgiserboxof the packing. The minimum lengths of the vectors in

complexity profile of packings. the above definition determine the fundamental hyperbox. The set
of packing points,@, included in this region will be referred to
IIl. TRELLIS CONSTRUCTION FORPERIODIC PACKINGS as afundamental moduleA fundamental module) is actually a

A packing P is a discrete set of points (vectors) in a real set of glue vectors(translate representativedy, 2 @ + 1Z, that is,
dimensional Euclidean spad@”. If this set of points forms an ' = {¢+1Z: ¢ € Q}.
additive group then this is a lattice. The vectors that represent The coordinate system whose axes are collinear to the vectors
the center points of the packing may spandimensions;n < n. {v1,v2, -+, va} Of Definition 7, along with the dimensions of the
In this case the packing can be expressed as a sub$®t ofhus fundamental hyperboX!; = b, — «;} are sufficient descriptive
without loss of generality, in this study, we consider only full-raniparameters of the fundamental hyperbox. In particular, a lattice
packings that span an-dimensional space, and will henceforth has a finite trellis diagram if and only if it comprises an orthogonal
designate the dimension of the packing. sublattice (e.g., [22]), that is, it is periodic (under Definition 7). The

An n-dimensional latticeL may be defined by means of itsforegoing fundamental hyperbox should be distinguished from the
generator matrixiG. This matrix consists of. linearly independent Voronoi cell. For instance, the Voronoi cell of the two-dimensional
vectors, and all the lattice points afespan (integer combinations) of hexagonal lattice are hexagons whereas the fundamental hyperbox is
these vectors. The (fundamental) volume of a lattice is the volumerektangular by definition, and it includes at least two lattice points.
a fundamentak-dimensional cell, the/oronoi cell associated with All useful constructions of nonlattice packings, i.e., Constructions A,
a single lattice point. The faces of the Voronoi cell are hyperplangs and C which are based on codes (e.g., [5]) and packings built up
midway between two adjacent lattice points. by layers comply with the above definition of periodic packings.

In the sequel, we generate high-dimensional spaces Hireat In particular, when the dimensions of the fundamental hyperbox
sumof other spaces, where tidgrect sumA; & A, of the orthogonal i )l » coordinates are identical; = m, ¥1 < i < n, then the
spacesd; and 4. is a third space whose dimension is the sum of thgacking will be denoted by? = Q + mZ”, whereZ” is the n-
dimensions of the constituent subspacés,and 4, and it spans a gimensional cubic latticeor the integer lattice In the sequel, we
space of vectors that can be expressed as a direct sum of two Veci¥iSote the fundamental module by the set of its packing paipys,
a1 € 4, anday € A>. Namely, or by the pair(@, 1), for expedience. The additional parameter vector

Ay D Ay={ay+ay:a; € Aj,a; € Ay} 1 denotes the distance set of the corresponding orthogonal sublattice.
In many cases it may be convenient to represent the fundamental

Definition 5: An n-dimensional hyperboxs a polytope inR” module as a set of codewords. The notatienk, d). will stand

that includes all the pointe = (x,z2,---,2,) provided that for a binary linear code of length, dimensionk, and minimum
a; < z; < bi, Y1 < i < n, for some set ofz constant pairs Hamming distancel, and the triple(n, M, d) will denote a binary
(ai,b;). We also denoté; = b, — a;. nonlinear code of length, M codewords, and minimum Hamming

distancel. For convenience, unless otherwise stated, all the packings
along this work are scaled to have minimum distahce
The (fundamentalyolumeof a periodic packing’(P) is the quo-
tient of the volume of the fundamental periodic region (fundamental
By definition, an orthogonal lattice is a direct sum ofone- hyperbox) and the total number of packing points included in it. The
dimensional latticeq!;Z,1 < ¢ < n}, whereZ denotes the set of volume of the fundamental hyperbd,"_, I;, is M times larger than
integer numbers. An orthogonal lattice is associated with a distartbe volume of the packing, wher® is the total number of packing
set of the constituent one-dimensional lattices. This distance set yatlints included in the hyperbox.
be denoted by, I £ {I;,1 < i < n}, and the corresponding lattice The coding gainof an n-dimensional packingP is defined as
will be denoted by¥Z = 1,Z ©1,Z @ --- ©1,Z. Let B be a Voronoi  ~(P) = d*(P)/[V(P)]*/" whered(P) is the minimum Euclidean
cell of a lattice. We say thaB + 371", r; - e; is a shifted version distance between any two packing points. The supremum coding gain
of a Voronoi cell (with respect to a given coordinate system), whegg any i-dimensionalpackingis denoted herein by';, and~; will

{ri} aren arbitrary real numbers, ane is a unit vector along the denoteHermite’s constanti.e., the maximum coding gain of a lattice
ith coordinate. packing inR".

