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Convergence Analysis of Turbo Decoding of
Product Codes

Assaf Sella and Yair Be’erySenior Member, IEEE

Abstract—Geometric interpretation of turbo decoding has scheme. We study the special structure of the stability matrices
found_ed an z_inalytical b_asis, and provided tools for the anal_ysis and investigate their properties.
of this algorithm. In this paper, we focus on turbo decoding | Section II, we present the basics of Richardson’s geometric

of product codes, and based on the geometric framework, we tati d te it . It ing the al
extend the analytical results and show how analysis tools can be FEPIESEntation, and quote IS main resUIS concerning me ak-

practically adapted for this case. Specifically, we investigate the gorithm’s stability, in which a certain Jacobian matrix plays a
algorithm’s stability and its convergence rate. We present new re- major role.
sults concerning the structure and properties of stability matrices In Section Ill, we present the product code turbo encoder/de-
of the algorithm, and develop upper bounds on the algorithm's - qar scheme and develop practical analysis tools for this case.
convergence rate. We prove that for any2 x 2 (information . o .
bits) product codes, there is a unique and stable fixed point. For We show that the chob@n and th? stablllty_matrlcgs have a spe-
the general case, we present sufficient conditions for stability. Cial structure, and investigate their properties. This enables an
The interpretation of these conditions provides an insight to the analytical study of the stability and convergence rate of the al-
behavior of the decoding algori.thm. Simullation results, which gorithm. In particular, we prove that a8y 2 (information bits)
support and extend the theoretical analysis, are presented for .t code turbo decoder has a unique and stable fixed point.
Hamming [(7, 4, 3)]* and Golay [(24, 12, 8)]* product codes. For the .
general case, we develop upper bounds for the magni-

Index Terms—Convergence, fixed points, geometry, product tude of the eigenvalues of the stability matrices. These bounds

codes, stability, turbo codes. provide an insight to the behavior of the decoding algorithm,
and establish sufficient conditions for stability.
|. INTRODUCTION In Section IV, simulation results, which support and extend

o . .. __the theoretical analysis, are presented for Hammifgi, 3)]?
URB?;‘OdeS’ T.St mtri)dlicded |r: 1993 [;L],_are ((:j(_)ﬂSlt(:]ere&d Golay[(24, 12,8)]? product codes. We present the behavior
. one of the most important developments in coding €Okt o iy 4yimal eigenvalues of the stability matrices for different
In recent years. Although simulation and practical results gey ;o 15 noise ratios (SNRs). Further analysis of the results is

eral]y show expgllent performance, there_|s a lack of thegreu de using distribution histograms of the complete eigenvalues
basis for explaining the results and providing tools for their an pread

ysis.

The intense research put into this field has managed to explain
the excellent coding gains of the encoding scheme [3], present
a unified framework for the decoding of both convolution ané. Notations
block turbo codes [5], and analyze simple cases [8]. Butstillan| o170 31 32"~1 denote the set of all possible combina-
analysis framework was missing. tions(zy, ..., zx) of k information bits at the encoder’s input.

Recently, a new approach [2] based on a geometric interprefs sequence is enumerated as follows:
tion of the decoding algorithm has managed to reveal interesting

Il. THE GEOMETRIC PERSPECTIVE

features of the decoding process. The work of Richardson in 30— (g ¢, ... 0)T
[2] formalizes the geometric representation, develops tools and 1 T

o ; 9 . . bt =(1,0,...,0)
conditions for analyzing the stability of the fixed points of the ) - . -
algorithm, their uniqueness and the proximity to maximum-like- ¢~ =(0,1,0,...,0)", ..., b* = (0, ..., 0, 1)
lihood decoding. Pl =(1,1,0,...,07, ..., 0¥ =, ..., )T

In this paper, we investigate the stability and the convergence
rate of turbo decoding of product codes (without “checks oB is a2* x k matrix containing all input sequences
checks” [4]). We extend the analytical results and show how the

analysis tools of [2] can be used in practice when applied to this )"
®h)"
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Fig. 1. The turbo decoder/encoder scheme.

