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via time slices which involve only nine information symbols, viz.
Ut, , us—s. From the time slices for the phases that are 1]
multiples of 4 it follows that information symbol,_s does not
contribute to the corresponding output. This information symbol does
not contribute to the outputs in the following time instants either; (2]
hence, we do not have to store it! Thus the Kdtter—Vardy convolutional
encoder can be realized by only eight memory elements [11], although3)
not in controller canonical form. (When we use time-varying convo-
lutional codes to prove ensemble properties we consider realization$4]
in controller canonical form with feedforward shift registers and
time-varying connections [3]. For example, the Golay convolutional 5

Uty "

code can be encoded by a rdte= 1/2 time-varying encoder with  [6]
four delay elements in controller canonical form.) [7]
We showed that the Kétter—Vardy convolutional codedas = 12
and its first spectral components are (8]
[9]
phase ni2 nie n20 Noq [10]
1 34 1194 38966 1311243 [11]
2 23 678 22724 763371 [12]
3 30 834 28438 952966
4 12 381 12882 431568
5 54 1700 56924 1908782
6 22 712 23692 792423 |, (28)
7 21 570 19682 656667
8 13 328 11434 382063
8
Z nd 209 6397 214742 7199083
=1
1 8
g Z ng 26.125 799.625 26842.75 899885.37H
=1
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Linear Tail-Biting Trellises, the Square-Root Bound, and

Applications for Reed—Muller Codes

Yaron Shany and Yair Be’enysenior Member, IEEE

Abstract—Linear tail-biting trellises for block codes are considered. By
introducing the notions of subtrellis, merging interval, and sub-tail-biting
trellis, some structural properties of linear tail-biting trellises are proved.
Apart from the Golay convolutional code, the Kotter—Vardy convo'3 is shown that a linear tail-biting trellis always has a certain S|_rT_1pIe struc-
lutional code is the only Type II, rat& — 1,2, convolutional code ture, tht_a parallel-merged-cosets structure. Angc_essary‘condltlon reqt_Jlred
u y Type 1, - ‘1 from alinear code in order to have a linear tail-biting trellis representation
known to us. Calderbank, Forney, and Vardy proved that a Type Il, lirat achieves the square-root bound is presented. Finally, the above condi-
nary,time-invariantconvolutional code of rat&® = 1/2 does not exist tion is used to show that forr > 2 andm > 4r» — 1 or» > 4 and
([1, Lemma 4]).

The best rateR

memorym = 8 has [12]

1/2, time-invariant convolutional code of r+3<m< |(4r+ 5)/3]

the Reed—Muller code RM(», ) under any bit order cannot be repre-
sented by a linear tail-biting trellis whose state complexity is half of that of

T(W) = 10W"+9W "> +30W " +51W " +156W'° +... (29)
the minimal (conventional) trellis for the code under the standard bit order.

. . R ) . . . Index Terms—L.inear tail-biting trellis, Reed—Muller codes, square-root
which is better thanTkv (W) for high signal-to-noise ratios but hound.

worse for low signal-to-noise ratios, singgs = ni4 = n15 = 01in
Tev(W).
. INTRODUCTION

Following the success of the turbo decoding algorithm, the subject of
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[20] and references therein). A relatively simple Tanner graph, con-€ A. A trellis diagraml’ = (V, E, A) is an edge-labeled directed
taining a single cycle, is related to thail-biting trellis representation graph with the property that can be divided inta+1 disjoint subsets
of a code. Tail-biting trellises were originally introduced by Solomo” = V, UV, U---UV,, inaway thatif(v, v', a) € E thenv € V;_;
and van Tilborg [15]. Recently, there is interest in the efficient repreandv’ € V; for some:i € {1, 2, ---, n}. The parameter is said
sentation of block codes by tail-biting trellises [3], [8]. to be the length of. When an edge-labeled directed graph is a trellis
Currently, much is known about tlenventional trelligepresenta- diagram we shall sometimes refer to verticestasesand to edges as
tion of linear block codes (see [12], [17] for a summary of this subjecthranchesThe set’;, is called the vertex classiadex(or depth) i. Also,
It is known that under a fixed coordinate ordering there exists a unigti set of edges connecting the vertice¥,af, with the vertices o¥;,
trellis representation of a linear block code, thaimal trellis which  ; ¢ {1, 2. ---, n}, is denoted byE;. A conventional trellis diagram
minimizes thestate complexity profilat all indices simultaneously s a trellis diagram with a single initial vertex and a single final vertex,
[13]. Itis also known that the same trellis minimizes #vanch com- je_ |V;| = |V,,| = 1. A tail-biting trellis diagram is a trellis diagram
plexity profileat all indices simultaneously [12] and the total numbegith the property thatVs| = |V,.|. Moreover, it is assumed that the
of addition-equivalent operations required to implement the Viterbi dgertices ofi, andV;, are identically labeled with labels from some set.

coding algorithm [18], [14]. Moreover, both the original construction ot 77 — (V. E, A) be a trellis diagram of length. Every path from

of atrellis for alinear block code [1] and the construction of Forney [Zl‘]rO to V, defines a lengthe vector with entries fromi: theith entry
which renewed the interest in the subject are isomorphic to the minimgl,, vector; € {1, 2, ---, n}, is the label on the edge connecting
trellis. L

Much | is known about tail-biting treli f linear block cod a vertex fromV;_ with a vertex fromV;. A valid pathin a tail-biting

uch 1ess 1S known about tail-biting treflises otlinear block Codes, ;g (also called aeductionin [8]) is a path froml; to V,, that has the
The additional degree of freedom (in comparison to conventional trel- ™~ %" ) . .
. S . .Same initial and final vertex labels. In a conventional trellis, every path
lises) makes the theory of tail-biting trellises more complex, even wi om the initial vertex to the final vertex is valid. We confine ourselves
the restriction to linear codes and a fixed coordinate ordering. In [ :