The traditional definition of a periodic packing in R (cf. [5, _ ) _
p. 8]), pertains to a packing that comprisedinearly independent ~ Example 3.1: Fig. 1 depicts the hexagonal lattice generated by
vectors{vi, v2,- -+, v, } such that

Definition 6: An n-dimensional lattice is called anrthogonal
lattice (e.g., [22]) if it is theZ-span ofn mutually orthogonal vectors
{vi,v2, -, un}, i€, v; - v; = 0, wheneveri # j.

1 0
P+u, =P Vi e {1,2,---,n}. [1/2 \/5/2}'
However, along this work, we use a more narrow definition: We illustrate the fundamental hyperbox (rectangle) of the lattice

in two possible coordinate systems. The fundamental hyperboxes
are shown in dashed lines, and the Voronoi cell of the lattice is
delineated by a solid line. In the coordinate system for which the
P+4+v;, =P, Vi€ {1,2,---,n}. generator matrix is given, the volume (area) of the hyperbaxis3,
and it comprises two lattice points. The volume of the fundamental
Consequently, a periodic packing comprises an orthogonal sutyperbox in the proposed rotated coordinate systegi7is\/21, and
lattice. The primitiven-dimensional orthogonal lattice included init includes 14 lattice points. The corresponding generator matrix for

Definition 7: An n-dimensional packind is said to beperiodicif
there exist: mutually orthogonalectors{v, vz, -+, v, } such that
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The projection of a vectog onto W, will therefore be denoted by
Pi(z). Let D be a set of points ifR", then we defineP,; (D) £
{P;(x) : 2 € D}.

Under a given decomposition d®" as above, we denote by
P,(P | e) across sectiorof P

P7(P|e) 2 {P;(z):z € PandPr_s(z) = ¢}

® ® ® * L3 0 ~® where ¢ is an (n — |J|)-dimensional vector. Obviously, in any
; ; : coordinate system whet® is periodic,P; (P | ¢), is also a periodic
o o0 o o o o packing.

3 ' ; A trellis diagramT = (X, A, E) for a periodic packingP is an
edge-labeled directed graph consistingrof- 1 levels. The set of
vertices, orstates ¥, is the union of disjoint set&;, the set of
states at level. The label alphabet is denoted By and E' is a set

®8% ordered triples(e;—1,a,0;), 1 < i < n, whereo;,_1 € X,_1,
o; € ¥;, anda € R. The diagram is defined by the decomposition of
the periodic packing into a fundamental mod@end the orthogonal

Fig. 1. Fundamental modules of the hexagonal packing in two differ
coordinate systems and the Voronoi cell.

the representation via the second fundamental hyperbox is sublatticelZ : P = @ + 1Z. Every packing pointe € P passes
- through astate sequence(q) = {o1(q),02(q),---,0.(q)}, where
{r\/\/‘—_/ldf 3\/\/_51/1’4} 2 —q€lZ andoi(q) € T;. An edge between two adjacent states
SVT/14 21/14 oi—1(q) ando;(q) is labeled byg; + ;Z. There is thus an infinite