equivalent(and thus belong to the saneguivalence clagsf C. Stability of Turbo Decoding

they determine the same probability density. Assuming(Q,, Q.) is a fixed point, we can linearize the up-
Since turbo decoding (with maximume-likelihood componenj e (1) and (2) by perturbing. to Q. +<. andQ, t0 Q, +¢,.

decoders) uses only the ratios between (probability) densitiesy o one decoding iteration. will be updated with. + ¢’

is invariant under equivalence. Therefore, we can choose a %’iaQy with Q, + €/ -

ticular representative from each equivalence class. Richardson /o Y

chose to use the density withib®) = p(0, 0, ..., 0) = 1. By ez Z(reaqutr. = Drsr,4q. — De: )

taking the logarithm of the representative densities, we define €y =(Jr.+r,4+0. = D)(Jr,4+q,+p. — ey ®)

¢ to be the set ofog-densities?, such that?(+°) = 0 (in the where .Jp denotes theJacobianof the maprp at 0, where

sequel, upper case letters will denote log-densities, and lower: R*¥ — R¥ andrp(q) = #(P + Bq).

case letters will denote densities). We conclude that the stability of the fixed point is determined
Let H; denote the set of all binary stringawvhosesith bit is by the stability of the matriceS, andS.
1,andH, the strin_gs vv_ho;ﬁh bit i.so..For each Iog—densit.gP, S. =(psq,+r. — DIp.r,4+0. — 1) (6)
we can calculate its bitwise log-likelihood values, by using the o
- Y. 21 k Sy =(Ir+r,+q. — DUp,4q,+r. — 1) (7)
map#(P): R — R , . . . ; .
i.e., the fixed point of the turbo decoding will be stable if all the
> (b eigenvalues of, and.S, lie inside the unit disc.
#(P)(i) = log "< STRG 1<i<k. If AandB are square matrices of the same dimensions, then
2 e(b) AB and BA have the same eigenvalues, therefore, the stability
b H: of (6) is equivalent to the stability of (7), and it is sufficient to
The mapr(-) is defined as investigate the eigenvalues 8§, or S.. In the sequel, we will
0, i = uses to denote eithes, or S..
Py = 4 TP, 1<i<k Letel™, ™ denote the distance between the extrinsic in-
w(P)(@) = 7(P)(5), k <i<2¥ -1, formation from DEC1 and DEC2 after theth iteration, and
{7=1, ..., k:b°(j)=1} their fixed point values
Richardson interprets(-) as the intersection of the surface of M =@ — Q.
all log-densities having the same bitwise marginal distributions, Eém) - Qg}m) -Q,.

with the space of bitwise independent log-densities. If we are in the vicinity of a fixed point, the distance aftenore

. iterations is given b
B. Turbo Decoding g y A
1
Fig. 1 shows the basic structure of a turbo decoding system. . AL
The turbo decoder depends on the equivalence classes Eimﬂ =U
of p_(a?|a:), p(y|z), p(z|z). Let Py, Py, P. represent these N
equivalence classes i, respectively. Using this notation, the k

mth iteration of the decoding algorithm can be described By ered,, T Ay are the eigenvalues &, andl/ is_its eiggn—
the following two update equations [nggo) = 0]: ectors matrix (note that we do not know thfais diagonaliz-

able in general). As (8) shows, tltenvergence ratés deter-
QM —x (px + P, + Qimfl)) _ (Pac + ng%)) (1) mined by the magnitude of the eigenvalues. The most dominant
is the one with the largest magnitud®g; ... (|Amax| > [Nl
QU —x (Pac +Q4m + Pz) - (Pac + Qé’")) . (2) i=1,..., k). The same applies tg, by replacingz with y.
The Jacobian of(-) at P is ak x k& matrix, whose elements
5]"), Q'™ represent the extrinsic information from DEC1 angre given by

U=telm) (8)

DEC2, respectively. If the algorithm converges, i.e., the pair S p(b) S p(b)
Q5™ Q) converges t¢Q,, Q.), then the algorithm’s es- _ bEMNH, bEH I NH;
timation of the posterior log-likelihood is (Jr)iy = Sopd) X pb) ®)
beH; o,
L=PtQ,+Q @) . e

