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Itis known that permuting the code’s coordinates changes its trellis2) Each stater € V lies on some length- path connecting the
representation. Lower bounds on the trellis complexity of a nonlinear initial vertex with the final vertex.
code under any coordinate ordering were given in [18], [16], andwhen an edge-labeled directed graghV, A, E) is a trellis
recently in [19], where a new connection between trellis complexitfiagram, we use the notaticstatesfor vertices, and the notation
and information theory was introduced. A code that is rectangulgfanchesfor edges. In such a case we dente- V and.S; = V;.
under a given coordinate ordering may not be rectangular under othepny path in the trellis connecting the initial state with a state

coordinate orderings, as exemplified in [19]. s € S, i € {1,2,---,n}, defines ani-tuple (a1, ay,- -, a;).
In this correspondence we consider the trellis complexity of the, ¢ 4, 1 < j < i. A trellis diagram is said to beroper if for
Preparata and Goethals codes. It is shown that these codes gggh; ¢ {1.2,---,n} no two distinct length- paths beginning at

rectangular at least for some bit orders. An upper bound on the stg{g initial state represent the samtuple. A trellis diagram is said to
complexity profile of these codes is derived as a function oth®  pe biproper if both the trellis itself and the reverse trellis are proper.
[9] of BCH codes. Atwisted squaring constructiof8], [3] for these In what follows, we consider the casé = GF(2). The state
codes is also given. complexityat indexi is defined ass; = log,|S;|.
In a paper from 1994 [12], Hammons et al. presented two families p binary block code of lengthn is a subset of GE2)". The
of nonlinear binary codes, the “Preparata” and “Goethals” codesetation[n, k, d] code stands for a linear binary block code of length
which are the image under the Gray map of linear codes #vefhe ,, dimension%, and minimum distancel. We denote a length-
“Preparata” and “Goethals” codes are not equivalent to the originglonlinear) binary block code with/ codewords, and with minimum
Preparata and Goethals codes, but they have the same paramgigtsnced as an(n, M, d) code.
(respectively). Let G be a trellis diagram, and le&t be a binary block code of
Some authors utilized thé,-linearity of the quaternary codes tolength » > 1, under a given bit orderG is said to be a trellis

find properties of their binary images. For example, Sidoregtkal.  representation of, G(C), iff the set ofn-tuples corresponding to all
[22] mentioned the immediate result that under a correct bit order, thggth. paths inG is identical toC.

binary image of aZ,-linear code will have a rectangular past/future et e = (¢, ¢, -,¢,) be a codeword of’. For0 < i < n,
relation at everysecondindex. However, there is no result knownywe denote thepast projectionof ¢ by I (¢) = (cr.cove-,c5).
to the authors that proves the existence of a bit order for which thgmilarly, for 0 < i < n we denote theuture projectionof ¢ by
binary image of aZ,-linear code admits a rectangular past/futurg“r(c) = (cit1.ciy2. -+, cn). The past and future projections of
relation ateveryindex. the codeC are defined as

Carlet [6] gave a simple description of the binary “Preparata” ,
codes. This description is similar to the one that Baeal. [1] gave - (¢) = U ILi—(c)

for the Preparata codes. However, applying the simple methods ugﬁ% ec¢

in the present work to the binary “Preparata” codes is not trivial: Even
proving that these codes are rectangular appears to be a difficult task. iy (C) = U it (e)

The correspondence is arranged as follows. In Section Il we give c€C
the basic definitions relevant for the succeeding sections. We repesipectively. Whert is a linear code, it is of interest to define the
the simple definition of the Preparata and Goethals codes given st codeof C at indexi € {1,2,---,n — 1} as
Bakeret al. in [1]. In Section 11l we show that for some bit orders both

> Ci ={(cr,ca,-++,ei): (e ea,0 0 0n)
the Preparata and the Goethals codes are rectangular. In Section IV we

examine the trellis complexity of the codes. An upper bound (which € C. (Cigr.Ciga, o vucn) = (0,0,--+, 0)}.