set of parallel transitions i.e., an infinite number of packing points
Example 3.2: The Scdili lattice D, is the densest lattice in four that pass through each state sequengg. This set is a translate of
dimensions. Its coding gain &'/2. Two possible constructions of {he orthogonal sublattice aP, namely,q + IZ.
this lattice are In the framework of system theory, the orthogonal sublattice of
) Dy = 271/2(4’3‘2” 4 91/274 a periodic packing is a generalization of the parallel transition code
1, ) 4 of a linear system. From this viewpoint, the orthogonal sublattice
) Dy =27(4,1,4). + 7" represents th@ondynamical componertf the system. The trellis
In the first coordinate system, the volume of the fundamental hypéliagram for” may be viewed as an efficient way of representing the
box is4. The fundamental hyperbox in the second coordinate systéiidamental module. This diagram, with respect to the translatg,set
is four times smaller, and it comprises just two packing points. is the same as that @f, except that every edge in the latter diagram
In the sequel, we basically adhere to the nomenclature of [8]. i& replaced by an infinite number of parallel edges connecting the
construct a trellis diagram for the packing by using a fundamentme state pair. When the trellis representatiorifaioes not include
module. This construction is a generalization of the known cofarallel transitions, then it comprisgg| state sequences (nonparallel
struction for lattice packings [6]. In a given coordinate system, tHength+ paths). Thus the dynamics of the trellis diagram foris
label code (the fundamental module) of a periodic packing is a blogkverned by the set of translate representatives in a given coordinate
code over arbitrary finite alphabet sets at the different coordinat&ystem.
The state space and the state-transition space of the trellis for thdhe state complexity of the trellis diagram at levek, (), is the
packing are identical to those of its fundamental module. Therefolegarithm of the vertex count at this level, i.e;(P) £ log|Z|.
the bounds of [18], and in particular, the weighted coordinates bouhfie sequenca(P) = {s,(P),0 < i < n} is the state complexity
of the present work also apply to periodic packings. profile of P. Let B, ; denote the set of branches (paths) between
A fundamental module in a periodic packing also defines a fundstates at indices and j > i. Each transition between states in
mental hyperbox. In turn, this hyperbox constitutes the coordina@etrellis for a packing represents an infinite number of packing
system in which the packing is depicted. In a given coordinafints. Thus we refer to theranch complexityof the label code,
system, i.e., for a given fundamental module, a trellis diagram fbg-, the state-pair complexity. Each branch is described by the triple
a periodic packing is defined by ordering these coordinates into(@; [}i+1,51(); 7;) wheres; € Z;, ¢; € Z;, andg € @, and we
nested sequence of vector spaces. We ordemtoae-dimensional define the branch complexity as the log-cardinality of the Bgt,
spaces associated with the fundamental hyperbox, and accordirfgly(#) £ log|Bi .
we denote them byW;, 1 < i < n}. We define the nested sequence

. . Example 3.3:In three dimensions, thbexagonal close-packing
of increasing subspaces

(hcp may be defined as a (nonlattice) laminated packing. This
Vo={0}, Vi=Vi.ioW, 1<i<n. packing has the same density as the densest lattice packing in three di-
mensions, théace-centered cubiffcc) lattice. Thehcpis constructed
by stacking layers of the two-dimensiorfaéxagonal latticed, and
We also denote its translated, 4 (1/2,1/+/12) alternately, whered, is spanned
. by the vectors(1,0) and (1/2,+/3/2). The distance between the

Us=Wi &Wg, 8- a W, stacked layers is/2/3. This packing is hence spanned by the lattice
L and its translateL + (1/2,1/v/12,1/2/3), where L is the Z-
span of the vector$(1,0,0), (1/2,v/3/2,0),(0,0,2+/2/3)}. Thus
the orthogonal sublattice of thecp in the above coordinate system
is spanned by{(1,0,0), (0,/3,0),(0,0,2,/2/3)}. The volume of
this version of thehcpis 1- /3 -2+/2/3/4 = 1/v/2, and its coding
Pr(@) = (2,2, x,) gain is v(hcp) = 2'/?. The hcp is spanned by four translates of

Clearly,V, C Vi--- CV, =R".

where J = {jlﬂjzﬂ e *]|J\}

The projectionP; () of a vectorz € R™ onto the|.7|-dimensional
spacel; is the image ofx = (x(,x2. -, x,) under the map
P; : R* — U; defined by
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Bz profile. We recall that

. LT
22/32+42/3 viey= 5116
j=1

Z+1/2

NEYINET) 223

where M is the cardinality of the fundamental module. Thus we get
for this choice of a weight set

gi(P,—logl) = H(X,~) = ) logl,

7=1

NEY

Fig. 2. Trellis diagram for the hexagonal close-packing. j=it1

=—logV(P) - H(X;+ | X;-) + > logl;.

