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The Preparata and Goethals Codes: Trellis
Complexity and Twisted Squaring Constructions

Yaron Shany and Yair Be’ery,Senior Member, IEEE

Abstract—The trellis complexity of the Preparata and Goethals codes
is examined. It is shown that at least for a given set of permutations
these codes are rectangular. Upper bounds on the state complexity
profiles of the Preparata and Goethals codes are given. The upper
bounds on the state complexity of the Preparata and Goethals codes are
determined by the DLP of the extended primitive double- and triple-
error-correcting BCH codes, respectively. A twisted squaring construction
for the Preparata and Goethals codes is given, based on the double- and
triple-error-correcting extended primitive BCH codes, respectively.

Index Terms—BCH codes, Goethals codes, Preparata codes, trellis
complexity, twisted squaring construction.

I. INTRODUCTION

We examine the trellis complexity of two interesting families of
nonlinear codes: the Preparata codes and the Goethals codes. The
Preparata codes [17], [1], [5] are binary nonlinear codes of length
2
m+1 (for oddm � 3) and with minimum distance six that contain

the maximum possible number of codewords for these parameters.
These codes contain twice as many codewords as the corresponding
extended primitive double-error-correcting BCH codes. For oddm �

5 the Goethals codes [17], [1] are nonlinear binary codes having
the same length as the Preparata codes, and with minimum distance
eight. These codes contain four times the number of codewords of the
corresponding extended primitive triple-error-correcting BCH codes.

Trellis diagrams of block codes are employed for efficient soft-
decision decoding. The theory of trellis diagrams of nonlinear block
codes was considered in [8], [18], [16], [15], [14], [19], [21], and
[22]. The structure and complexity of the trellis representations of
specific nonlinear codes were given in [8], [16], [19] for relatively
small codes, and in [20] for the Kerdock and Delsarte–Goethals codes.

Generally speaking, a nonlinear code under a given coordinate
ordering may not have a trellis representation minimizing the vertex
count at all indices simultaneously [15], [14]. However, when a
nonlinear code satisfies certain conditions (namely, it isrectangular),
it admits a uniquebiproper trellis representation. This biproper
trellis minimizes both the edge and vertex counts at all indices
simultaneously [15], [14]. Furthermore, as proved in [23] and [21] the
biproper trellis minimizes also the total number of addition-equivalent
operations required to perform the Viterbi algorithm.
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It is known that permuting the code’s coordinates changes its trellis
representation. Lower bounds on the trellis complexity of a nonlinear
code under any coordinate ordering were given in [18], [16], and
recently in [19], where a new connection between trellis complexity
and information theory was introduced. A code that is rectangular
under a given coordinate ordering may not be rectangular under other
coordinate orderings, as exemplified in [19].

In this correspondence we consider the trellis complexity of the
Preparata and Goethals codes. It is shown that these codes are
rectangular at least for some bit orders. An upper bound on the state
complexity profile of these codes is derived as a function of theDLP
[9] of BCH codes. Atwisted squaring construction[8], [3] for these
codes is also given.

In a paper from 1994 [12], Hammons et al. presented two families
of nonlinear binary codes, the “Preparata” and “Goethals” codes,
which are the image under the Gray map of linear codes over4. The
“Preparata” and “Goethals” codes are not equivalent to the original
Preparata and Goethals codes, but they have the same parameters
(respectively).

Some authors utilized the4-linearity of the quaternary codes to
find properties of their binary images. For example, Sidorenkoet al.
[22] mentioned the immediate result that under a correct bit order, the
binary image of a 4-linear code will have a rectangular past/future
relation at everysecondindex. However, there is no result known
to the authors that proves the existence of a bit order for which the
binary image of a 4-linear code admits a rectangular past/future
relation atevery index.

Carlet [6] gave a simple description of the binary “Preparata”
codes. This description is similar to the one that Bakeret al. [1] gave
for the Preparata codes. However, applying the simple methods used
in the present work to the binary “Preparata” codes is not trivial: Even
proving that these codes are rectangular appears to be a difficult task.

The correspondence is arranged as follows. In Section II we give
the basic definitions relevant for the succeeding sections. We repeat
the simple definition of the Preparata and Goethals codes given by
Bakeret al. in [1]. In Section III we show that for some bit orders both
the Preparata and the Goethals codes are rectangular. In Section IV we
examine the trellis complexity of the codes. An upper bound (which
may not be achieved at all indices simultaneously) on the trellis
complexity of the Preparata (resp., Goethals) codes is determined
from the DLP of extended primitive double- (resp., triple-) error-
correcting BCH codes. The given bound is shown to be equal (at
each index) to the minimum possible state complexity profile over
all bit orders for which we proved that the codes are rectangular.
Using the same methods, we present a lower bound on the first half
of theconditional ELPprofile [19] of these codes. A twisted squaring
construction is given for both codes in Section V.