Calderbanket al. investigated the tail-biting trellis representation of trellis diagrams (elth_er conventlon_al or tail-biting) In which every
several short codes. It was shown that using a leBgteetionalization edge and every vertex “e.(?” some valid path. S.uch treIIllses are referred
[10], there exists a tail-biting trellis for the Golay code which meet @sreducedn [8]. In addition, parallel edges with identical labels are
thesquare-root boung21], [3]. The formal definition of dinear trellis not aI_IO\_Ned. A_trellls (either conventional or tall-bltlr?g) for which no
was first given by Kétter and Vardy [8]. In that paper, the authors ald¥o distinct valid paths represent the same vector will be referred to as
gave a simple algorithm for finding a linear tail-biting trellis for whichdone-to-one trellisin the sequel, the alphahbétis always a finite field

the product of the cardinalities of the state spaces at all indices is mfr- The state complexity profile of the trelliE = (V. E. F;) is the
imum. It is known [3] that it is sometimes possible to have a nonline&fquence

tail-biting trellis for a linear code with a smaller state complexity than

that of any linear tail-biting trellis for the code. However, performing 8(T) = (so(T), s1(T), -+, sn(T))
the product of the trellises corresponding to a set of codewords that gen- ] ]

erate a given linear code as a space @vg(which results in a linear Whoseithentry,i € {0, 1, ---, n}, is defined as
trellis) is a systematic way for constructing a tail-biting trellis for the N

code. 5;(T) = log, |Vil.

In this correspondence, linear tail-biting trellises are considered.
Using the notions okubtrellis merging interval and sub-tail-biting  We refer tos;(T') as the state complexity @f atindexi. The maximum
trellis we prove some structural properties of linear tail-biting trellise®f the above sequence is defineds&¥'), the state complexity df .
Specifically, it is shown that a linear tail-biting trellis has a certain A length+ code oveif~, is a subset df;; . A length+: code is said to
simple structure, th@arallel-merged-cosets structurtVe present a be linear when it is a subspacek€f. We denote a linear code of length
necessary condition that a linear code must satisfy in order to havedimensionk, and minimum Hamming distanctas an[n, &, d]
a linear tail-biting trellis representation that meets the square-ragide. LefT be a trellis diagram (either conventional or tail-biting). The
bound. The condition involves the codegeneralized Hamming set of vectors associated with all valid paths is referred (6(@s), the
weight hierarchy[19] and the distance between the first and last indexode related t@. T is said to be the trellis representation of the code
at which the state complexity profile of the minimal (conventional} (or a trellis forC) if and only if C = C(T).
trellis for the code gets its maximum. It is then shown thatfor 2 Throughout this correspondence, the term “square-root bound”
andm > 4r —1orr > 4andr +3 < m < [(4r +5)/3] refers to dixed coordinate ordering of the discussed code. That is, if
the Reed-Muller code RN, m) under any bit order cannot be - g an[n, k, d] code, andl*°™ is the minimal (conventional) trellis
represented by a linear tail-biting trellis whose state complexity is half, C, then there is no tail-biting trellis faf whose state complexity

of that of the minimal (conventional) trellis for the code under thf's less thams (T°°™) /2. The validity of this version of the square-root

Ste};}hdeagggsorgﬁgence is organized as follows. In the followin se%(-)und can be easily verified.
P 9 ’ 9 LetC be an[n, k, d] code ovelF,, and letc = (c1, ¢2, - -+, ¢n) be

tion we give several definitions that will be required throughout the

correspondence. Section Ill is devoted to the structure of linear ta%_codeword ot’. For
biting trellises. In Section IV, we develop a necessary condition for the
square-root bound. Finally, in Section V, we apply the previous results
in order to show that for > 2 andm > 4r — 1 orr > 4 and o

r 43 < m < |(4r+5)/3], RM(r, m) cannot be represented by al£7(¢) = (¢iy. cis. <~ e, ) be the projection of ontol. We also
linear tail-biting trellis that meets the square-root bound. define the projection of the codeonto as

I={ir, ia,---, 4} C{L, 2,---, n}

Pi(C) = Pr(e).

Il. PRELIMIMARIES cec

An edge-labeled directed grapb the triple(V, E, A), whereV'  The linear subcod€; is defined as the set of all codewords (n
is a set ofvertices A is a finite set (thealphabe}, andE is a set of that have zero entries at the indices{ih, 2, ---, n} — I, where
edgesi.e., ordered triples of the forfw, v, o), wherev, v’ € V,and A — B stands for the complementary setBfin A. By convention,
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Cq

2,
of {1, 2, ---, n} that are of special interest

L1}

[

>

{1,2,..
and
4 A . . P
it={i+1,i4+2,---,n}.

The subcode’;— is referred to as thg@ast subcodef C at index
i, and the subcod€,. is referred to as thduture subcodeof C
at indexi. We denote thedimension/length profil€DLP) [5] of C
as (ko(C), k1(C), -+, ka(C)). Also, the set{do(C), d1(C), ---,
di(C)} stands for the generalized Hamming weight hierarchg.dt
was shown in [5] that

d.(C) = [first index: for which &;(C) = u] .
Let

a=(ay,az, -+, a), lo 21

and

b= (by, b2, ---, by),

be two vectors with entries frofR,. We denote theoncatenatiorof
the vectors as

L, >1

a-b= (a’h az, = -y @i, b1, ba, -

-, b)),

(V. B, A) and T’

Two lengthn trellis diagramsT
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..,ny = C. Forafixedi, 1 <i < n — 1, there are two subsets The second set is referred to as Hutive intervalof g. The rowg is

said to beactive ati if and only if i is in the active interval of. Also,

the indicesj; andj: mentioned above are referred to as léfeindex

of g, left(g), and theright indexof g, right(g), respectively. Note that

if j1 = j» then the active interval qf is empty. The trelligTy consists

of a single path from the initial vertex to the vertex at index- 1, a
single path from the vertex at indgx to the final vertex, and par-
allel paths from the vertex at indgx — 1 to the vertex at indeys.
Clearly, the multiplication of the trellises associated with all rows of
G gives a (conventional) trellis faf. The state complexity of the re-
sulting trellis at each indekis the number of rows i that are active

at that index. Moreover, whe@ is atrellis-oriented generator matrix
of C (i.e, left(g,) # left(g,), right(g,) # right(g,) for any pair of
distinct rows g, andg,, in G [4], [9]) the resultant trellis is the unique
minimal trellis representation af [9]. In [8], there is a more general
definition of a generator’s span and of the trellis associated with a gen-
erator, which will be adopted in this correspondence. Define

s Jln = {1’,77.—|-1,"',7l,1,"'aj}7 l>]
In the definition of [8], the span of = (g1, g2, ---, g») Can be
taken as[i, jl. provided thatPg o ... n1—[i,j.(9) = 0, where