may not be achieved at all indices simultaneously) on the treII'B;), convention we take’, = C.

complexity of the Preparata (resp., Goethals) codes is determinedet a = (ai,as,---,ar,), . > 1, andb = (b1, bo,---,by,),
from the DLP of extended primitive double- (resp., triple-) errort, > 1 be two binary vectors. We denote teencatenationof the
correcting BCH codes. The given bound is shown to be equal (@ctors asa - b = (a1, aq, - - -y ar,,b1,bay - -+, by, ). The supportof
each index) to the minimum possible state complexity profile oveie vectora is defined asupp (@) = {j:a; # 0}.

all bit orders for which we proved that the codes are rectangular.¢ is said to be rectangular [14] if, at ea¢te {1,2,---,n — 1},

Using the same methods, we present a lower bound on the first half. ¢,a - d,b - ¢} C C impliesd - d € C, wherea,b € II,_(C)
of theconditional ELPprofile [19] of these codes. A twisted squaringgnd e,d € T+ (C) A rectangular code admits a unique biproper
construction is given for both codes in Section V. trellis representation, which minimizes both the state complexity and
the edge complexity at all indices simultaneously. It was shown in
[23], [21] that this trellis minimizes also the total number of addition-
equivalent operations required to perform the Viterbi algorithm.
Defing smax to be the minimum value thatax;cqi 2.} i
A. Trellis Diagrams for Block Codes attains when going through all the trellis representations of all the
An edge-labeled directed gragh the triple(V, A, E) whereV is  permutations of’. This definition is valid both for rectangular and
a set ofvertices A is a finite set (thealphabe}, and E is the set nonrectangular codes.
of edges i.e., the set of ordered triples, v, «), wherev,v’ € V,
a € A. A trellis diagramG(V, A, E) is an edge-labeled directedB. The Preparata and Goethals Codes
graph with the property that the sétcan be decomposed into+ 1 Form > 1, let] = {1,2,---,2™}. Let T: GF(2™) — I be
disjoint subsetd” = Vo UV, U--- UV, such that if(v,v",a) € E one-to-ong, and letl = {a1,az, ,ai}, 1 < 2™, be a subset of
thenv € Vi, v € Viy, for somei € {0,1,---,n — 1}. The set GE(2™). We define the transformatidhi on the setd as
Vi, i€ {0,1,---,n}, is referred to as the set of vertices at index
Moreover, two additional conditions are required: T(A) = {T(a1),T(az),- -, T(ar)}.
1) There is a single initial vertex, and a single final vertex: A length2™ binary vector,yr(A), is associated with the set in
Vol = |Va| = 1. the following way: for eachl < j < 2™, the jth entry of xr(A)

Il. PRELIMINARIES
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is1iff j € T(A). For a setA = {ai,a2,---,a;} and an integer Proof: In order to establish the proof, it is sufficient to show
1 < iy < n — 1 which satisfy that for every: € {1,2,---,2™"* — 1} it holds that ifx - g,
z-u,v-y € P(Th,Ts,0), thenv - u € P(T1,T,,0), where
min [T(A)] > o z,v € IL,_[P(T1,T>,0)], andy, u € 11,1 [P(T1, T2, 0)]. We denote
and veu =y, (X) - x1(Y'), and check whetheX’, Y’ C GF(2™)

satisfy (1)—(3).

x[T(A)] <i i — 1 .
max [T(A)] < o+ Supposel < i < n/2. Then we can write

we definey’;®(A) to be a length-binary vector, having ones in the x = X'ﬁ(“) (7)

coordinates{j —io + 1:j € T(A)} and zeroes in the remaining v = X;g(b) ®)

coordinates.x;"°(A4) is simply (wiy, Tig+1,° ", Tig+i—1), Where fvln,'.-ﬂ

(1,22, -, aam) = xr(A). y=xr, (V) xzz(e) 9)
For oddm > 3, leto be a power of such thato+1,2™ —1) j_lf w = X2T’1”—,:;,:+1 () -\, () (10)