II. PRELIMINARIES

A. Trellis Diagrams for Block Codes

An edge-labeled directed graphis the triple(V; A; E) whereV is
a set ofvertices, A is a finite set (thealphabet), andE is the set
of edges, i.e., the set of ordered triples(v; v0; �), wherev;v0 2 V;

� 2 A. A trellis diagramG(V; A; E) is an edge-labeled directed
graph with the property that the setV can be decomposed inton+1
disjoint subsetsV = V0 [ V1 [ � � � [ Vn, such that if(v; v0; �) 2 E

then v 2 Vi; v
0 2 Vi+1 for somei 2 f0; 1; � � � ; n � 1g. The set

Vi; i 2 f0; 1; � � � ; ng, is referred to as the set of vertices at indexi.
Moreover, two additional conditions are required:

1) There is a single initial vertex, and a single final vertex:
jV0j = jVnj = 1.

2) Each statev 2 V lies on some length-n path connecting the
initial vertex with the final vertex.

When an edge-labeled directed graphG(V; A; E) is a trellis
diagram, we use the notationstatesfor vertices, and the notation
branchesfor edges. In such a case we denoteS = V andSi = Vi.

Any path in the trellis connecting the initial state with a state
s 2 Si; i 2 f1; 2; � � � ; ng; defines ani-tuple (�1; �2; � � � ; �i);
�j 2 A; 1 � j � i. A trellis diagram is said to beproper if for
eachi 2 f1; 2; � � � ; ng no two distinct length-i paths beginning at
the initial state represent the samei-tuple. A trellis diagram is said to
be biproper if both the trellis itself and the reverse trellis are proper.

In what follows, we consider the caseA = GF(2). The state
complexityat indexi is defined assi = log2jSij.

A binary block code of lengthn is a subset of GF(2)n. The
notation[n; k; d] code stands for a linear binary block code of length
n, dimensionk, and minimum distanced. We denote a length-n
(nonlinear) binary block code withM codewords, and with minimum
distanced as an(n;M; d) code.

Let G be a trellis diagram, and letC be a binary block code of
length n > 1, under a given bit order.G is said to be a trellis
representation ofC; G(C); iff the set ofn-tuples corresponding to all
length-n paths inG is identical toC.

Let ccc = (c1; c2; � � � ; cn) be a codeword ofC. For 0 < i � n,
we denote thepast projectionof ccc by �i�(ccc) = (c1; c2; � � � ; ci).
Similarly, for 0 � i < n we denote thefuture projectionof ccc by
�i+(ccc) = (ci+1; ci+2; � � � ; cn). The past and future projections of
the codeC are defined as

�i�(C) =
ccc2C

�i�(ccc)

and

�i+(C) =
ccc2C

�i+(ccc)

respectively. WhenC is a linear code, it is of interest to define the
past codeof C at indexi 2 f1; 2; � � � ; n � 1g as

Ci = f(c1; c2; � � � ; ci) : (c1; c2; � � � ; cn)

2 C; (ci+1; ci+2; � � � ; cn) = (0; 0; � � � ; 0)g:

By convention we takeCn = C.
Let aaa = (a1; a2; � � � ; al ); la � 1, and bbb = (b1; b2; � � � ; bl );

lb � 1 be two binary vectors. We denote theconcatenationof the
vectors asaaa � bbb = (a1; a2; � � � ; al ; b1; b2; � � � ; bl ). The supportof
the vectoraaa is defined assupp (aaa) = fj : aj 6= 0g.
C is said to be rectangular [14] if, at eachi 2 f1; 2; � � � ; n � 1g;

faaa � ccc; aaa � ddd; bbb � cccg � C implies bbb � ddd 2 C, whereaaa; bbb 2 �i�(C)
and ccc; ddd 2 �i+(C). A rectangular code admits a unique biproper
trellis representation, which minimizes both the state complexity and
the edge complexity at all indices simultaneously. It was shown in
[23], [21] that this trellis minimizes also the total number of addition-
equivalent operations required to perform the Viterbi algorithm.