02 (0,0, ---, 0), and bothy; andg; are not zero. The active interval
of gisnow|[i, j — 1].. When:i < j the trellis associated with is
the same as described above (that is, a conventional trellis)> I,
then letg’ be the vector obtained by cyclicly shiftingto the left;
times. LetT,s be the minimal (conventional) trellis fdg'). Then the

(V', E', A) are said to bé&somorphidf there is a one-to-one mapping (tail-biting) trellis associated witp, T}, is defined as the cyclic shift

f:V — V' such thatf(V;) = V/ foralli € {0, 1, .-, n} and
(v, u, ) is an edge ifl" if and only if (f(v), f(v), @) is an edge
in T'. We say thatl’ andT” are structurally isomorphidf the two
trellises obtained by setting all the edge label§oandT” to a certain
constantx € A are isomorphic. Fob < i < j < n, letT}; ; and
T[’,;_”]-] be the trellises obtained frof and T” (respectively) after
removing all vertices atindices 1, ---, i —1, j+1,j+2, -+, n,

to the rightj times ofT/ (c.f. [8]). As before, the multiplication of the
trellises associated with all the rows 6f gives a (tail-biting) trellis
for C. We refer to a span in the forfa, j].. as aconventional spaif
i < j. The spari, j]. is called acyclic spanif ¢ > j. Notice that
there are many choices of a span foreach resulting in a different
tail-biting trellis representation dig), 7.

LetT = (V, E, F,) be a trellis diagram (either conventional or

and deleting all edges incident with one or more of these vertices. \égi-biting). Following Kétter and Vardy [8], we assume that in addition

say thatl’ and7" are isomorphic between indicésind; if and only
if Tr;, ;7 andT}; ; are isomorphic.

LetT = (V, E, F,)andI’ = (V’, E', F,) betwotrellis diagrams
(either conventional or tail-biting) of length, and letC = C'(T") and
C' = C(T") be the related codes. Tipeoduct trellis[9], denoted by

T"=(V",E".F)=T xT'

is defined as follows. The set of vertices atindax1™ is the Cartesian
product of the sets of vertices at indein T andT": V;" = V; x V/,
i €{0,1,---, n}. The edge

((vi—la ’U;,l), (/Uia ’U;), a4+ 0/)7 i € {1 2,0, n}
isin ET ifand only if (v;—1, vi, o) € E; and(vi_,, vi, o') € F}. As
mentioned in [9], [8] it could be easily verified that(T™) = C + (',
where

C+C' 2{c+c:cecC ¢ el

Let C be an[n, k, d] code overf,, and letG be a generator ma-
trix for C, i.e., a full-rank matrix whose row spaceds In [9], the
spanof each rowg = (g1, g2, -, g») Of G is defined adj:, ji1 +
1, ---, j2}, wherey, is the first indexj andj- is the last indey for
which ¢g; # 0. To each rowg of G we assign the minimal trellig},
for (g), where(g) is the space generated pyoverF,. The trellisT,
has a single vertex at each depth € {0, 1, 2, ---j1 — 1, jo, j2 +
1, ---, n},andq vertices ateach depttv € {71, j1+1, ---, jo—1}.

to the usual labeling of edgesTn there is also a labeling of the vertices
of T': Each vertex clas;, i € {0, 1, ---, n}, is labeled by a vector
from Fl**)1 We require that all the vertex labels within the same
vertex class are distinct. To each valid patiin

Cn—1
—

C1 2

Cyy
Vg — U1 — = Un—1 — Up

v € Vi, i €{0,1,---
ciate thepathword

,nt,c; € Fg,j € {1,2,---, n}, we asso-

Vo - LUy Cy - Vo
wherewv; is the lengthfs; (T')] vector related te; € V;. Note that we
have used the fact that in a valid path the initial and final vertex labels
are identical. As in [8], we refer to the code obtained by all pathwords
of T' as theedge-vertex label code @f, S(T"). We can now give the
definition of a linear trellis. Note that from the requirement that there
are no parallel edges with the same lab€T'irt follows that there is a
one-to-one correspondence between the set of patiemdS(T).

Definition 1 [8]: Atrellis T = (V, E, F,) is said to be--linear
if there exists a labeling of the verticesBfsuch thatS(T') is a linear
code ovetr,,.

WhenT is a linear tail-biting trellis oveF,, we will always assume
that the labeling of the vertices is such t!§af") is linear oveiF,. In [8,
Theorem 2] itis stated that every linear trellis representation of a linear

codeC can be constructed eﬁgeg T4, whereg is a set that generatés
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overF,, andTy is the trellis related tg for some legal choice of span. whereT is defined in Proposition 1 arfi, is defined in its proof. How-

On the contrary, it could be easily verified trﬁtgeg T, will always ever, recall thaf’ can be expressed ﬁge ¢ Ty, whereg is a set that

give a linear (either conventional or tail-biting) trellis f6r so we can generate€'(T') overF,. If there are two distinct valid paths ifi that

conclude that a trellis fo€ is linear if and only if it is in the form of represent the same codeword, then essentaltpntains a basis for

the above trellis product. C'(T) as a proper subset. In such a case, it is always possible to find a
It is interesting to note that if there are two membergithat have linear tail-biting trellis forC'(T") with a componentwise smaller state

the same left index or the same right index then it is always possibledomplexity than that of". We shall therefore assume that the linear

find a linear tail-biting trellis foiIC with a state complexity profile that trellises discussed from this point on are one-to-one, and hence the sub-

is strictly smaller for some indices than thatHfgeg T4, and never codes represented by any two distinct subtrellises are disjoint. Under

larger than that oﬂgeg T,. This could be easily established in thethe above assumption, it is clear that the code related to a subtrellis is

following way. Suppose that two members®f g, andg, have the linear if and only if the subtrellis is linear.

same left index or the same right index, and assume without loss Obefinition 3 LetT

generality that the active interval gf is not smaller than that qf, . :

Then it is always possible to assign a spaygoé g, — ¢, so that the

active interval ofy , is a proper subset of the active intervalof It is

= (V, E, F,) be a lengthn tail-biting trellis,
and letTy = (V', E', F,) andTy = (V*, E*, F,) be two distinct
subtrellises off". Let I be the interval

therefore clear that every “interesting” linear tail-biting trellis ofrgr [i1, ia] EN {iv it 41, -+, iz}, 1<iy <is<n.
has either edges or a single edge entering or leaving each state at all
indices. We say thafly; andT> are merged ir{ if the set of all paths irl}
beginning at vertices df,;ll_1 and ending at vertices d)f,;lz is identical
Ill. THE STRUCTURE OFLINEAR TAIL-BITING TRELLISES to the set of all paths iff; beginning at vertices df;> _, and ending

: 2
In this section we examine the structure of linear tail-biting trellisegl.t vertices oft,.