(Jpr):, ; measures the dependence of the likelihood value of bit
and(Q,, @.) is afixed pointof the decoding algorithm. 7 on bit .
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Fig. 2. Construction of product code.
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probabilities of receiving each row separately. A brute-force cal-
culation requires the estimation and summatior2bf! el-
ements in the first sum, argf elements in the subsequent
k. — 1 sums. Therefore, the complexity dégk,.2*) (the com-
plexity of calculating the elements of the sum is ignored). Recall
that in the general case the complexity wgg*-*-—1). Also,
note that similar complexity may be achieved by modifying the
Bahl-Cocke—-Jelinek—Raviv (BCJR) algorithm [6].

The same method can be used in the calculation of elements

of the type}, . ;7.u, P(x)

> pl)

Using (9), we can calculate the stability matrix, and estimate 7= ;.

the turbo decoding convergence rate. In order to do it, we have

to calculate Jacobian matrices lofx &k elements, where each
element requires the calculation of four probability measures of
the type)_, . ;; p(b). Brute-force calculation includes the es-
timation and summation a1 elements (all input sequences

2.

x:x;=1,x;=1

Py (x)pw (x)q,.(x)

4

whoseith bitis1). Even for relatively moderate values/afthis
calculation may not be feasible.

I1l. PRODUCT CODES TURBO DECODING

We will analyze the turbo decoding algorithm in the case
whereproduct codesire used. Product code turbo encoders use —

block encoders, and a rows-to-columns interleaver.

Fig. 2 shows the code structure. The information bits are ar-

ranged ink, rows andk. columns(k = k, - k). Theith row
(z") enters a (systemati€y,,, k., d,) block encode(Cr) and
forms (the nonsystematic portion of) a row codeword

Vo= Whoprs - W)Y =1

> p(ye/z"e )px(w”a)qz(x”a)>

r7e: p;=1,x;=1
kr — - - -
1T > p@™ /e )pa(a™ )q(z"),

m=1, m#a x7™M

T, T; € X"

<m§.=1p */ xa)pw(ﬂf”a)qz(x”a)> (11)
. < . Z.::L p(gb /xr;, )pac (.I‘T" )qz(xrﬁ ))

I 3 p(m /e (e gs (e,

m=1, mz#a,bx"m

T €Ex", vy €™

The ith column(z*") enters a (systematich.., k., d.) block gy o petituting (10) and (11) in (9), we get the general expres-
encoder(C¢) and forms (the nonsystematic portion of) &ion for a Jacobian element

column codeword

i _ (i i \T i =
2= (2 1s s 2 ) i=1,..., ke

(whered,. and d. are the minimal distances of the row and

column codes, respectively).

A. Computational Complexity of the Jacobian

Let us calculatey ;. p(x)for P = P, + P, + Q., as-
sumingz; € =’

S op@)= Y py(@)pa(x)g-(x)

zCH; ;=1

= 3 p@/en()et)

rrr;=1

K,
ST e /2 patam g (am)

r:x; =1 m=1

:< 2 p@“/x”>pw<w"a>qz<x"a>>

k.
I 3 e /e )pa(e™)g.(a").

m=1, mz#a "M

(10)

(4P, +@. )i

( >
aTa:z,=1, ;=1
S P /e )pe o) (2o

aTa:a;=1

p(u* /2" )pa (274 )q- (27¢)
o (a2)

S p@ /e pe(@ra)g (@)

zTa: x; =0

P /2" )ps (27 )q. (a7

T; €x'e, vy €™

L0, z; €x’, x; €2, a#b.
Thus, the calculation complexity of a Jacobian element is
o(2%—1). We also note that the Jacobian of the rows decoding
(JE) is a block-diagonal matrix, whoséh block (/%) is the
k. x k. Jacobian matrix of théth row
JRL

JR, 2

TR = Jp,4p,+q. = - (13)

J R R
Note thatJ® has onlyk,.k2 nonzero elements, compared to

k2k? elements in the general case.
The same arguments apply to the Jacobian matrix of the