Define smax to be the minimum value thatmaxi2f1;2;���;ng si
attains when going through all the trellis representations of all the
permutations ofC. This definition is valid both for rectangular and
nonrectangular codes.

B. The Preparata and Goethals Codes

For m � 1, let I = f1; 2; � � � ; 2mg. Let T : GF(2m) ! I be
one-to-one, and letA = fa1; a2; � � � ; alg; l � 2m; be a subset of
GF(2m). We define the transformationT on the setA as

T (A) = fT (a1); T (a2); � � � ; T (al)g:

A length-2m binary vector,�T (A), is associated with the setA in
the following way: for each1 � j � 2m, the jth entry of�T (A)
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is 1 iff j 2 T (A). For a setA = fa1; a2; � � � ; alg and an integer
1 � i0 � n � 1 which satisfy

min [T (A)] � i0

and

max [T (A)] � i0 + i� 1

we define�i;iT (A) to be a length-i binary vector, having ones in the
coordinatesfj � i0 + 1 : j 2 T (A)g and zeroes in the remaining
coordinates.�i;iT (A) is simply (xi ; xi +1; � � � ; xi +i�1), where
(x1; x2; � � � ; x2 ) = �T (A).

For oddm � 3, let� be a power of2 such that(��1; 2m�1) = 1.
Thusx 7! x� is an automorphism of GF(2m), and bothx 7! x��1

andx 7! x�+1 are one-to-one. ThePreparata code[1] P(T1; T2; �)
consists of the vectors�T (X) ��T (Y ) for everyX;Y � GF(2m)
satisfying

jXj is even jY j is even; (1)

x2X

x =
y2Y

y (2)

and

x2X

x�+1 +
x2X

x

�+1

=
y2Y

y�+1 (3)

whereT1; T2: GF(2m) ! I are one-to-one. Obviously, given (2),
we can rewrite (3) as

x2X

x�+1 =
y2Y

y�+1 +
y2Y

y

�+1

: (4)

The length of the code isn = 2m+1. It was shown in [1] that the
minimum distance ofP(T1; T2; �) is 6, and thatjP(T1; T2; �)j = 2k;
wherek = 2m+1�2m�2. It was mentioned in [1] and proved in [5]
that for the special case� = 2, the above definition ofP(T1; T2; �)
gives a code which is equivalent to the standard definition of the
Preparata code [17].

The Goethals code[1], G(T1; T2; r; s), consists of the words
�T (X) � �T (Y ) for everyX;Y � GF(2m) satisfying (1) and (2),
with the following two additional conditions:

x2X

xr +
x2X

x

r

=
y2Y

yr (5)

and

x2X

xs +
x2X

x

s

=
y2Y

ys (6)

wherer = �1 + 1; s = �2 + 1; r 6= s; and both�1 and�2 satisfy
the previously described conditions on�.

It was proved in [1] thatG(T1; T2; r; s) has minimum distance8,
and thatjG(T1; T2; r; s)j = 2l, wherel = 2m+1 � 3m� 2.

III. T HE PREPARATA AND GOETHALS CODES ARE RECTANGULAR

In this section we show that at least for some bit orders, the
Preparata and Goethals codes are rectangular.

Proposition 1: P(T1; T2; �) is rectangular for any possible choice
of T1, T2, and �.

Proof: In order to establish the proof, it is sufficient to show
that for every i 2 f1; 2; � � � ; 2m+1 � 1g it holds that if xxx � yyy;
xxx � uuu; vvv � yyy 2 P(T1; T2; �), then vvv � uuu 2 P(T1; T2; �), where
xxx; vvv 2 �i�[P(T1; T2; �)], andyyy; uuu 2 �i+[P(T1; T2; �)]. We denote
vvv � uuu = �T (X0) � �T (Y 0), and check whetherX 0; Y 0 � GF(2m)
satisfy (1)–(3).