The main idea is to regard a tail-biting trellis as a collection of conven- Informally speaking;I; and7» are merged il if they share the
tional trellises, each corresponding to a different initial vertex. Notections specified if. Notice that the above definition is not restricted
that whereas Kotter and Vardy [8] considered subgraphs of a lingarinear tail-biting trellises. However, from the proof of Proposition 1
tail-biting trellis consisting of all valid paths passing througb-ta-  we know thatS(T;) is a coset ofS(Ty) (Iy and7; are defined in the
beled vertex at a given depth, we examine the subgraphs correspongingf of Proposition 1). Hence the projectionsXf7; ) andS (75 ) onto

to all vertices at a given depth (for simplicity, this depth is chosen the same set are either identical or disjoint. We conclude that for the
be 0, but the results apply to any other choice of depth). It will bepecial case of a linear tail-biting trellis, two subtrellises either share all
shown that for a linear tail-biting trellis these subgraphs have soriir paths or do not share any paths on any given interval. An example
useful properties. In particular, it will be shown that a linear tail-bitingf two subtrellises that are merged on an interval is given in Fig. 1.
trellis always has the parallel-merged-cosets structure. Of course, two subtrellises of lengthcan be merged in the interval
[i1, i2],1 < i1 < i2 < n, if and only if they are isomorphic between

Definition 2: LetT = (V, E, Fq) be atail-biting wrellis. The sub- 1 oo agi. The following proposition is therefore of interest
graph ofI’ consisting of all valid paths with a certain fixed vertex from ! 2 gprop ’

Vo will be called asubtrellisof T'. Proposition 2: LetT be alengths linear tail-biting trellis ovef=, .
Then two subtrellises &F, T, andT%, are isomorphic between indices

A subtrellis is clearly a conventional trellis. Of courseifs the set . . . ) . .
y e i1 — 1l andiz, 1 < i1 < iz < n, if and only if

of all subtrellises of the tail-biting trellig’ then

= | e, P el @)= P i €]

er Proof: Leta be a codeword of'(71), and letb be a codeword
We shall now see that is a linear trellis oveF ,, then all subtrellises f C'(12). We definec = (ci. ¢, ---. ¢n) = a —b. From Proposi-
of T are very similar. tion 1 it is clear that a trellis isomorphic 6, can be obtained from
T, = (V, E, Fy) by addinge; to the labels on all edges iB;, ¢ €
Proposition 1: LetT = (V, E. F4) be alinear tail-biting trellisfor {1, 2, ... »}. Now, if
C. Then every subtrellis &f is a trellis for a coset of a fixed linear sub-
code ofC. Moreover, all subtrellises & are structurally isomorphic. B ilC(T)] = Py, i [C(T2)]

Proof: From the assumption that the vertex labels within the
same vertex class are distinct, it is clear that there can be only dhere is a choice of satisfyingF;,  ;,1(¢) = 0and the first part of the
subtrellis inT that has an initiaD-labeled vertex. Moreover, from Proposition is established.
the assumption thak is linear it is clear that such a subtrellis must Clearly, if
exist, since the all-zero pathword must beSi(i"). Let us denote the )
subtrellis with a0-labeled initial vertex ady,. Clearly, S(1p) is a iy i [C(T)] # Py, i, [C(T3)]
linear code, and'(7} ), a projection ofS(7y ), is also a linear code [8].
Let 77 be any subtrellis of” which is notT,. Adding any pathword
from S(Ip) to any pathword fron®(1;) will clearly give a pathword
from S(7;). HenceS(T;) contains one or more complete cosets of Definition 4: LetT be a linear tail-biting trellis of length, and let
S(To). On the other hand, all paths T have the same initial vertex, Ty be the linear subtrellis df'. The intervall = [iy, i3], 1 < iy <
so the difference between any two pathwords (1) is a pathword i» < n, will be referred to as anerging intervalof 7" if any subtrellis
from S(Ty), andS(T;) is contained in a single coset 8{7y). Thus that is merged witly in .JJ C I is also merged withy in the entire
S(Th) is a coset of5(Tp) and the proposition is established. [0 interval I.

itis not possible thal; andT5 are isomorphic between indicés— 1
andi. O

Note that Proposition 1 does not contradict the possibility of having We shall now see that although the definition of the merging interval
two distinct subtrellises df” that represent the same coset(fl;), refers only tdly, it is actually relevant to all other subtrellises.
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©) @

Fig. 1. An illustration of the merging concept. (a) A tail-biting trelli, for the code{(0, 0, 0), (1, 1, 1), (1, 1, 0), (0, 1, 0), (0, 1, 1), (1, 0, 1)},
consisting of two subtrellises that are merged in the intef24l The numbers above the vertex classes are their depths. (b) A schematic representation. (c) The
subtrellis of T corresponding td (0, 0, 0), (1, 1, 1), (1, 1, 0)}. (d) The subtrellis ofT" corresponding td (0, 1, 0), (0. 1, 1), (1, 0, 1)}. Remark:The
codeC(T) is nonlinear.