(4.2)

the above orthogonal sublattice whose representatives (which do higewise, using Lemma 1, it is easily shown that
form a group code) are hi(P,=logl) + hl,_;(P.—logl) = —log V(P).  (4.2)

{(0,0.0),(1/2,V3/2,0),(1/2.1/v12,/2/3),(0.2/V3,/2/3)}. Another special choice of a weight set is the zero @et: 0. The
) o ) different profiles under this choice, unlike the DLP for a lattice, are
These four points are embodied in a single fundamental hyperboXQfariant under scaling of the packing by a different factor in each
the hep and they are a fundamental module of tep thereupon.  gimension. Indeed, such transformations preserve the structure of the
The corresponding trellis representation for Bepis given in Fig. 2. qiis of the packing, though they may change its coding gain. The
zero set of weights is useful to discuss the branch complexity of a
IV. ENTROPY/DIMENSION PROFILES AND BOUNDS packing. The branch complexity profile cannot be defined or bounded

ON TRELLIS COMPLEXITY OF PERIODIC PACKINGS by the profiles under a nonzero weight set. In particular, the branch

The entropy/dimension profile (EDP) of a periodic packing is ana?—ompIeXIty of a lattice cannot be expressed in terms of DLP.
ogous to thesntropy/length profilef block codes [18]. Heuristically,  |emma 2: Let P be a periodic packing, then
the unconditional profiles measure the entropy, viz., the amount of
randomness, per unit volume, of a projection of the packing points hi (P, =logl) < —log[d(P)]. (4.3)
onto lower-dimensional subspaces. The conditional entropy profiles proof: We assume without loss of generality that
measure the randomness, per unit volume, of cross sections of the
packing points. Along the following definitions, we concentrate on
the fundamental module of a periodic packing, and hence we confingye denote
the scope of our results to a given (unordered) coordinate system. The A
various entropy profiles of the fundamental module also measure the K= yefig‘f]((f,) {(z,9): (z.9) € QY
density of the corresponding entropy profiles of the whole packing. ) h
Some of the results of this section utilize the EDP to extend resulf¢Pere@ is a fundamental module of and
especially of [8], to nonlattice periodic packings. {(z,y) : (z,y) € Q}| M

hi(P) = H(X: | Xpgn))-

The bounds apply to both lattice and nonlattice periodic packings () = M =1Ql
in a given, but not necessarily ordered, coordinate system. Hence f@ys clearly’, > Kd(P).
lattices the DLP of [8] which applies to any coordinate system is
more general than the corresponding EDP presented in this section. hi(P,—logl) = > p(y)H(X1|y) —logh
Nevertheless, it seems that for nonlattice periodic packings there is YEX 2,
a “natural” coordinate system to define the trellis for the packing, <log K —logly < —log[d(P)]. O

and this degree of freedom of rotating the coordinate system while
maintaining a periodic packing structure does not exist. Furthermo(gsing similar argumentation one can readily verify thatP, — log)
the use of the EDP does not restrict the generality of the bounds igmot larger than the log-density of the densedimensional cross
trellis complexity. section of P

We define the different entropy/dimension profiles of a periodic a
packing with respect to a fundamental mod@end a weight profile Pi(Ple)S{z:z€ P Prs(z)=c¢,

=i}
w= (w1 <i<n): g (P.w)g(Pw).h(P,w)h(P.w) in the underlying coordinate system.

Lemma 3: Let P be a periodic packing and let@,1) be a
as the corresponding weighted entropy/length profiles of the fundandamental module of” inducing a decomposition oR" into
mental module. One useful weight set is a direct sum ofn one-dimensional subspacé®; : V, = {0},

‘/1 = V—i—l + 117“ 1 S i S n, then

hi(P,—logl)< — n}in {log [V(Ps(P|e)]:|J|=i,ec€Pi—;(P)}.
where l is the distance set of the orthogonal sublattice. Clearly, * (4.4)
g:(P,—1logl) is the density of the entropy of the projections of the '
packing points per unit volume, and similarly( P, — logl) is the For lattice packings there is a coordinate system in which the bounds
entropy density of cross sections of the packing. Moreover, for latticeELemmas 2 and 3 are met with equality. Likewise, it follows from
g:(P, —1logl) reduces to theénverse-ordered density/length profilethe above inequality that, ( P, — log 1) is not larger than the density
[8], and g:(P, —logl) coincides with theordered density/length of the densest cross section of the packingiiry coordinate system.