Suppose1 � i � n=2. Then we can write

xxx = �i;1T (a) (7)

vvv = �i;1T (b) (8)

yyy = �2 �i;i+1

T (
) � �T (c) (9)

uuu = �2 �i;i+1

T (�) � �T (d) (10)

wherea; b; c; 
; d; � � GF(2m). From (8) and (10) it follows that

vvv � uuu = �i;1T (b) � �2 �i;i+1
T (�) � �T (d):

HenceX 0 = b [ � and Y 0 = d. Since

xxx � uuu = �T (a [ �) � �T (d) 2 P(T1; T2; �)

it holds thatjdj is even. In a similar way

�(jaj+ j
j) + (jaj+ j�j) + (jbj+ j
j) = jb [ �j

is even, andX 0; Y 0 satisfy (1).
Next we check whether

x2b[�

x =
y2d

y:

Sincexxx � yyy 2 P(T1; T2; �), we have that

x2a[


x =
y2c

y:

In a similar way we obtain that

x2a[�

x =
y2d

y

and

x2b[


x =
y2c

y:

Summing up the last three equations yields

x2b[�

x =
y2d

y

and X 0; Y 0 satisfy (2).
It remains to show thatX 0 andY 0 satisfy (3) or (4). Again, since

xxx � yyy; xxx � uuu; vvv � yyy 2 P(T1; T2; �), we get

x2a[


x�+1 =
y2c

y�+1 +
y2c

y

�+1

x2a[�

x�+1 =
y2d

y�+1 +
y2d

y

�+1

x2b[


x�+1 =
y2c

y�+1 +
y2c

y

�+1

:

Summing up the last three equations establishes thatX 0 and Y 0

satisfy (4) and completes the proof fori � n=2.
For i > n=2 it can be proved in the same way that if

�T (a) � �T (� [ c); �T (a) � �T (� [ d); �T (b) � �T (� [ c) 2
P(T1; T2; �); then also�T (b) � �T (� [ d) 2 P(T1; T2; �).

The method used to prove Proposition 1 can also be applied to
prove the following proposition.
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Proposition 2: G(T1; T2; r; s) is rectangular for any possible
choice ofT1; T2; r; and s.

IV. THE VERTEX COUNT OF THE PREPARATA AND

GOETHALS CODES AND THE DLP OF BCH CODES

A. Preparata Codes

SinceP(T1; T2; �) is rectangular, there exists a unique biproper
trellis representation of the code for any fixed�; T1; andT2. In this
subsection we show that an upper bound on the state complexity
profile of P(T1; T2; �) can be determined from the dimensions of
past codes of a linear code. As a result, an upper bound on the state
complexity profile ofP(T1; T2; 2), which is a function of the DLP
[9] of an extended primitive double-error-correcting BCH code, is
derived. Throughout this section we use the notationn = 2m+1.

For 1 � i � n=2, and for a givenuuu 2 �i+[P(T1; T2; �)] we
examine the size of

�i(uuu) = flll 2 �i�[P(T1; T2; �)] : lll � uuu 2 P(T1; T2; �)g:

Let L be the linear binary code with parity-check matrix

HL =

1 1 � � � 1
T�1
1 (1) T�1

1 (2) � � � T�1
1 (2m)

T�1
1 (1)

�+1
T�1
1 (2)

�+1
� � � T�1

1 (2m)
�+1

:

(11)

Lemma 3: For any choice ofuuu 2 �i+[P(T1; T2; �)]; 1 � i �
n=2; we have

j�i(uuu)j = jLij (12)

whereLi is the past code ofL at index i.
Proof: Denote uuu = �2 �i;i+1

T (�) � �T (Y ); lll = �i;1T (a);

(wherelll 2 (GF(2))i anda � GF(2m)), andX = a [ �. j�i(uuu)j is
the number of different possible choices for the seta � GF(2m) for
which X;Y satisfy (1)–(3). Using (1), (2), and (4) we get

x2a

x0 =
x2�

x0 = �0(uuu) (13)

x2a

x =
x2�

x+
y2Y

y = �1(uuu) (14)

x2a

x�+1 =
x2�

x�+1 +
y2Y

y�+1 +
y2Y

y

�+1

= �2(uuu): (15)

Definesss(uuu) = (�0; �1; �2), and letlll = �i;1T (a) = (l1; l2; � � � ; li).
Then we can rewrite (13)–(15) in the following way:

1 1 � � � 1
T�1
1 (1) T�1

1 (2) � � � T�1
1 (i)

T�1
1 (1)

�+1
T�1
1 (2)

�+1
� � � T�1

1 (i)
�+1

� lllT

= sss(uuu)T : (16)

Clearly, (16) always has a solution (sinceuuu is a future projection
of at least one codeword) andj�i(uuu)j is the total number of solutions
for (16). However, (16) defines a binary coset ofLi in [GF(2m)]i,
and, therefore, the total number of solutions for this equation isjLij,
regardless of the choice ofuuu.