Proposition 3: LetT be a linear tail-biting trellis ovef,, and let! Proof: Let us observe the sub-TBT @fin I which contain<ly,
be a merging interval df'. Suppose that two subtrellisesBf 71 and the linear subtrellis of", as a subtrellis. We refer to this sub-TBT as
T,, are merged iy C I. ThenT; and7, are merged id. Ty. Since at any index the-labeled vertex appears only once, it is
Proof: Let us assume thaf, andT are not merged id. Let clear that at any index th@-labeled vertex appears only . Let
S andS? be the edge-vertex label codesTf andTs, respectively, 77 = {Ty, Ti, ---, Ti—1} be the set of subtrellises @F. Since any
and lets' be a codeword of'. From Proposition 1 it is clear that member ofl’y is merged withl, in I, it is clear that for any choice of
{s—5':58 € S'}isS(Tp), whereTy is the linear subtrellis oF . Now, T;,0 < j < I—1 there exists a valid path ifi; with 0-labeled vertices
{s—s':8 € 8%} isS(T), whereT; is a subtrellis that is merged with at all indicesi; — 1, i1, --- ,i2. Leta € S(T},) andb € S(T},),
Ty in the same interval in whiclh, is merged withl,. Sowe founda 0 < ji < j2 < I — 1, be the pathwords related to such two paths.
subtrellis that is merged withy, in J C I but notinI, contradicting From the linearity assumption, any linear combinatioa ahdb over
our assumption that is a merging interval. O F, is the pathword related to a valid pathTn Since this pathword
Daso-labeled vertices, it is a pathword SI’(TU). Therefore, the label
on the initial vertex related to a linear combinationac&ndb is the
label of the initial vertex of some subtrellis . It follows that the
set of labels [elated to the initial verticesd is a space ovdf,, and,
Definition 5: Let T be a linear tail-biting trellis, and lef be a thereforeS(7p) is a space ovelf,. X
merging interval of . LetT; = {T\, T», - - -, T:} be asetof subtrel- _ Using similar arguments, it is possible to show tsaf’. ), where
lises of T that are pairwise merged iiy with the property that there 7w is a sub-TBT ofI” in I which is not7y, is contained in a single
is no other subtrellis of" that is merged withl; (say) inI. Then cosetofS(75). It remains to show thd5(7...)| = |S(To)|. Let’P be
the subgraph of” consisting of all subtrellises ii; will be called asetthat contaiqsasingle pathword from the edge-vertex label code of
asub-tail-biting trellis(sub-TBY of 7" in I. each subtrellis il . Moreover, each pathword iR is related to a path
passing througb-labeled vertices at indicés — 1, i1, -+ -, i>. Lets
be a pathword fron$(7,, ). We examine the sef 2 {s+p:peP}.
From the linearity assumption, each pathword/ois related to a valid
) path inT". In addition, each pathword iff is related to a path whose
cn = c@d. vertex atindex, i € {i — 1, i1. - - -, i}, belongs to the vertex class
Per; atindexi in 75,,. It follows that.7 C S(T;,), and hence the number of
initial vertices inT}, is not smaller than the number of initial vertices
We refer to a merging intervdlas amaximal merging intervaf there in 1. Combining this with Proposition 1 the proof is completed]

is no merging interval’ such thaf C I’. Fig. 2 clarifies the definition . . . . .
of a sub-TBT. Note that the partition of a linear tail-biting trellis into Observe that a slightly modified version of Proposition 4 applies

R , : P also for the case wherE is a group trellis [3] for a group code’C.
sub-TBT's depends on the choice of a merging interval. The only difference is that in the group case every sub-TBT af

Proposition 4 (Parallel-merged-cosets structurd)et 7 = T is a tail-biting trellis for a fixedsubgroupof C (it can be verified
(V, E, Fy) be alinear tail-biting trellis ovelF, for the[n, k, d] code that Proposition 1, Definition 4, Proposition 3, and Definition 5 can be
C,and letl = [i1, i2], 1 < i1 < i2 < n, be amerging interval df'.  suited to the group case by definifig as the uniqugroup subtrellis
Then every sub-TBT of " in I is a tail-biting trellis for a coset of a of C).
fixed linear subcode of. Moreover, all the sub-TBT's dI in I are It follows from Proposition 4 that the state complexitybfat each
structurally isomorphic. index:i € {iy —1, i1, ---, i2 } can be totally determined from the state

From Proposition 3 we know that two subtrellises of a linear tai
biting trellis are either merged or parallel in taitiremerging interval
1. Itis therefore of interest to give the following definition.

Clearly, every sub-TBT of in I is a tail-biting trellis. If77 is the
set of all sub-TBT'’s inf, then
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(a)

\ / / \

(b)
©
Fig. 2. (a) A linear tail-biting trellis for RM1, 4), T', with two maximal

merging intervalsf3, 12] and[14, 15]. (b) The upper sub-TBT df in [5, 12],
and a schematic representation. (c) The lower sub-TBT a@f [3, 12], and

a schematic representatioRemark:edge labels are suppressed in order to

simplify the figure.

complexity ofTo, and from the number of subtrellisesd (i1, i2, T,
Ty, andT} are defined in Proposition 4 and in its proof). lleand’

be the dimensions af (T') andC(Ty), respectively, and let* be the
number of subtrellises i, . From Proposition 4 and Proposition 1 it is

1519

These subsets are referred todasand G, , respectively. If we define
To = [l,eq, TorandT = [ .., T, thenitis clear thal’ = To x T.
Itis also evident thalp is indeed the linear subtrellis @f. Let¢“? be
the number of subtrellises in the linear sub-TBTIbin a merging in-
terval I which includesi or¢ + 1,7 € {1,2,---, n — 1}. Then it
follows that the state complexity @f at index: is the baser logarithm
of the number of sub-TBT's df” in I, that is,si(f) =k =k —u;,
wherek? is the dimension of (Ty), as before.

At the end of the previous section we mentioned that if two genera-
tors fromgG have the same left index or the same right index (or both),
then there exists a linear tail-biting trellis férwhose state complexity
profile is componentwise smaller than that[df,.; 7. It is, there-
fore, clear that for any “interesting” tail-biting trellis fat, the linear
subtrellis is the minimal trellis for the code it represents. This fact also
rises as a private case of [8, Theorem 3]. However, from Proposition 1
it also follows that each subtrellis of an “interesting” tail-biting trellis
is the minimum trellis for its code.

IV. A NECESSARY CONDITION FOR ACHIEVING THE
SQUARE-ROOT BOUND

In this section we use the structural properties of linear tail-biting
trellises from the previous section in order to develop a necessary con-
dition required for achieving the square-root bound. The necessary con-
dition will be derived in two steps. First, we will see that the maximum
possible length of a merging interval decreases with the number of sub-
trellises that are merged with, (the linear subtrellis) in this interval.
Then we shall see that achieving the square-root bound requires that all
the subtrellises are merged wilh in a merging interval of a certain
minimal length.