Thusz — 27 is an automorphism of GR™), and bothz — =
andx — x°*! are one-to-one. ThBreparata codd1] P(1,,7:,0) Wherea,b,c,v,d,5 C GF(2™). From (8) and (10) it follows that
consists of the vector X)-xr,(Y) foreveryX,Y C GF(2™ i 9™ it ,

I’$T1< ) ‘(Tz( ) y ‘ ) v-u = [:’(Tll(b)'xé“l Jrl(é)] 'XTz(d)-

satisfying
HenceX’' = bU§ andY' = d. Since
|X|iseven |Y]is even 1)
z-u=yxpr (aUd) - x,(d) € P(T\,Tz,0)
it holds that|d| is even. In a similar way
Z = Z y 2) ’ ; ’
e N T% =(lal + 7] + (al +16)) + (o] + [7) = [bU 4]
and is even, andX’,Y" satisfy (1).

Next we check whether
o+1
oe(ge) sp e > ¥
2EX 2EX yey zebUS yed

: - Sincez -y € P(T),T>,0), we have that
where T, T»: GF(2™) — I are one-to-one. Obviously, given (2), vy (Th. T3, 0)

we can rewrite (3) as oa=>y
rxEaly yEC
o+1
Z L0 = Z g 4 <Z y) _ (4) n a similar way we obtain that
reX yey yey Z ar:Zy

s€Ealb d
The length of the code is = 2", It was shown in [1] that the o ve

minimum distance oP (7}, T, o) is 6, and thal P (T, Ty, o)| = 2%,
wherek = 2™ —2m — 2. It was mentioned in [1] and proved in [5] Z r= Zy.

that for the special case = 2, the above definition oP (11, 7%, o) wEby vee

gives a code which is equivalent to the standard definition of tfBumming up the last three equations yields
Preparata code [17].

and

The Goethals code[l], G(T1,T»,r,s), consists of the words D=y
X1 (X) -y, (Y) for everyX,Y C GF(2™) satisfying (1) and (2), 2EbUS yed
with the following two additional conditions: and X',Y" satisfy (2).

It remains to show thak’ andY"’ satisfy (3) or (4). Again, since

doat+ <Zr> => v G T ye-wv-yeP(M.To0), we get

zeEX zeX

yey o+l
and O et (zy)

rEaly yEc yEc

z° + x| = y* (6) ot
x;( <I; ) yeZY oAttt =Ny 4 (Z y)
yed

r€Eald €d
wherer =01+ 1, s =02+ 1, v # s, and boths; ando, satisfy ! ot1
the previously described conditions en o a4l
x = 1 + 1 .
It was proved in [1] thatG (71, T>, 7, s) has minimum distancs, x;y ; J y%J
and that|G(T4, Tz, r, s)| = 2!, wherel = 2™+ — 3m — 2.
Summing up the last three equations establishes Xatand Y’

satisfy (4) and completes the proof forK n/2.

[ll. THE PREPARATA AND GOETHALS CODES ARE RECTANGULAR For i > n/2 it can be proved in the same way that if
In this section we show that at least for some bit orders, ther, (a) - x7, (aUc), xr,(a) - xr,(aUd), xr,(b) - x1r,(BUc) €
Preparata and Goethals codes are rectangular. P(11.T>,0), then alsoxr, (b) - x1,(BUd) € P(T1, 15, 0). |

Proposition 1: P(T4,T5, o) is rectangular for any possible choice The method used to prove Proposition 1 can also be applied to
of T\, T», and 0. prove the following proposition.
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Proposition 2: G(Ti,T»,r,s) is rectangular for any possible trellis representation of(T:,T>,a). Since the trellis is proper, it

choice of 71, Ts, r, and s.