—logl={-1logl,—logls,---,—logl,}
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Lemma 4: Let P be a periodic packing, then Corollary 1: The state complexity profile of a periodic packing
v . . 2 P in R" in any coordinate system (in which it admits a periodic
hi(P, —logl) < if2 - log[l's/d"(P)]. (4.5) structure) is bounded by
It should be noted, however, that the valueslgfare known only . .
i (P)>(n/2)- ~(P)=(i/n) - log Iy —(n—i)/n - log Tp_; b,
for the first two dimensions, and bounded in higher dimensions. For (P)2(n/2) - {log y(P)=(i/n) -log Li=(n=i)/n-logL'n—i}

a lattice L, T; is replaced by Hermite’s constant, and Lemma 4 (4.10)
reads [8]
. ; Example 4.2For n=3 we use the following valued’; =+, =1,
(T, — 9. ~ ] d2 - i )
hi(L, —logl) < i/2 -log[yi/d"(L)]. (4.6) Ty = 32 = 2/V3, v = 2'/3. Using the above corollary we

) have that the minimum possible state profile of any periodic packing
Example 4.1: A possible fundamental module of theep of EX- i three dimensions whose coding gainqis is {1,2,2.1} states.

ample 3.3 is Consequently, the state complexity profile of thep as depicted in
{(0.0.0).(1/2,v/3/2.0).(1/2,1/V12./2/3),(0.2/V3./2/3)}.  Fig- 2 is minimal.
Example 2.2 (Continued)The group code of this example is

isomorphic to the label code of a version of the laminated lattice
A4 corresponding to the generator matrix

1 0 0 0

In this coordinate system and for the weight &etlog 1}, the ordered
conditional EDP, coincides with the unordered profile yielding,

h(hcp —logl) = {0,0,log (2//3),0.5 - log 2}.

This profile meets the maximum attainable profile of three-dimen- 1/2 /3/2 0 0
sional lattices of inequality (4.6). 0 1/V3 2/3 0
In a given coordinate system, a lattice has a unique minimal 0 0 V3/2 1/42

biproper trellis [14] which simultaneously minimizes several Meg; is easily verified that the weight set which was chosen for this

sures of t_re_llls complexity. Nonlgtt_lcg pe.”OdIC packlngs may not ha.veode also improves upon the bound induced by the DLP of this
such a minimal scheme. The minimization of the trellis diagram wnﬁ

: o o . ice h(A4, —logl). However, th \Y rdin misn
respect to different criteria may result in different trellises. In the res%tt ce h(A4, ~logl). However, the above coordinate system is not

of this section, we pursue the methodology of [18], and generalize t%eqoo.d one for\s. The mln_lmal trellis for this lattice (in a different
oordinate system) comprises only two paths [1].

bounds on the state and branch complexity to periodic packingsﬁ ; : . . : L
; . he maximum possible coding gain in any dimension is upper-
fact, the latter bounds, unlike the state complexity bounds, cannot be . , ,
- . . .bounded by several bounds, e.g., Lindsey’s bound [16] and Rogers
formulated in terms of geometrical properties such as cross sections .
- L . - und [19]. Two other well-known asymptotic theorems for suf-
and projections of the packing in lower-dimensional subspaces. \Ve . :
) ) . . iICiently large values ofn are the Minkowski—Hlawka theorem
bound the state complexity profile of periodic packings under a - .
. ) . .g., [5]) and the Kabatyanskii-Levenshtein theorem [11]. The
order of a given coordinate system. Actually, this problem has n . . ; .
et been studied. We show that the weiahted coordinates boun Ig1kowsk|—HIawka lower bound states that there exist lattices with
y : g .coding gain satisfyin@re~, > n. The Kabatyanskii—Levenshtein

a suitable tool to derive such bounds. The bounds in this section er bound means that the densest (lattice or nonlattice) packings
are based on the theorems established in [18] and Section Il of Hﬁ{ P g

resent work, and hence the proofs of most of the claims in this sfy 2mel’, < 1.744n. The use of these bounds in conjunction
P ’ P with Lemma 4 enables the extension of a theorem by Blake and

Nrokh [4] concerning the trellis complexity of the denskstice
ﬁackings inR™, also to nonlattice periodic packings.

section are omitted. Finally, we apply our bounds to Constructio
B and C for packings.