We now apply the above results in order to derive an expression
for the trellis complexity of the Preparata codes. Let�i�(s) be the
number of length-i paths entering a states 2 Si of the biproper

trellis representation ofP(T1; T2; �). Since the trellis is proper, it
follows that

s2S

�i�(s) = j�i�[P(T1; T2; �)]j:

Yet, from Lemma 3 and Proposition 1 we conclude that for0 < i �
n=2, �i�(s) is not dependent on the choice ofs 2 Si, and is equal
to jLij. Thus

jSij =
j�i�[P(T1; T2; �)]j

jLij
; 0 < i � n=2: (17)

This expression can be simplified by observing that�n=2�[P
(T1; T2; �)] consists of all even weight length-n=2 vectors. Therefore,

j�i�[P(T1; T2; �)]j =
2i; 1 � i � n=2� 1
2n=2�1; i = n=2

regardless of the choice ofT1 andT2, and (17) reads

jSij =
2i=jLij 1 � i � n=2� 1
2n=2�1=jLj; i = n=2:

(18)

Clearly, when� = 2 the linear codeL is the extended primitive
double-error-correcting BCH code,Bext(2;m), of length 2m. As
mentioned before,P(T1; T2; 2) is the “usual” Preparata code, so this
choice of� is of special interest. LetG(T1; T2) be the unique biproper
trellis diagram ofP(T1; T2; 2), and definesi as the state complexity
of G(T1; T2) at depthi.

Theorem 4: There exists a choice ofT1 andT2 for which

si =
i� ki[B

ext(2; m)]; 1 � i � n=2� 1
2m; i = n=2
n� i� kn�i[B

ext(2;m)]; n=2 + 1 � i < n:
(19)

whereki(C) is the ith entry of the DLP of the linear codeC. The
above profile may not be achieved simultaneously for all indices,
that is, a different choice ofT1 andT2 may be required for different
choices ofi. For eachi 2 f1; 2; � � � ; n � 1g, the value ofsi from
(19) is minimum over all choices ofT1 andT2.

Proof: The part of (19) regarding1 � i � n=2 � 1 follows
directly from (18) and the definition of the DLP:T1 is chosen in
a way that the support of the subcode ofBext(2; m) with support
size �i and maximum dimension will be inf1; 2; � � � ; ig. Li is
then obtained from this subcode by deleting the last (all-zero)n � i
positions. Sinceki(C) (C is a linear code) is the maximum dimension
of a subcode ofC with support sizei, it is clear that the value of
si from (19) is the minimum value over all choices ofT1 andT2.
The term of (19) concerningi = n=2 follows from the fact that
k[Bext(2; m)] = 2m � 1 � 2m [17, Ch. 9].

A similar method can be used to prove the part regarding
n=2+1 � i < n.

We say that a length-l linear code,C, satisfies theone-way chain
condition iff there exists a coordinate ordering under which, for each
i 2 f1; 2; � � � ; l � 1g, the dimension ofCi equalski(C). Notice that
the profile of (19) is achieved simultaneously iffBext(2; m) satisfies
the one-way chain condition.

Example 1: We calculate (19) forP(T1; T2; 2) whenm = 5 (In
the notation of [17] this code is referred to asP(6)). From [7],
where the complete GHW [24] of the nonextendedB(2;m) is given
for m = 5, we find that the DLP of this code is

i: 0–4 5–7 8; 9 10; 11 12 13; 14 15 16 17 18
ki: 0 1 2 3 4 5 6 7 8 9

i: 19; 20 21 22 23 24 25 26 27 28 29 30 31
ki: 10 11 12 13 14 15 16 17 18 19 20 21
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whereki stands forki[B(2; 5)]. Sinceki(C
ext) � ki�1(C) (C is any

linear code), we can obtain an upper bound on the values of (19) by
replacingki(C

ext) with ki�1(C).

i: 1 2 3 4 5; 6 7 8; 9 10; 11 12–14 15–20 21–31
si: 1 2 3 4 5 6 7 8 9 10 11

and s32 = 10. The values ofsi for 33 � i < 64 are obtained by
replacing each entry in the “i” row above with64 � i, and leaving
the “si” row unchanged. Therefore, the achievable state complexity
at each index in the rangef0; � � � ; ng is not more than11. This value
is not an upper bound onsmax for this code, since the above profile
may not be achieved at all indices simultaneously.