IV. THE VERTEX COUNT OF THE PREPARATA AND
GOETHALS CODES AND THE DLP oF BCH CoDES

A. Preparata Codes

SinceP(T,, T, o) is rectangular, there exists a unique biproper

trellis representation of the code for any fixedT:, andT5. In this

subsection we show that an upper bound on the state complexity

follows that
L [P(T1, T2, 0)]|-

2 bi=(s)
sES;
Yet, from Lemma 3 and Proposition 1 we conclude that(fer i <
n/2, 6;—(s) is not dependent on the choice of S;, and is equal

to |£;|. Thus

L [P Ty o))

|S:] = Iz,

0<i<n/2. a7

profile of P(Ty,T>, o) can be determined from the dimensions of This expression can be simplified by observing thif,,_[P
past codes of a linear code. As a result, an upper bound on the stdte T2, )] consists of all even weight length/2 vectors. Therefore,

complexity profile of P(T3,T%,2), which is a function of the DLP
[9] of an extended primitive double-error-correcting BCH code,
derived. Throughout this section we use the notation 21!,

For1l < i < n/2, and for a givermw € 11, [P(T1,T%,0)] we
examine the size of

EL(’U,) = {l € Hi_[P(TL,TQ,U)]!I' U € p(Tl,TQ,O')}.

Let £ be the linear binary code with parity-check matrix

H.

1 1 1
—< 7' ') e Iem >
[ el e et

(11)

Lemma 3: For any choice ofu € I, [P(T1,1%,0)], 1 < i <
n/2, we have

|1Zi(u)] = | L] (12)
where £; is the past code of at indexi. v
Proof: Denoteu = x7, “"H(a) - xn(Y). I = % (a),

(wherel € (GF(2))" anda C GF(2™)), andX = aUa. |Z;(u)] is
the number of different possible choices for the set GF(2™) for
which X, Y satisfy (1)—(3). Using (1), (2), and (4) we get

Z:CO = ZJCO = &o(u) (13)
rEa TEw
Zx:Z;L’+ZyI£1(u) (14)
r€a rCa yey
o+1
Z:c”'H = Z Tt 4 Z y' 4 <Z y) = &2(u). (15)
r€a zEw yey yey

Define s(u) = (&.£1.&2), and letl = x4 (a) = (11.1a, . 1s).
Then we can rewrite (13)—(15) in the following way:

1 1
>.11Y

1
Ty '(1) T '(2) Ty ')
s(u)?. (16)

<[T;‘<1>]”+‘

[ (2] [T ()]

Clearly, (16) always has a solution (sineds a future projection

1<i<n/2-1

2,
is [IL,_[P(Th, T>, 0)]| = {27{/2—1 i=n/2

regardless of the choice @ and7:, and (17) reads

15:] = 24/|L 1<i<n/2-1
ST 2L, i=n/2.

Clearly, wheno = 2 the linear codel is the extended primitive
double-error-correcting BCH code3™*(2,m), of length 2. As
mentioned beforeP (T, T, 2) is the “usual” Preparata code, so this
choice ofe is of special interest. L&® (17, 1) be the unique biproper
trellis diagram ofP(77,7>, 2), and defines; as the state complexity
of G(T1,T») at depths.

(18)

Theorem 4: There exists a choice df; and7:, for which

i — ki [B=*(2,m)], 1<i<n/2-1
s5; =< 2m, i=n/2 (19)
n—i— ko i[B*(2,m)], n/24+1<i<n,

wherek;(C) is theith entry of the DLP of the linear codé. The
above profile may not be achieved simultaneously for all indices,
that is, a different choice df; and7> may be required for different
choices ofi. For eachi € {1,2,---,n — 1}, the value ofs, from
(29) is minimum over all choices df; and 7.
Proof: The part of (19) regarding < 7 < n/2 — 1 follows

directly from (18) and the definition of the DLPE, is chosen in
a way that the support of the subcode 8*(2, m) with support
size <i and maximum dimension will be i{1,2,---,i}. £; is
then obtained from this subcode by deleting the last (all-zere)i
positions. Sincé:;(C) (C is a linear code) is the maximum dimension
of a subcode of’ with support size, it is clear that the value of
s; from (19) is the minimum value over all choices &f and 5.
The term of (19) concerning = n/2 follows from the fact that
E[B(2,m)] = 2™ — 1 — 2m [17, Ch. 9].