The bounds on the state complexity profile of [18, Theorem
and Theorem 1 of the present work are easily generalized to periodicCorollary 2: Let P be ann-dimensional periodic packing whose
packings. Given an ordered coordinate system R6r defined by coding gainy(P) satisfies2rey(P) > 0.872n. We denote byY;|
the following decomposition into a direct sum efone-dimensional the vertex count of a trellis representation frat level:, then each

subspaces{W;,i = 1,2,---,n}, Vo = {0}, Vi = Vi.1 & Wi, such representation satisfies the following inequality:
1 < i < n, an underlying fundamental modul@, and an ar- n
bitrary weight setw, the state complexity profile (of any trellis 1 Z'Zi| > Lmev(P)/1.744 (4.11)
representation) of a periodic packidg is bounded by na
5:(P) > I(X,-; X,;+) = gi(P,w) — g:(P,w), 0<i<n. foranyz, 1 < z < 4wey(P)/1.744n.
4.7 Proof: Using Corollary 1 which bounds the state complexity

. . . . . profile by functions of the maximum coding gain of any packing in
_ Lattice packings meet this bound with equality. The state complege corresponding dimension, one can repeat the proof of [4] along
ity profile of P in this coordinate system under any ordering of théhe same claims. The following observations should be noted.

coordinates is bounded by « For sufficiently largen, the Minkowski-Hlawka lower bound

si(P) > hi(P,w) — hi(P,w). (4.8) ensures the existence of packings whose coding gains satisfy
_ B ’ the requiremenfrey(P) > n.
In particular, for the weight set = {—logl}, we get + In the above equation; is larger than a unit and thus, given
5:(P) 2 —log V(P) — hi(P, —logl) — h,—i(P, —logl) a sequence of periodic packings.,» = 1,2,---,}, where

- , ‘ , . n stands for the dimension of each packing, then the average
=log V(P) + hi(P, —logl) + hy, i (P, = logl), vertex count of this sequence grows at least exponentially as a
0<i<n. (4.9) function of v(P, ). 0

The next corollary follows from (4.9) and the bounds on the Theorem 2 can be rewritten as a bound on the state complexity
conditional EDP in Lemma 4. It generalizes a result of [8] for latticesf periodic packings, using the EDP measures for a given funda-
to periodic packings. mental module. The upper bound on the state complexity under a
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given coordinate system ([18, Theorem 7]) applies as is to periodi¢hen a linear cod€’ is used to define a latticE(C'), we have the
packings. equality

The total number of trellis edges is usually regarded as a more o , R
accurate measure of the computational complexity of the \flterB'le[‘L(C)] = GilL(C), 0] = G[L(C), 0] = 5:(C) + 1,
algorithm. Moreover, the maximum state-pair complexity, unlike the l<i<n-1. (414)
maximum state complexity, cannot be reduced by sectionalizati9fe pranch complexity of the trellis for a lattice constructed in this
[7]. Thus for decoding purposes, the branch complexity profile hagy thus satisfies
a more practical importance than the state complexity profile. This ( , o
profile is well-defined for lattices, and bounded for nonlattice periodi&’i’i(L(C)) = ¢;(L(C),0) = gi(L(C),0) = b; ;(C) +j =i + 1,
packings, by some entropy properties of the fundamental module. The 1<i<j<n-1. (4.15)
bounds of [8, Theorems 8-11] on the branch complexity of blo

codes, can be applied to the branch complexity of the label code eOJges, then the total number of edges in the trellis for the lattice

the packing in a given coordinate system. . .
Block codes are used to construct dense periodic packings. We gggerated by Construction B i- [E]| — 8.

the bounds devised in this section to address the relations betweeBxample 4.3:1n 12 dimensions thé12,24,6) nonlinear code is
the trellis complexity of packings obtained by Constructions B angsed to obtain the nonlattice packidg. by Construction B. The

C [5] and the trellises of the constituent codes. These results atgling gain of this packing is 3.56 dB. The coding gain of the densest
limited to the coordinate systems induced by the codes that define Ka@wn packing in 12 dimensions, the Coxeter—Todd latfice, is
corresponding packings. In the following results, we do not scale t8e53 dB. YetL;» is denser than any known laminated lattice in 12
packings to have minimum distande Detailed description of these dimensions. The EDP of ., evaluated according to (4.12), is
constructions can be found in [5]. All the logarithms here onwards h(L12,0) = {0,0.1,2,3, 4, 5évﬁé,72

are taken to thévinary base. ER
9.58,11.58,13.58,15.58}  [bits].

'?khus for this case, if the trellis for the linear codecompriseg E|

Construction B—Let C' be an(n, M,d) binary code with the ] _ ) )
property that the weight of each codeword is even. We construdis profile provides the following bound on the state complexity
s(L12) > log {1,4,8,16,31,43,39,43,31,16,8, 4, 1}.