We begin with the following simple observation, which does not re-
quire a proof.

Proposition 5: LetT be a linear tail-biting trellis oveF,. Suppose
that7, and7> are two subtrellises that are mergedin iz] and in
[i3, i4], 1 < i1 < iz < i3 < 44 < n. ThenT; andT: are merged in
[i1, da].

Let us now find a restriction on the number of subtrellises merged
with the linear subtrellis of a linear tail-biting trellis in a given merging
interval.

Proposition 6: Let T' be a linear tail-biting trellis for thgz, &, d]
codeC, and letT, be the linear subtrellis df’. LetI = [iy, i2],1 <
i1 < iy < n be a merging interval df’, and letT; be the sub-TBT
of T"in I that containsl, as a subtrellis. Suppose that there gfe
subtrellises iril,. Then

u < z(C) — z1(C%) (2

where® 2 C(To), and z,(C) is the dimension of(; 5 ... n1—7.
Equality holds in (2) if and only if there is no sub-TBT &fin I, T},
with 0 € P;[C(T)] except forT.

Proof: The number of paths referring to codewordsCéqfo)

K X L. i iacti i u, 27(C%) gj -
clear that: is an integer, and that the number of distinct sub-TBT'’s gWith a zero projection ontd is exactlyg™ - ¢*7*~ /. Since these code

TinTisq"=*"

si(T) = s;(To) + k — k° — . )

Itis now of interest to see the connection between the foregoing dis-

cussion and the presentation of a linear tail-biting trdllias[ [, ; T
[3], whereg is a set that generat€s= C(T') overF,, andTy is the
trellis related tgy for some legal choice of span fgr We can dividegy

~".Hence, foreache {iy — 1, i1, --+, i2 }, we have

words form a subset of all codewords(®fvith zero projection ontd,
the proposition follows. O

An immediate result of Proposition 6 is that
u S ZI(C) S kn—‘ﬂ(c)'

The following corollary readily follows.

into two disjoint subsets, the first consisting of generators with conven-Corollary 7: Let T' be a linear tail-biting trellis for thén, k, d]
tional span, and the second consisting of generators with cyclic spaodeC, and letT; be the linear subtrellis df. LetI = [i1, i2], 1 <
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i1 < iz < n, be amerging interval df', and letT, be the sub-TBT V. REED-MULLER CODES AND THE SQUARE-ROOT BOUND
of T'in I that containsly as a subtrellis. Suppose that there gife In this section we employ Proposition 8 in order to show that for

subtrellises irlfo. Then r>2andm > 4r — Lorr > dandr +3 <m < |(4r + 5)/3] the
. Reed—Muller code RNIr, m) under any bit order cannot have a linear
[I] < n—du(C). e . o .
tail-biting trellis whose state complexity is half of the state complexity
of the minimal trellis for the code under the standard bit order.

In order to proceed, we have to find a connection between the min-_et s(», m) be the state complexity of the minimal trellis for
imal trellis of a linear code and a tail-biting trellis for the same codRM (r, m) under the standard bit order. Obviously, when Rivim )
that achieves the square-root bound. Cdte anfn, k, d] code under is under any bit order for which the state complexity of its minimal
a given bit-order, and I€f“°"" be its minimal trellis representation. trellis is larger thams(r, m), there is no linear tail-biting trellis for the
As before G is a set that generat€soverF,, andT = [ ., Ty isa code whose state complexity 4¢r, m)/2. However, there are many
linear tail-biting trellis forC. Letk° andk' = k — k° be the number bit orders for which the state complexity is equakte, m).
of generators fron; with conventional span and cyclic span, respec-

tively. As usual, we denote the linear subtrellisTofsTy . Now, leti’ Proposition 9: If RM (r, m) does not salisfy the necessary condi-

tion from Proposition 8 under the standard bit order, then it cannot meet

i €{0. 1. ---, n}, be an index for which,, (T°°™) = s(I°™). e square-root bound under any other bit order for which the state com-
Clearly, plexity of its minimal trellis iss(r, m).
S(T) > 5i(T) > 5u(To) > s(T°™) — il 3) Proof: Suppose that RNI, m ) is under one of the bit orders for

which the state complexity of its minimal trellis i», m ), and leti;

since a generator matrix faf(Z,), whose rows are the members ofandi> be the first and last index at which the state complexity of the
G with conventional span, can be obtained by deletihgows from a minimal t.reIIi_s gets its maximum, resp_e(_:tively. Lt i1 + 1, i>] be
generator matrix fo€, not all of them necessarily active &t It fol- the merging interval defined in Proposition 8. Now recall that the stan-

lows thatT achieves the square-root bound onlyif > (7<) /2 dard bit order is known to minimize all entries of the state complexity
On the other handy! is the state complexity of a?iadex() and profile of the minimal trellis for RM », m) simultaneously. It is there-

therefore,k' must not be larger thas(T*")/2 if T achieves the fore clear that the length of the intendalvhen RM(r, m) is not under

. he standard bit order cannot be smaller than its length when the code
square-r?ot bound. We conclude tﬂ‘aa_chleves the sq_uare-root boun s under the standard bit order. 0O
only if k* = s(T°°"")/2. From (3) it follows that in such a case
5i(Ty) > s(T°")/2. ThereforeT achieves the square-root bound The weight hierarchy of RML, m) is given in [19]. Also, a simple
only if all q""'l subtrellises ofl” are merged in an interval that Containgormula for the bit-level state complexity of the minimal trellis for this
i’ ori’ 4 1. Combining this result with Proposition 5 and Corollary 7c0de under the standard bit order is given in [11]. Using these results
the following proposition is established. along with Proposition 8 it is straightforward to show that fer> 4
there is no linear tail-biting trellis for RNIL, m) under the standard
Proposition 8: LetC be an», k, d] code, and leT*°"" be the min-  bit order that achieves the square-root bound. From Proposition 9 it
imal trellis for C. Leti; andi» be the smallest and largest index (realso follows that form > 4 there is no linear tail-biting trellis for
spectively) at which the state complexity Bf°™" is s(7°°*¥). Then RM (1, m) under any bit order whose state complexity (s, m)/2.
there exists a linear tail-biting trellis ferthat achieves the square-rootFrom Forney’s recent duality theorem [6, Theorem 5.3] it also follows

bound only if that form > 4 there is no linear tail-biting trellis for RNim — 2, m)
under any bit order whose state complexitysisn — 2, m)/2. We
[I] < n = dggpeonvy 2 (C) (4)  remark that for this simple case &£ 1) exactly the same result can be
) ) obtained by using [3, Corollary 7]. However, for larger values tfis
wherel = [i1 41, i2]. is notthe case: At least by inspecting some specific valuesasfdm