A similar method can be used to prove the part regarding
nf24+1<i<n. a

We say that a lengthdinear code(, satisfies theone-way chain
conditioniff there exists a coordinate ordering under which, for each
i€ {1,2,---,1 =1}, the dimension of’; equalsk;(C). Notice that
the profile of (19) is achieved simultaneously #f*' (2, m) satisfies
the one-way chain condition.

Example 1: We calculate (19) fofP(7,12,2) whenm = 5 (In
the notation of [17] this code is referred to @&6)). From [7],

of at least one codeword) a#l; ()| is the total number of solutions where the complete GHW [24] of the nonextend®@, ) is given

for (16). However, (16) defines a binary coset&fin [GF(2™)]",
and, therefore, the total number of solutions for this equatiddis
regardless of the choice af

for m = 5, we find that the DLP of this code is

04 5-r 8,9 10,11 12 13,14 15 16 17 18
ki 0 1 2 3 4 5 6 7 8 9

We now apply the above results in order to derive an expression

for the trellis complexity of the Preparata codes. bet(s) be the
number of length- paths entering a state € S; of the biproper

26 27
16 17

28 29 30 31
18 19 20 21

e 19,20 21 22 23 24 25
ki 10 11 12 13 14 15
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wherek, stands fork;[B(2,5)]. Sincek; (C™") > k;_(C) (C is any that is, a different choice ¢, andT> may be required for different
linear code), we can obtain an upper bound on the values of (19) dyoices ofi. For eachi € {1,2,---,n — 1}, the value ofs; from
replacing%; (C***) with k;_1(C). (20) is minimum over all choices df; and 7.

2]

w1 2 3 4 56 7 89 10,11
1 2 3 4 6 7 8

12-14 1520 21-31
9 10 11

Example 2: We examine the state complexity profile of
G(Ty,T%,3,5) with m = 7. This code consists di*** codewords,
that is, four times the size of tH&56, 231, 8] comparable3°*(3, 8)
code. In order to calculate (20) in this case, the DLP of the

81 )

and szz = 10. The values ofs; for 33 < i < 64 are obtained by

replﬁlch each entry in the™ row above Wlth64 — i, and leaving 128,106,8] B**(3,7) is required. An upper bound on the first five
the “s;” row unchanged. Therefore, the achievable state (:omplexe)(1tries of the GHW hierarchy df*"(3, 7) is obtained by adding
at each index in the rand®, - - - , n} is not more thari1. This value -

to the values from [11], corresponding to the nonextended code. The

IS not an upper bound Ofln. for this code, since the above promeupper bound for the remaining indices is obtained from [3], [2]:

may not be achieved at all indices simultaneously.

However, it is interesting to compare this number with., of % 6 7 & 9 10 11 12 13 14 15 16 17 18
the[64, 51, 6] extended double-error-correcting BCH code, since thé:: 20 22 23 24 26 27 28 29 30 31 32 36 38
latter is a linear code of the same length and minimum distance as
the discussed Preparata code and with half of its codewords. Frgm 19 20 21 22 42 43 44 45 105 106
[16] we obtain thatsmax Of the [64,51,6] BCH code is12, thatis, 4, 39 40 42 43 63 64 66 67 127 128

one less than thgolf bound[25], smax < min{k,n — k}. If smax
of the examined Preparata code is indéédthen it is also one less
than a “Wolf bound” for this code, obtained when replacingvith

The corresponding values of the lower bound on the DLP of the
code are

the base logarithm of the code’s cardinality (even though such ai: 0-7 8-11 12,13 14 15 16-19 20,21 22 23

bound for high-rate nonlinear codes is not known to the authors). ki: 0 1 2 3 4 b 6 7T 8
The above suggests that in such a case this Preparata code is

superior to the corresponding BCH code for the purpose of soft 24,25 26 27 28 29 30 31 32-35 36,37 38

decision decoding: For the same length, it has a higher rate and 9 10 11 12 13 14 15 16 17 18

the same minimum distance along with a smaller trellis complexity.