P(C) = {“’ = (zr,22, )tz €RY 2 mod 2 € C, This profile is fairly tight. The minimal trellis for the packing has the

N following vertex count: {1,4,8,16,32,44,42,44,32,16,8,4,1}.
ZT' = 0(mod 4) This trellis is achieved for a code that consists of the following
pt T ) codewords and their complements (see the bottom of this page).
A fundamental hyperbox for this construction is ardimensional _ Construction G—LetCn (n, M, dym ), m = 0,1,---, K, be K +1

hypercube whose volume i'. The fundamental module comprises?inary codes with the property that the weight of each codeword is
9"=111 points of the forme + r such thate € C, andr is a ©€ven andl,, = u-4"~" whereu is eitherl or 2. We construct a

permutation of the vecto2'0” ' for some even numbe if the Periodic packingP(Co, C1,- -+, Ck) in R"
weight of ¢ is divisible by4, andt is odd if the weight ofe is not P(C)={2z= (21,22, +,2n) 12 € R", 2 mod 2 € Co,
divisible by 4. A lattice packing is obtained if and only {f' is a

—m _ m m-1
linear code. 27" (2 — 2 mod 2") mod 2 ] € Cunl.

The different entropy/dimension profiles of the packing satisfy A fundamental hyperbox of the packing is a
2K+1 % 2K+1 W eee X 21{+1

g:(P(C),0) =i+ gi(C,0), 1<i<n—-1
R . . K
g9i(P(C),0) = (i = 1) + ¢:(C. 0), l<isn-1 hypercube. The fundamental modulecomprises [ M., points.
ni(P(C),0) =i+ hi(C,0), 1<i<n-1 m=0
. . K
hi(P(C),0) = (i — 1)+ h;(C.0), 1<i<n-1 (412 0= {Z 2 o e €O vm}.
Likewise, m=0
) , In general, this construction results in a nonlattice packing even when
gn(P(C),0) = g, (P(C),0) = hy, (P(C),0) = hy, (P(C),0) the constituent codes are linear. In particular, when the weight of each
=logM + (n—1). codeword ofCY, is divisible by4, dy = 8, andC, is the even weight

linear code(n,n — 1,2),, then Construction C reduces to a version
We denote the mutual information between the past and the futwfeConstruction B.
portions of the code at indekby I (X,-; X;+). Using (4.12) we In order to evaluate the ordered EDP of the packing we decompose

obtain the points of the fundamental module as follows:
- - . K
si(P(C))ZIo()ﬁja)&H)-l-l'. | 1<i<n—-1 g= Z\I/m
b71](P(C)) 2 [(’V(‘X]*;Xz*’)—‘l_] _7'+17 m=0
1<i<j<n-—1. (4.13) Ty £ gmod 2, ¥, 2 (¢g—qgmod2™)mod 2™, (4.16)

000000000000 000011110110 000101111001 001001001111 010010011101 010111000011
010100101110 011000110011 011011101000 011101010100 001110011010 001110100101
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We make the fundamental module into a probability space. Thepresentation of a rectangular code (under a given permutation)

distinct K + 1 summands in the above decomposition are statisticalccording to this algorithm can be carried out ir0Dan3{) time

independent. Consequently, algorithm. The complexity of deriving the state complexity at a single
index isO (M log M ). These algorithms apply tectangularcodes

, K . ) only and under a given symbol permutation.
gi(P(Co,Ch,-+,Ck),0) = > gi(Co,0),  0<i<m The total number of operations required to compute the ordered
m=0 ELP with all-zero weights for the entire state complexity profile of

. ~ . an (n, M)-codeC under a given permutation is upper-bounded by
gi(P(Co,Cr, -+, Cx), 0) = Z 9i(Cm. 0), 0<i O (nM). The complexity of computing the ELP at a single level is
m=0 4.17) O (M log M)

Thus we have There is no general efficient algorithm for generating a minimal
trellis over all possible symbol permutations. Moreover, it is well

K known [10] that even the problem of finding a coordinate permutation

I0(Xi—3Xi2) = > Io, (X3 Xi),  0<i<n that minimizes the vertex count at a given level of the minimal
m=0 trellis for a binary linear code is NP-complete. Consequently, the

, . - . o problem of finding a minimal trellis under any symbol permutation
Io(X;j—3 Xir) = Z Ie,n (Xj=5 Xi), O<i<js<n involves a repetition of the algorithm for a given symbol order

m=0 (4.18) for all possible permutations (rou.ghly/,! permgtation). In order to

When the constituent codes alieear, the resulting packing is a compute the unordered ELP (with zero weights) one should also
nonlattice packing in general. For this case of construction by linegffeck all permutations. Also, both the computation of the state

INA

codes we have the following corollary. complexity of the minimgl trellis or the ELP bound at levalequire
O (("} )M log M) operations.