In the next section we will use this proposition to prove that in marfjat are covered in the following development, one finds that the lower
cases the Reed—Muller codes do not have a linear tail-biting trellis t@und of [3, Corollary 7] falls below the square-root bound.
achieves the square-root bound. Note that if the square-root bound 4/ Shall now prove that for a high enough valueofthe second-

not achievable under a certain bit order, then it is also not achievaBf&e" Reed-Muller code RK2, /) cannot have a linear tail-biting

under any cyclic shift of this bit order. The results of Proposition gellis representation that achieves the square-root bound. This result

can be easily extended for the case of sectionalization. We say thé{\flgbe employed later as the basis for the induction used to prove the

sectionalized tail-biting trellis meets the square-root bound if its sta%am result concerning Reed-Muller codes.

complexity is half of the state complexity of the identically section- Proposition 10: Form > 7 there is no linear tail-biting trellis for
alized minimal trellis. The necessary condition from Proposition 8 RM (2, m) under any bit order whose state complexity(8, m)/2.

made suitable for a sectionalized tail-biting trellis with a constant sec- Proof: From Proposition 9, itis sufficient to consider the standard
tion length by making two changes in (4). First, the state complexiyjt order. LetT*°™ be the minimal trellis for RM2, m) under the

of the identically sectionalized minimal trellis should be substituted &andard bit order. Léi andi» be the first and last index, respectively,
s(T°™ ) in (4). Second, if the section lengthi§ divides the length of atwhich the state complexity @™ is s(2, m). From the symmetry

the nonsectionalized trellis) then the inter¥ah (4) should be replaced ©f the Reed—Muller codes, it is clear that = 2™ — ;. Hence, in

by [1i} +1, i}], wherei}, andi’, are the first and last index at which theorder to show that thgre is no linear Fail-biting trellis for RR| m) N
state complexity of the identically sectionalized minimal trellis gets ildnder the standard bit order that achieves the square-root bound, it is
maximum, respectively. Note that we did not provide a necessary c&fficient to show that

dition required from a code in order to have a sectionalized tail-biting %1 < i [RM (2, m)]

trellis with half of the state complexity of the nonsectionalized minimal " La(2,m)/2] s ol
trellis. However, if the section length is short enough so that the sggom [11, Theorem 1] it is clear that = 22 + 2~ + 1. Let us
tionalized state complexity is equal to the nonsectionalized state coffig the first indexu’ for which

plexity, the condition given above coincides with the condition for half

the state complexity of the nonsectionalized trellis. do[RM(2, m)] > 277 4277 42,
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According to [19], ifu is expressed as We conclude that the recursive formula for the weight hierarchy of
RM (r, m) is
u=m+(m—-1)+---+(m—s+1)+g, g<m-—s (5)
] dlrl"—l,nz—lw 0 S " S kr'—l,nz—l’
then d; "= m—1 r,m—1 r—1,m—1 r,m
R 27 A T s Ermimm 41 <u < BT
S om—i : (7)
du[RM(2, m)] =277 4 Y " 2m eI
=1 =1

We shall now present another useful recursive relation7L&t" be
Itis, therefore, clear that' is equal to the value obtained from (5) wherthe minimal trellis for RM(r, m). Leti"™ be the first index at which
s =1landj = 2,i.e.,u’ = m+2.Hence, from the monotonicity of the the state complexity df“>"" is s(r, m). Using [11, Theorem 1] it can
weight hierarchy [19], it remains to show thatfor> 7, 5(2, m)/2 >  be verified that
m + 2. Using the well-known state complexity of RM, m) [2]

117 mo_ 2”1—2 4 ii’—l, nz—2. (8)
2 .
m—2i—1 - . . .
5(2,m) = Z < 9_; ) = %'m? —sm—1, m >3 Besides (7) and (8), two lemmas will be required for the proof of
i=0 the main theorem concerning Reed—Muller codes and the square-root

it is evident that form > 7 there is no linear tail-biting trellis for bound.

RM (2, m) under the standard bit order that achieves the square-root emma 11: For any integers > 1 andm > 4r — 2

bound. O
r—1
In order to proceed to higher order Reed—Muller codes, we will <m> >23" <”'l> ) )
need a recursive formula for their weight hierarchy. We remark r) T =\t

that the representation of the weight hierarchy of these codes that
appears in [19] does not seem to be suitable for our purposes. L
{a:™, dp™, -+, d7 ) be the weight hierarchy of RM:, m),

where Lemmal2:Forr > 2andm — 1 > 4r — 2

BT — i <m> Hstrym) —s(r—1,m—2)] >k """

®fhe proof of this lemma is given in the Appendix.

— ]
= Proof: From the results of [2] it follows that for — 1 > 47 — 2

We denote the dimension of the past subcode of(RMr ) at index:,

1<i<2™, bypl™. Itis known [7] that under the standard bit order s(ry,m)—s(r—1,m—=2)
r . r—1 .
r,m - . . . r,m —27—1 777—27—3
d,;™ = [first indexi for whichp;"™ = «]. = m —
| P ] ;( r—1 ) l_g(r—i—l)
From this point on (unless otherwise mentioned) all Reed—Muller codes m—1
are under the standard bit order. l&tbe a generator matrix for the = < , ) - (10)

linear codeC. If no two rows of G have the same right index, théh

is_ calleql gpast-orientedyenerator mgtrix. WheG is in this form, the  ysjng Lemma 11 the proof is established. O
dimension of the past subcode(ht indexi is the number of rows of
G whose right index is not larger thenAs in [11], letG,, ,,—, and ~ Theorem 13:Forr > 2 andm > 4r —1orr > 4 andr +3 <
G, _1.m—1 be past-oriented generator matrices of RMm — 1) and ™ < (47 + 5)/3], there is no linear tail-biting trellis for RNy, m)