Since each row is separately encoded, we can calculate the mogamns decoding/<), i.e., for P = P, + Q, + P.. If the
terior probability of receivingy by multiplying the posterior encoder’s input bitsc; were numbered column after column
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(i.e.,z1 is the first bit of the first columngy, 4; is the first bit B. Stability Matrices

of the secon% column, etc.), the Jacobian would have a Sim”arAnalysis of (9) shows that each element in the Jacobian ma-
structure to/ trix is the difference between two probability ratios. In each

Jéit ratio, the numerator is the sum of positive probability measures,
- Jc.2 which is strictly contained (except whén= j) in the denomi-
Jo = .y . (14) nator. Therefore, each ratio is a positive number smaller than
' GO ke and the absolute value of their difference is less than
. _ |(Jp)iil <L, i#j
But, since we choose to numberrow after row,J< will have _
; : (Jp)i,s =1. (18)
a different structure after applying the rows-to-columns permu- ’
tation We will investigate the relations betweéif?, S¢—the sta-
’ bility matrices of the rows and columns decoders, &rdthe
(JC) = (JO) (- vmodhmke t LG 1) k111, - (15) stability matrix of the turbo decoder. Let
4,5 ((F—Lymodkr)ke+[(5—1)/kr]+1 R R
) ) St=J%-1T
We will denote witha; j, af ;, b, j, b, j, andbl ; the elements GC — ¢ _
of JR, JR1 JC€, J°, andJ!, respectively [note thai g _ gRgC
(b ;) measures the dependence betweeritthand;th bits of Sy _gCgR 19
thelth row (column)]. The case df. = k. = 3is as shown in = ’ (19)

(16) at the bottom of the page, and the Jacobian of the colunirtge case ok, = k. = 3is as shown in (20) and (21) at the
decoding is as shown in (17) also at the bottom of this page. bottom of the following page.

ap 1 a2 a3

a2 1 @22 G23

az 1 az2 a3
A4 4 Q4.5 0C4.6

IR =Jp g, = as,4 G55 056

ae,4 Qg5 0ae,6
a7 7 @78 479
ag,7 ag,8 ag9
ag,7 Qg .8 ag9

a1 41,2 G413
1 1 1
Ay 1 G2 Qg3

= a3y a3, a3 : (16)

bi1 bi,4 by, 7
b2 2 b2, 5 b2, 8
b3, 3 b3, 6 b3, o
b1 by, 4 by, 7
J¢ = Ip,+q +r. = bs.2 b5, 5 b5, 8 17)
be, 3 bs, 6 bs, 9
b7.1 br.4 b7, 7
bs, 2 bs, 5 bs, s

by, 3 bo, 6 bo, o
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For general values df. andk,, S is ak, x k, block matrix,
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of each block matrixs®:J is zero, and the main diagonal §fis

where each blockS% /) is ak. x k. matrix. The main diagonal the zero matrix S* ¢ = 0). Equation (22) shows the structure