There are two restrictions on the last statement. First, in order to 39 40,41 42 43 44 62 63 64.65

complete the comparison between the error-correction performange 19 20 21 22 93 41 49 43

of these codes (when a maximum-likelihood soft-decision decoder is

employed), the complete distance distributions are required. Second, ¢ g7 127 128

smax 1S NOt Necessarily an accurate measure of the Viterbi decodiw 44 45 105 106

algorithm complexity. We conjecture that in fagt.x = 11 for this

Preparata code. Substituting the above DLP profile in (20) yields the following upper
In [19] Reuven and Be'ery introduced theonditional en- bound on the achievable state complexity profile:

tropy/length profile(conditional ELP) of a block code. We hereby ;. {1 92 3 4 7,8 9 10 11,12 13-16 17 18

briefly repeat the definition. L&t be an(n, M, d) code. Regard as 1 2 3 4 : 8 9 10 11 12 13

the sample set of a uniformly distributed random vectorLet .J be

a subset off = {1,2,---,n} and denote the complementary set ofz..

JinI asI — J. DefineX, to be the random vector obtained whensl_': 14

projectingX onto the set of coordinates defined By The:th index

of the conditional ELR0 < i < n), hi(C), is the maximum value .

that H(X; | X;—,) attains when going through all possible choices"

of .J: |J| = ¢ (for further details the reader is referred to [19]). Since”**

we found that for the discussed set of permutatifBg«)| does andsiss = 21. Itis of interest to compare the maximum value of the

not depend on the choice af, and is equal tdZ;|, we have the above profile to the parametey,.. of the [256,231,8] BCH code,

following proposition. which is no more thag4 [3], that is, one less than the Wolf bound. It

seems that this is in faét,.x for this BCH code [2]. As in Example

1, If s;max = 22 for the examined Goethals code, it is also one less

than a “Wolf bound” for this code. Again, in such a case, it suggests

that this Goethals code is superior to the corresponding BCH code

for the purpose of soft decision decoding (with the restrictions given

in Example 1).

5 6
5 6 7

S;:

19,20 2124 2532 33 34 35,36 3740 41-64
15 16 17 18 19 20 21

65-127
22

Proposition 5: For1 < ¢ < n/2

hi[P(Th, T3, 2)] > ki[BCXt(Q, m)].

B. Goethals Codes

Let G'(T1,T>) be the unique biproper trellis diagram of
G(T,,T>,3,5), and defines; as the state complexity &' (7, T%) Example 3: The values of (20) are calculated f6(T1, 71>, 3, 5)
at depthi. Using the same methods as the ones used for the Prepavdth m = 5 (a (64,2'", 8) code). Note that in this casé™" (3, m)
codes, we obtain the following theorem. is the [32,16,8] Reed—Muller code, RNR,5). The exact GHW
hierarchy of the code is derived using the results from [24]. The

Theorem 6: There exists a choice df; and7: for which corresponding DLP o3 (3, m) is