However, it is interesting to compare this number withsmax of
the [64; 51; 6] extended double-error-correcting BCH code, since the
latter is a linear code of the same length and minimum distance as
the discussed Preparata code and with half of its codewords. From
[16] we obtain thatsmax of the [64; 51; 6] BCH code is12, that is,
one less than theWolf bound[25], smax � minfk; n � kg. If smax

of the examined Preparata code is indeed11, then it is also one less
than a “Wolf bound” for this code, obtained when replacingk with
the base-2 logarithm of the code’s cardinality (even though such a
bound for high-rate nonlinear codes is not known to the authors).

The above suggests that in such a case this Preparata code is
superior to the corresponding BCH code for the purpose of soft
decision decoding: For the same length, it has a higher rate and
the same minimum distance along with a smaller trellis complexity.
There are two restrictions on the last statement. First, in order to
complete the comparison between the error-correction performance
of these codes (when a maximum-likelihood soft-decision decoder is
employed), the complete distance distributions are required. Second,
smax is not necessarily an accurate measure of the Viterbi decoding
algorithm complexity. We conjecture that in factsmax = 11 for this
Preparata code.

In [19] Reuven and Be’ery introduced theconditional en-
tropy/length profile(conditional ELP) of a block code. We hereby
briefly repeat the definition. LetC be an(n;M; d) code. RegardC as
the sample set of a uniformly distributed random vectorX. Let J be
a subset ofI = f1; 2; � � � ; ng and denote the complementary set of
J in I asI � J . DefineXJ to be the random vector obtained when
projectingX onto the set of coordinates defined byJ . The ith index
of the conditional ELP(0 � i � n), hi(C), is the maximum value
thatH(XJ j XI�J) attains when going through all possible choices
of J : jJ j = i (for further details the reader is referred to [19]). Since
we found that for the discussed set of permutationsj�i(uuu)j does
not depend on the choice ofuuu, and is equal tojLij, we have the
following proposition.

Proposition 5: For 1 � i � n=2

hi[P(T1; T2; 2)] � ki[B
ext(2; m)]:

B. Goethals Codes

Let G0(T1; T2) be the unique biproper trellis diagram of
G(T1; T2; 3; 5), and defines0i as the state complexity ofG0(T1; T2)
at depthi. Using the same methods as the ones used for the Preparata
codes, we obtain the following theorem.

Theorem 6: There exists a choice ofT1 andT2 for which

s0i =
i� ki[B

ext(3; m)]; 1 � i � n=2� 1
3m; i = n=2
n� i� kn�i[B

ext(3; m)]; n=2 + 1 � i < n;
(20)

whereBext(3; m) is the primitive triple-error-correcting BCH code.
The above profile may not be achieved simultaneously for all indices,

that is, a different choice ofT1 andT2 may be required for different
choices ofi. For eachi 2 f1; 2; � � � ; n � 1g; the value ofs0i from
(20) is minimum over all choices ofT1 andT2.

Example 2: We examine the state complexity profile of
G(T1; T2; 3; 5) with m = 7. This code consists of2233 codewords,
that is, four times the size of the[256; 231;8] comparableBext(3; 8)
code. In order to calculate (20) in this case, the DLP of the
[128; 106; 8] Bext(3; 7) is required. An upper bound on the first five
entries of the GHW hierarchy ofBext(3; 7) is obtained by adding1
to the values from [11], corresponding to the nonextended code. The
upper bound for the remaining indices is obtained from [3], [2]:

k: 6 7 8 9 10 11 12 13 14 15 16 17 18
dk: 20 22 23 24 26 27 28 29 30 31 32 36 38

k: 19 20 21 22 � � � 42 43 44 45 � � � 105 106
dk 39 40 42 43 � � � 63 64 66 67 � � � 127 128

The corresponding values of the lower bound on the DLP of the
code are

i: 0–7 8–11 12; 13 14 15 16–19 20; 21 22 23
ki: 0 1 2 3 4 5 6 7 8

i: 24; 25 26 27 28 29 30 31 32–35 36; 37 38
ki: 9 10 11 12 13 14 15 16 17 18

i: 39 40; 41 42 43 44 � � � 62 63 64; 65
ki: 19 20 21 22 23 � � � 41 42 43

i: 66 67 � � � 127 128
ki: 44 45 � � � 105 106

Substituting the above DLP profile in (20) yields the following upper
bound on the achievable state complexity profile:

i: 1 2 3 4 5 6 7; 8 9 10 11; 12 13–16 17 18
si: 1 2 3 4 5 6 7 8 9 10 11 12 13

i: 19; 20 21–24 25–32 33 34 35; 36 37–40 41–64
si: 14 15 16 17 18 19 20 21

i: 65–127
si: 22

ands128 = 21. It is of interest to compare the maximum value of the
above profile to the parametersmax of the [256; 231;8] BCH code,
which is no more than24 [3], that is, one less than the Wolf bound. It
seems that this is in factsmax for this BCH code [2]. As in Example
1, If smax = 22 for the examined Goethals code, it is also one less
than a “Wolf bound” for this code. Again, in such a case, it suggests
that this Goethals code is superior to the corresponding BCH code
for the purpose of soft decision decoding (with the restrictions given
in Example 1).