_ 2 71
= a2,152,1

2 71
a3,152,1

3 71
as, 11’3, 1

3 i1
as, 11’3, 1

S, = bs, 202, 1

bg, 303, 1

bs, 2021

by, 3a3,1

_ | 72 1
= 52,1%,1

73 1
b2, 1%3,1

o 1
53, 122 1

s 1
b3, 1231

ag, 505, 2

ag, 505, 2

ar, gbg 2

ag, gbg, 2

2 72
CL1,2b2, 1

2 72
a3,252, 1

3 72
a1 2b3,1

2

3 72
as 21’3, 1

54,1a1,2

bg, 303, 2

by 1a1,2

bg, 3a3, 2

711
b2, 191, 2

73 .1
b2, 193, 2

7l 1
b3, 191,2

-
b3, 143, 2

ay, ¢bs, 3

as, ¢bs, 3

ar, obg 3

as,obo,g

2 73
CLl,?,b2, 1

2 73
a2,352, 1

3 73
a1,3b3, 1

3 73
CL2,3b3, 1

54,1a1,3

bs, 202, 3

br 1013

bg 202 3

711
b2,1a1,3

72 1
b?, 192,3

71 1
53,1“1,3

o 1
53, 142 3

az,1b1,4

CL:),,1bl,4

3 71
as, 153,2

3 i1
as, 11’3,2

b2, 5a5, 4

b3, 66, 4

o2 9
53, 203 1

w0 o
b3, 203 1

CL1,2b2,5

asz, 2b2, 5

ar, gbg, 5

ag, gbs, 5

b7 404 5

bo. 606, 5

S,
b1,2a1,2

73 2
b1,2a3,2

7l 2
53,26‘1, 2

w2
b3, 243 2

CLl,?,b?,,(s

az,3b3 6

ar, 9bg 6

as,obo,c

1 73
a1,3b1,2

1 73
a2,3b1, 2

3 73
a1,3b3, 2

3 73
CL2,3b3, 2

bl,4a4,6

71 2
53,26‘1,3

2 9
53, 203 3

az,1b1,7

CL:),,1bl,7

as, 4by 7

ag, 4by 7

1 71
a2,1b1,3

1 71
a3,1b1,3

2 71
Qs 1b2,3

2 71
a3,152,3

ba sasg, 7

b3, 949, 7

b5,8a8,7

bg,9a9, 7

72 3
51,3%, 1

i3 3
b1,3a3, 1

72 3
52,3%, 1

s
b2,3a3, 1

CL1,2b2,8

asz, 2b2, 8

ay, 5bs 8

ag, 505, 8

1 72
a1,2b1,3

1 72
a3,251,3

2 72
CL1,2b2,3

2 72
a3,252,3

bg, 909, 8

o 4
b1,3a1, 2

i3 .3
b1,3a3, 2

71 3
b2,3a1, 2

s s
b2,3a3, 2

a1, 3b3,9

az,3b3,9

ay, 6bs,9

as, 6bs, 9

1 73
ag, 351,3

1 73
as, 351,3

2 73
ary, 3b2,3

2 713
as, 352,3

o 4
b1,3a1,3

72 3
51,3“2,3

713
b2,3a1,3

72 3
52,3%,3

(20)

(21)
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of S, whereX ", AR are the eigenvalues &7, S%, respectively.
L2 Lk Than, using Claim 1, we get that the characteristic polynomial
0 Syt Syt of 5% is the product of the characteristic polynomials of the
St 0 stability matrix of each row-S" (the same holds fo§“ and
Sy=| . (22) SC)
: . .
kr, 1 ky,2 7
Syrt Syt 0 p(e) =[] p™ (=) @7

The elements oﬁZ J are the posterior dependence between two
bits in theith row multiplied by the posterior dependence be- Claim 2: The sum of the eigenvalues of each of the stability
tween a bit in theth row and its corresponding (same columninatrices—$%, 5S¢, ands$ is zero.
bit in the jth row Proof: The sum of the diagonal elements of a square ma-
o trix is the sum of its eigenvalues. Using (13)-(15), (18), and
(Sym,n = (A1) -ketm, (i=1)-ke+n * D(i—1)-ke+n, G—1)ketn  the definition in (19), it can be easily shown thaR); ; =
— &8(m —n)) (1 - 8(i — j)) (5%);,+ = 0. Equation (22) shows that the diagonal elements of

. S are zero as well. O
= (ah By = 8(m—m) ) (1= 8(i - 5))  (23) ‘ |
Note thatS® ¢ andS: ¢ have an all-zero main diagonal, and

where therefore possess the same property.
1, n=0 Using Claim 2 we get:
6 =0, nzo. R
pem1 = — Z)‘I—O (28)

A similar analysis can be applied .
Note that the same holds for the characteristic polynomials of

C. Properties of Stability Matrices S¢ andS.

In the following we will present some properties of the sta- Claim 3: ¢t _, =32, 'A% < 0.

bility matrices. Proof: Consider the characteristic polynomial of the de-

coding stability matrix of the first row (fok, = k. = 3)