. - ext .
o[ KIBTE m), 1<i<n/2-1 i 0-7 811 12,13 14 15 16-19 20,21 22 23
s; =< 3m, . ) i=n/2 . (20) ki 0 1 9 3 4 5 6 78
n — i — ky_;[B(3,m)], n/2+1<i<n,
where 3°"(3,m) is the primitive triple-error-correcting BCH code. 24,25 2627 28 29 30 31 32
The above profile may not be achieved simultaneously for all indiced:: 9 10 11 12 13 14 15 16
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Substituting these values in (20) we obtain the following upper boumhich

on the achievable state complexity of the relevant Goethals code: Z ¢
y==%&
w1 2 3 4 5 6 7,8 9 10 11,12 13-16 17 18 yey
se 123 456 7 8 9 10 11 12 13 g
3 _ 3
i 19,20 21-24 25-31 Y v =6+6
st 14 15 16 vey

andss» = 15. Notice that in this case (20) is achieved at all indice® create a codeword dP(Ty, T, 2). _
simultaneously, since all Reed—Muller codes satisfy the one-wa: Let A be the set of syndromes corresponding to all the cosets of

chain condition [13]. Furthermore, it is known which permutatio _“(Q-Vm) in the space of all even weight”-tuples. Thus we can
(which choice off} andT3) is required to achieve the above profile VM€

For each: € {1,2,---,32}, P(T1.Ts.2) = U Cyy (€1.62) x Cr, (51’52 + 5?) O
4 . (0,€1,€2)€A
Tl_] (7) = Z?)J.-H o’
J=0 Note that for a bijectionT: GF(2™) — I, Cv(&,&) and
where a is a primitve element in GE®), and v = Cr(&1, & +¢7) are in the same coset of the extended Hamming code

(vi,v2,vs,v4,v5) iS the binary expansion of — 1 [13]. T% is in the space of all even weight”-tuples. This is due to the fact that
determined in a similar way (with the exception thais the binary the syndrome ok + v, u € Cr(&1.&). v € Cr (&, & + &) is
expansion of32 — 7). Again, the maximum value that the profile(ov 0, 7).

attains is one less than the “Wolf bound.” Note that this value is Therefore, the twisted squaring constructionRiT:, T2, 2) could
indeed an upper bound Ofl... of the discussed Goethals codebe partitioned into clusters, each of them consisting| /U,

From [3], [2] we obtain that the parameteg,., of the comparable Where S’ is a coset of the extended Hamming code, &idl" is
[64,45,5] BCH code is at most4 (five less than the Wolf bound). the partition of S” into cosets of3”*'(2,m). In other words, the

So for this case it appears that the decoding complexity of the pdwisted squaring construction for the Preparata code corresponds to

code is smaller than the one of the Goethals code. the two-level partition chai& () /H™" (m)/B=*(2,m) (£(m) and
Finally, we have the following proposition regarding the condilt”"(m) are the lengti2™ even-weight code and extended Hamming
tional ELP of the Goethals codes. code, respectively).
Recall that formm = 3 and for a correct “twist,” thecubing
Proposition 7 For 1 < i < n/2, constructionobtained from the above two-level partition gives the
hiG(Th, Tz, 3,5)] > ki[B' (3, m)). [24,12,8] binary Golay code [8]. It can be verified that for odd

m > 5 the cubing construction built from this partition gives a
(3-2,2% (" =m=1) 6) code (no matter which “twisting” is chosen):
The minimum distance is obtained from the bounds of [8], and the
cardinality is

In this section it is shown that under all bit orders for which . )
we proved that the codes are rectangular, both the Preparata and|€(m)/H™" (m)]- [H™ (m)/B=" (2, m)[* - B (2, m)|*.
Goethals codes admit a twisted squaring construction. Note thaﬁ'ﬁs construction bears a close resemblance to the one from [10],

code admlFtlng atWISted squaring construction can be decoded in 1élhned has the same parameters. o= 5 the described construction
way described in [8, p. 1158].