Example 3: The values of (20) are calculated forG(T1; T2; 3; 5)
with m = 5 (a (64;247; 8) code). Note that in this caseBext(3; m)
is the [32; 16; 8] Reed–Muller code, RM(2; 5). The exact GHW
hierarchy of the code is derived using the results from [24]. The
corresponding DLP ofBext(3; m) is

i: 0–7 8–11 12; 13 14 15 16–19 20; 21 22 23
ki: 0 1 2 3 4 5 6 7 8

i: 24; 25 26 27 28 29 30 31 32
ki: 9 10 11 12 13 14 15 16
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Substituting these values in (20) we obtain the following upper bound
on the achievable state complexity of the relevant Goethals code:

i: 1 2 3 4 5 6 7; 8 9 10 11; 12 13–16 17 18
si: 1 2 3 4 5 6 7 8 9 10 11 12 13

i: 19; 20 21–24 25–31
si: 14 15 16

ands32 = 15. Notice that in this case (20) is achieved at all indices
simultaneously, since all Reed–Muller codes satisfy the one-way
chain condition [13]. Furthermore, it is known which permutation
(which choice ofT1 andT2) is required to achieve the above profile:
For eachi 2 f1; 2; � � � ; 32g;

T�11 (i) =

4

j=0

vj+1�
j

where � is a primitive element in GF(25), and vvv =
(v1; v2; v3; v4; v5) is the binary expansion ofi � 1 [13]. T2 is
determined in a similar way (with the exception thatvvv is the binary
expansion of32 � i). Again, the maximum value that the profile
attains is one less than the “Wolf bound.” Note that this value is
indeed an upper bound onsmax of the discussed Goethals code.
From [3], [2] we obtain that the parametersmax of the comparable
[64; 45; 8] BCH code is at most14 (five less than the Wolf bound).
So for this case it appears that the decoding complexity of the BCH
code is smaller than the one of the Goethals code.

Finally, we have the following proposition regarding the condi-
tional ELP of the Goethals codes.

Proposition 7 For 1 � i � n=2;

hi[G(T1; T2; 3; 5)] � ki[B
ext(3;m)]:

V. THE TWISTED SQUARING CONSTRUCTION

OF THE PREPARATA AND GOETHALS CODES

In this section it is shown that under all bit orders for which
we proved that the codes are rectangular, both the Preparata and
Goethals codes admit a twisted squaring construction. Note that a
code admitting a twisted squaring construction can be decoded in the
way described in [8, p. 1158].

Let S be a finite set, and letS=U denote the partition ofS
into M disjoint subsetsU0; U1; � � � ; UM�1; where Ui � S for
i 2 f0; 1; � � � ;M � 1g. The twisted squaring construction denoted
by kS=Uk2 is defined as the union ofM sets,Ui � Uj such thati
and ji run through0; 1; � � � ;M � 1 [3].

In [8] Forney gave a twisted squaring construction for the Nord-
strom–Robinson codeN16. Recall thatN16 is, in fact,P(T1; T2; 2)
with m = 3 (P(4) in the notation of [17]). The following proposition
extends Forney’s result.

Proposition 8: P(T1; T2; 2) = kS=Uk2, whereS is the space of
all binary 2m-tuples of even weight, andS=U is the partition ofS
into the extended primitive double-error-correcting BCH code and its
cosets inS.