Claim 1: The set of the eigenvalues 8f(J<) is the union

_ __ gR,1
of the set of the eigenvalues of the Jacobian matrices of each P =M - s
row (column) A —a12 —ais
X =|—a21 A —a2 3
cig{ I}y = | eig{J®7} (24a) —az1 —az2 A

im1 A% — Aay,2a2,1 + a1, 303 1 + az 303, 2)
) c ) o ke ) o + a1,2a2,3603,1 + a1,303,202,1-
eig{J "} =elg {‘] } =Jeis {‘] ’ } (24D)  The coefficiente,*, = cf** is minus the sum of all products
=1 of two symmetric (with respect to the main diagonal) elements
Proof: A known linear algebra lemma states that th S%¢. By induction, |n the general case we get
eigenvalues of a block-diagonal matrix is the union of the

eigenvalues of its blocks. This proves (24a). ck = Z AR ‘ AR
Under a similarity transform/< is a block diagonal like/ bt
(the similarity transform is the rows-to-columns permutation). k.
Using it with (24a) proves (24b). O —_ Z A1)t d, (1)t
Denote with$®i = J®i — [ andSS¢ = J%i — | the bt
decoding stability matrices of thth row and theith column, Ok, (i 1) ke - (29)

respectively. Lep™ (), p<*(z), p™(x), p° (x) represent the Starting from (9) we will develop an alternative expression for
characteristic polynomials ¢f?:¢, S¢ ¢, SE SC respectively the elements of the Jacobian

e Z pr(b) _Z pr(b)
L Ry bEH NH; beH,;NH ;
pi@) =] =-N") (Jr)i. _ 5
ll;[l bZ[:{ Dr (b) Z; p,(b)
' xhe b ke CH; bCH;
=ghe 4 Bt pheml g Bl k2 BT,
+ ‘:C .Z‘—i—CR’ikp : (25) :p1‘(Hi7 HJ) _pr (Hz; HJ)
ko k L 0 p,,(Hi) D, (Hz)
pR(a?) = (x — /\F) _ pr(H;, Hj)— [p,,(Hi7 Hj)+£r (Hi7 HJ)] pr(H:)
o pr(Hop, (H)

x>~

‘o R krk.—1 R krke—2
t Gk 17 + Gk —27 pr(H;, Hy) — p.(H;)pr(Hj)

RN (26) B pr(H:)p, (H))

(30)
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Here, we used the probability density as the representativefo$traightforward calculation gives the eigenvaluesof

the equivalence class of densities. In the third equality we used

the normalizatior_, p,-(b) = 1, to substitutep,(H;) = 1 — (A? — a1 2bo 404 3b3 1)(A* — ag 1b1 303, 4bs 2) =0

p,,(H?). > A= i\/al, 2b2,4a4,3b3, 15 :I:\/a27 1b1,3a3, 4b4,2- (38)
Using (30) we get

[p-(Hy, Hpn) — pr(H)pr(H))? Theorem 1: The fixed point(s) ofnyproduct code turbo de-
Al mOm, 1 = — — > 0. (31) . _ Y
; ; e (H)pr (HY) pr(Hp)pr (Hom) coder withk,. = k., = 2 is (are) always stable.
Proof. Equation (38) shows that the eigenvaluesSaire

Substituting (31) in (29) we prove that the square root of the product of four Jacobian elements, whose
R ) absolute value, according to (18), is smaller thaitherefore,
-2 =0, 1<izk: (B2) the eigenvalues will be smaller thani.e., S is stable. O
Using (25), (26), and substituting (32), we get Note that the fixed-point’s stability does not depend on the

SNR, nor on the row or column encoders. Also note that (31)
R _ Z L <o (33) and (37) imply that the eigenvalues $f andS¢ are real.
hrke—2 — ke=2 = Assuming all Jacobian elements are of the same order of mag-
= nitude, we will get

.