RM (r — 1, m — 1), respectively. Then under any bit order whose state complexity (s, m)/2.
Proof: We begin by proving for > 2 andm > 4r—1. Similarly
, <G7~71, m—1 0 ) to the proof of Proposition 10, it is sufficient to show that
Grom = (6)
Gr, m—1 Gr, m—1 .
_ _ _ 207" < AUy e 11)
is a past-oriented generator matrix for RM m) [2], [11]. It follows
thatforl < i < 2™ 1 pi™ =p/~ "™ ' Hence ford; ™ < 2™ We define
we can write N
A(r, m) = dLs(v my/2) — 2i7™

r,m

dy ™ = [first indexi for whichp! ™ = u]
= [firstindexi for whichp! =" "~ = «] and prove by induction thak(r, m) > 0 for r > 2 andm > 4r — 1.
_ -l ' From (8) it follows that

) . — T,m _ m—1 _ 9’-7'—1,7n—2

From (6) it is apparent that; ™ < 2™~ ! foru < k™2™, For Al m) = d ) =2 <1 : (12)
m—1 ; om

2 +1< i <27 itfollows from (6) that From Lemma 12 it follows that for > 2 andm > 4r — 1, we have

P = ety ls(r, m)/2] > k"=~ Using this result in conjunction with (7),
' i—zmel we obtain that for > 2 andm > 4r — 1
Hence, ford; ™ > 2™~ ! 4+ 1 we have o omel | el
L(romyzel = 27 F Gy o) gt (13)

d,; ™ = [first index: for whichp]' ™ = «]
=2""" 4 [firstindexi for whichp! "~ = u — k"~ ™" 7"]

i

=om 4 gnmt A(r,m)=A(r —1, m — 2) 4 6(r, m), (14)

wu—kr—1l,m—1"

Substituting (13) in (12) we get that for> 2 andm > 4r — 1
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where APPENDIX
A et e lom2 Proof of Lemma 11:Define
&(r, m) = Ao myya)—kr=tom=1 = A2 2y 2] . S
g(m,'r)é < )—22()
Assume that\(»', m') > 0for2 < ' < » andm’ > 42’ — 1. Since r o\t

m > 4r —1thenm — 2 > 4(r — 1) — 1, and it follows from the rewriteg

above assumption that(r — 1, m — 2) > 0. It remains to show that

8(r, m) > 0. Using (7) we obtain that(r, m) > 0 if and only if o(m, ) = <'m) [ ]
. 9 r

(m, r) as

Ls(r, m)/2] — k="' > [s(r —1, m —1)/2].  (15) where

r—1
Clearly, if A m m

s(r,m)/2=k""""T > s(r =1, m —1)/2 (16 ) . )
Obviously,g(m, r) > 0ifand only if S < 1. Now, .S can be expressed
_ r—1 .
then (15) is valid. However, it follows from Lemma 12 that (16) hold@S® = 2i=o ai(m), where
forr > 2 andm > 4r — 1. The proof forr > 2 andm > 4r — 1is ar_1(m)=2r/(m—7r+1)
completed by using Proposition 10 as the basis of the induction. Tgﬁd
part concerning > 4 andr + 3 < m < [(4r + 5)/3] follows from ) ) ]
[6, Theorem 5.3] and the fact that the dual of RMm.) is RM (m — ai—1(m)=ai(m)[i/(m —i+1)], forl <i<r-—-1
r—1,m). U The ratioa;_1(m)/ai(m),1 < i < r — 1, is denoted byy; (m). At

From [11, Theorem 1] it is easy to verify that the number of succel§lis point itis clear that ify(m, r) > 0 then alsog(m.. ) > 0 for
sive indices at which the state complexity profile of RMm) gets any integern., m, > m. This follows from the fact that,—, (m.) <
its maximum is at least as large as the number of successive indi¢es: (m) andgi(m.) < ¢i(m),1 < i < r — 1. Therefore, in order
at which the state complexity of RM, m — 2r + 2) gets its max- to prove the lemma, it is sufficient to show thtir — 2, r) > 0. In
imum. The latter number &”~2" — 1, and hence a sectionalized min-order to do that, we first find an upper bound 8nSince
imal trellis for RM(r, m) with a constant section length 6f= 2"

. . iy r > gr—1( > > 1
v < m — 2r — 1, will have a state complexity of(r, m). Yet, if ar(m) > gr—1(m) a(m)
il andi, = 2™ /1 — i} are the first and last index at which the statdt follows that
complexity of the sectionalized minimal trellis gets its maximum, re-g _ s (M) + dr—s(m) + - - + ao(m)

spectively, then it is possible that 1
<ar—1(m) + ¢r—1(M)ar—1(m)+---+ g1 (m) ™ ar—1(m)

[+ 1,27 = ] C [ 4+ 1,27 =), Lo e ). 17)
1—g,—1(m) ‘
In order to show that a sectionalized linear tail-biting trellis foSubstituting the expressions for_;(m) andg¢,—(m) whenm =
RM (r, m) cannot achieve the square-root bound, we have to shdw — 2 in (17) we get

that2liy < d|,{ ., - NOw,li} is atmost' ™ + 1 — 1, so in order 21— (1/3—1/3r)"
to show that a sectionalized linear tail-biting trellis whose section 5 < 3 —1 23+ 1/3r (18)

length isl cannot achieve the square-root bound it is sufficient to show ) ) -~

that A(r, m) > 21 — 2, whereA(r, m) is defined in the proof of The right-hand side of (18) is denoted lfyr). It can be verified that
Theorem 13. From the proof of Proposition 10 it can be verified thd(1) = 1, f(2) < 1, andlim, ... f(r) = 1. Using a lengthy de-
form > 7, A(2, m) > 2™~ — 2. We can also see from the proof ofvelopment it is also possible to verify thét(r)/dr > 0 forr > 2,
Theorem 13 that for > 2 andm > 4r — 1 completing the proof. n

Alr,m)> A2, m —2r+4)>2"7°" —2>2] -2 ACKNOWLEDGMENT
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