Let S be a finite set, and le5/U denote the partition ofS gives a(96,2,6) code. From [4] it follows that the maximum
. o ! ; - possible minimum distance of a linear code with the above length
into M disjoint subsetslUy, Uy, ---,Un—1, WhereU; C S for

i € {0.1,---, M — 1}. The twisted squaring construction denoteémd cardinality is6 or 7. So for this case the described cubing

by ||S/U|? is defined as the union dff sets,U; x U;, such that construction gives a good code. .
. : Arguments similar to the ones from the proof of Proposition 8
and ji run through0, 1, -- -, M = 1 3] stablish the following proposition
In [8] Forney gave a twisted squaring construction for the Norae- g prop '
strom—Robinson codd/s. Recall that\s is, in fact, P(T\, 1>, 2) Proposition 9: G(T1,T»,3,5) = ||S/U||?, where S is the space
with m = 3 (P(4) in the notation of [17]). The following proposition of all binary 2™-tuples of even weight, and/U is the partition of
extends Forney’s result. S into the extended primitive triple-error-correcting BCH code and
. T o 2 . its cosets inS.
Prpp05|.t|7c7)ln 8 P(N.T5,2) = .HS/L I, ngres IS the_ space of As before, the twisted squaring construction for the Goethals
all binary 2™ -tuples of even weight, and/U is the partition ofS o = - . . .
. — . code G(T,T»,3,5) can be divided into smaller twisted squaring
into the extended primitive double-error-correcting BCH code and ifs . . " .
. constructions, so that it corresponds to the two-level partition chain
cosets inS. _ £(m) [ H™ (m) /B (3, m).
Proof: Itis clear from the proof of Lemma 3 thatx (u) is the : ’
binary coset oB3°**(2, m) defined by the syndrom@, &, , &), where

V. THE TWISTED SQUARING CONSTRUCTION
OF THE PREPARATA AND GOETHALS CODES

VI. CONCLUSION

& = Z Y Using a convenient representation of the Preparata and Goethals
vey N codes [1], we examined the trellis complexity of these codes. At least
‘ 3 for a given set of permutations, it was proved that both families of
2= (; y) + ; y codes are rectangular. Upper bounds on the bit-level state complexity
Y yer

of the length2™ ™! (m odd) Preparata and Goethals codes were
andu = 7, (Y). Denote this coset aS'r, (¢1,£2). Each vector in  determined from the DLP of the double- and triple-error-correcting
the above coset can be concatenated withamf even weight for BCH codes of lengtt2™, respectively. The given bounds are not
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necessarily achieved at all indices simultaneously, that is, differdafl] G. van der Geer and M. van der Vlugt, “Generalized Hamming weights
coordinate orderings may be required to achieve the bounds at ©f BCH(3) revisited,” IEEE Trans. Inform. Theoryvol. 41, pp.

different indices. Thus an upper bound @R, cannot be determined
from the bound on the state complexity profile.

However, the results of Example 1 suggest that. of the length-

64 Preparata code is one less than that of the double-error-correctitgj

BCH code of the same length. This hints at the superiority of this

Preparata code over the corresponding BCH code for the purpose of
soft-decision decoding.

Similarly, the maximum value of the upper bound on the state

complexity of the lengti256 Goethals code is smaller by two than[15]
smax Of the length256 triple-error-correcting BCH code (Example 2).
Again, it may imply that this Goethals code is a better choice than t

triple-error-correcting BCH code of the same length for soft-decision

decoding.

The parametes...x of the length64 Goethals code (Example 3)
appears to bérger by two than that of the corresponding lendgth-
BCH code. This is due to the fact that..x of this BCH code is no [19]

longer one less than the Wolf bound, while the maximum value of

our state complexity profile is one less than a “Wolf bound” for th([e20

relevant Preparata code (as in Example 2).

Generalizing a result of Forney [8]
strom—Robinson code (which®(11, T, 2) whenm = 3), a twisted
squaring construction was given for all Preparata codes. Similarly, a
twisted squaring construction was given for the Goethals codes.

Two main questions remain unsolved.

1) Are there other coordinate orderings for which the Preparaftzs]

2) Is it possible to find coordinate orderings of the Preparata al

regarding the Nord-

and Goethals codes are rectangular?

Goethals codes that will induce a lower state complexity profil
than the one from the described upper bound?
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