Proof: It is clear from the proof of Lemma 3 that� (uuu) is the
binary coset ofBext(2; m) defined by the syndrome(0; �1; �2); where

�1 =
y2Y

y

�2 =
y2Y

y

3

+
y2Y

y3

anduuu = �T (Y ). Denote this coset asCT (�1; �2). Each vector in
the above coset can be concatenated with anyuuu of even weight for

which

y2Y

y = �1

and

y2Y

y3 = �2 + �31

to create a codeword ofP(T1; T2; 2).
Let A be the set of syndromes corresponding to all the cosets of

Bext(2; m) in the space of all even weight2m-tuples. Thus we can
write

P(T1; T2; 2) =
(0;� ;� )2A

CT (�1; �2)� CT �1; �2 + �31 :

Note that for a bijectionT : GF(2m) ! I; CT (�1; �2) and
CT (�1; �2+�31) are in the same coset of the extended Hamming code
in the space of all even weight2m-tuples. This is due to the fact that
the syndrome ofuuu + vvv; uuu 2 CT (�1; �2); vvv 2 CT (�1; �2 + �31) is
(0; 0; �31).

Therefore, the twisted squaring construction forP(T1; T2; 2) could
be partitioned into clusters, each of them consisting ofkS0=U 0k2,
whereS0 is a coset of the extended Hamming code, andS0=U 0 is
the partition ofS0 into cosets ofBext(2; m). In other words, the
twisted squaring construction for the Preparata code corresponds to
the two-level partition chainE(m)=Hext(m)=Bext(2;m) (E(m) and
Hext(m) are the length-2m even-weight code and extended Hamming
code, respectively).

Recall that form = 3 and for a correct “twist,” thecubing
constructionobtained from the above two-level partition gives the
[24; 12; 8] binary Golay code [8]. It can be verified that for odd
m � 5 the cubing construction built from this partition gives a
(3�2m; 23�(2 �m�1); 6) code (no matter which “twisting” is chosen):
The minimum distance is obtained from the bounds of [8], and the
cardinality is

jE(m)=Hext(m)j � jHext(m)=Bext(2;m)j2 � jBext(2; m)j3:

This construction bears a close resemblance to the one from [10],
and has the same parameters. Form = 5 the described construction
gives a (96; 278; 6) code. From [4] it follows that the maximum
possible minimum distance of a linear code with the above length
and cardinality is6 or 7. So for this case the described cubing
construction gives a good code.

Arguments similar to the ones from the proof of Proposition 8
establish the following proposition.

Proposition 9: G(T1; T2; 3; 5) = kS=Uk2, whereS is the space
of all binary 2m-tuples of even weight, andS=U is the partition of
S into the extended primitive triple-error-correcting BCH code and
its cosets inS.

As before, the twisted squaring construction for the Goethals
code G(T1; T2; 3; 5) can be divided into smaller twisted squaring
constructions, so that it corresponds to the two-level partition chain
E(m)=Hext(m)=Bext(3;m).

VI. CONCLUSION

Using a convenient representation of the Preparata and Goethals
codes [1], we examined the trellis complexity of these codes. At least
for a given set of permutations, it was proved that both families of
codes are rectangular. Upper bounds on the bit-level state complexity
of the length-2m+1 (m odd) Preparata and Goethals codes were
determined from the DLP of the double- and triple-error-correcting
BCH codes of length2m, respectively. The given bounds are not
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necessarily achieved at all indices simultaneously, that is, different
coordinate orderings may be required to achieve the bounds at
different indices. Thus an upper bound onsmax cannot be determined
from the bound on the state complexity profile.

However, the results of Example 1 suggest thatsmax of the length-
64 Preparata code is one less than that of the double-error-correcting
BCH code of the same length. This hints at the superiority of this
Preparata code over the corresponding BCH code for the purpose of
soft-decision decoding.

Similarly, the maximum value of the upper bound on the state
complexity of the length-256 Goethals code is smaller by two than
smax of the length-256 triple-error-correcting BCH code (Example 2).
Again, it may imply that this Goethals code is a better choice than the
triple-error-correcting BCH code of the same length for soft-decision
decoding.

The parametersmax of the length-64 Goethals code (Example 3)
appears to belarger by two than that of the corresponding length-64
BCH code. This is due to the fact thatsmax of this BCH code is no
longer one less than the Wolf bound, while the maximum value of
our state complexity profile is one less than a “Wolf bound” for the
relevant Preparata code (as in Example 2).

Generalizing a result of Forney [8] regarding the Nord-
strom–Robinson code (which isP(T1; T2; 2) whenm = 3), a twisted
squaring construction was given for all Preparata codes. Similarly, a
twisted squaring construction was given for the Goethals codes.

Two main questions remain unsolved.

1) Are there other coordinate orderings for which the Preparata
and Goethals codes are rectangular?

2) Is it possible to find coordinate orderings of the Preparata and
Goethals codes that will induce a lower state complexity profile
than the one from the described upper bound?
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