Corollary 3: Let P be a periodic packing constructed frafin+-1 Thus the computation of the weighted coordinates bound is a very
linear block codeg’o, C'1, - - -, C'x via Construction C, the#® has a hard problem. The bulk of the computation concerns the evaluation
minimal trellis whose state and branch complexity profiles are givesf the ELP with zero weights. Once this profile is computed, it may
by be easily checked whether the use of nonequal weights may improve

the bound. When the WELP provides a tighter bound then the choice
of the weight set is not unique. For a given indgxthe WELP
bound provides a tighter bound only when there is a coordinate (or
% coordinates), sayfj, such that for anyJ, |J| = i, f; € .J, the
b, (P) = Z bi;(Chn). (4.19) unweighted ELP of the code satisfiég X ; | X;—,) < h;(C), and
= also for eachy, | K| =n—t, f; € K, H(Xk | X1 k) < hn—i(C).
Clearly, in this case the bound on the state complexity at lével
Proof: On the one hand, we have from (4.18) tsf’) and will be improved by assigning a suitable (positive) weight fio
b; ;(P) are not smaller than the respective sums on the right-hapgternatively, an improvement may be achieved when there is a
side of (4.19). Conversely, the Shannon product ([15], [21]) of thebordinate, sayf.., which is comprised in any sefk, |.J| = i, for
trellises of the constituent codes is a (not necessarily minimal) trellighich H (X, | X,_,) = h,(C), and also in any s&k’, |K| = n—1,
for the packing whose fundamental module is constructed as a dirsatisfyingH (X« | X,—x) = hn—:(C). In the latter case, a negative
sum of K’ + 1 codes. The complexity of the trellis product meetsveight is assigned tg,.. When the use of weights improves the
the right-hand side of (4.19). Hence it is the minimal trellis for théound, then the nonzero weights should be assigned values that are of
packing. O the same order of the differences between the values of the ELP under
the different permutations. For example, one can start from values that
V. CONCLUSION are substantially smaller than these differences and increase them by
In this correspondence, we have presented weighted entropy ghos step until a looser bound is achieved. During this procedue a
files and a new bound on the state complexity profile of blodighter bound will be found. In particular, for linear codes over a fixed
codes. This bound elaborates on the dimension/length profiles @ighabet set the nonzero weights may be increased in units steps.
the entropy/length profiles, and generalizes these ideas to block codeko conclude, the computational complexity of the derivation of the
whose components are drawn from alphabets of different sizes afinimal trellis for group codes under any symbol order breaks even
in particular, to group codes. These ideas were applied to generaligigh that of the proposed bound. It was illustrated in Example 2.2
the construction of a trellis diagram for lattices and some relatéggt the new bound does improve upon the DLP/ELP bound for group
bounds on trellis complexity to periodic packings. However, thigodes. The bound will also exhibit an improvement for nongroup
generalization for packings is applicable only to a given coordinaf@des whose symbols are taken form alphabets of different sizes.
system. When the latter codes are not rectangular, there is no algorithm to
A legitimate question that may arise at this stage is how hard §five @ minimal trellis. However, our examination of short codes
it to compute the proposed bound and how does this complexRye" @commonalphabet suggests that the use of nonzero weights
compare to the complexity of deriving the minimal trellis? In thié.joeS not achieve an Improvement for Coqes with good parameters,
section, we analyze the computational complexity of the bountf- codes that have the best minimum distance for a given length
and compare it to the complexity of the derivation of the minimeﬂmd carqlnallty. Thus we believe that the main contribution of the
trellis. For the class of rectangular codes several algorithms wé’r‘éunds is to Euclidean-space codes.
suggested to find the minimal biproper trellis [17], [20], [26]. The ACKNOWLEDGMENT
computational complexity of the algorithms proposed in [20] and
[26] for an (n,M)-code C' is O(nM log M). The algorithm of  The authors wish to thank the anonymous referees for their helpful
Lucaset al [17] is more efficient, and the derivation of the trelliscomments and suggestions.
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s(P) = Z $(C)

m=0
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