This proves the claim. O
~ RN\2 C\2
Note that the same holds for the coefficients 6 %(z), A (AT~ ()% (39)
o o .
- (). A!S,O note t_hat the properUes n CIa|m§ 2 and 3 hold ,fofherefore, the (turbo) combination of the row decoder followed
the stability matrices (and their corresponding characterlsBcS:/ the column decoder doubles the convergence rate
polynqmials) of DEC1 and DEC2 (Fig. 1) in the general turbo We will now discuss the uniqueness of the fixed
decodmg scheme. . oint in this case. In [2], Richardson defines a function
Equation (30) can be used to get a compact expression for&e: Co(f*, Py, P,, P.) as the radius of the largest open ball
characteristic polynomial in the general case. For example, fgr centered7ata{fixyéd point*, such that iff € R then
k. = k., = 3 we have ' '

R,1 Px+Py+Qz(f)€T

Gy’ = G1,202,303,1 + 01,303,202, 1.
and
Using (30) we get PotQuf)+P.eT
_ R,1 _
@1,202,303,1 = 01,303,202,1 = Co ' = 201,202, 303,1. (T is the set ofP such that/p — I is strictly stable), where
_ —1
D. Analysis of the Stability Matrices fd. = k. = 2 Q=(f) = B”P2+Py(f)
For k, = k. = 2 the stability matrices are as follows: and .
Qy(f) =Brp  p (f
0 ws 0 0 u(f) Potr.(f)
JR_y— @1 O 0 0 (34) Thatis, if a pointf in the ballR was a fixed point of the decoding
0 0 0  as. algorithm, then it would have been a stable one. Richardson
0 0 a4g3 O proves that in this ball with radius,, f* is a unique (and stable)
0 0 bz O fixed point.
JC 1= bO 0 0 boa (35) Theorem 2: Anproduct code turbo-decoderwith = k. =
31 0 0 0 2 has a unique (and stable) fixed point.
0 byo 0 0 Proof: Fork, = k. = 2, we proved that/® — I and
a1, 2b2 4 J — I are strictly stableegardlessof the point f in which
GRGC _ as 11,3 they are calculated. Thus, for evefy P, + P, + Q.(f) € T
o az abs o ) andP, +Q,(f)+ P. € T. Therefore(C; = +o0, and the turbo
ay 3b3 1 decoder possess a unique fixed point. O
(36)

There is a different perspective on belief-propagation in
The characteristic equations$F, S€ and their roots are given 9"aPhs W|th1a ?lngQIe I(Q)op. For 2 x 2 product co_del(reger
by to Fig. 2), z;, =5, z7, x5 denote the information bits;", y
denote the independent codes of the first and second rows,

(A2 = ay 202, 1) (M2 — a3 4a4.3) =0 respectively, and?, »? denote the independent codes of the

= \R = & /a1 202 1, +\/5 1043 first and second columns, respectively. The corresponding

T Y belief network [9] has a single loop
((A)? = b1, 3bs, 1)((AC)? — b abs2) =0
1 1

:>)\C::|:\/b173b371,:I:\/b274b472. (37) x}—>y1—>x§—>22—>x§—>y2—>x%—>z — 7.
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Since the unobserved variables are binary, it follows from [1@hderstand this condition, we will arrange the information bits
that there is a global convergence to the maxinauposteriori in a3 x 3 matrix as follows:
(MAP) bitwise decision.
1 T2 T3
E. Analysis of the Stability Matrices for the General Case T4 Ty Tg- (46)
In order to analyze the behavior in the general case, we will Tr Tg Ty
use the following known lemma [11, pp. 344—346].
ba 5 andbs g (= b2 2 andb1 3, respectively) measure the poste-
é)r dependence between the second bit in the first row and the
t of the bits in its column. If the second column was success-
fully decoded, these values will be small. The same applies to
] < maXZ [ (40) 3,6, 03 9 and_the decoeling of the third co!umn.
Therefore, if DECL1 did not decode the first row successfully,
but DEC2 managed to decode the second and third columns
[note thatmax; 3, [(A);, ;| is also an upper bound O .|, sufficiently well, the overall decoding algorithm will converge.
hence a similar analysis, based on the maximal sum of magni-The same arguments hold for the general case. For arbitrary
tudes of each column’s elements, may also be applied]. ~ values ofk, andk., we can use (23) to calculate the sum of
magnitudes of elements in rofy — 1)k, + m of S,

Lemma 1: For a given matrix4, the maximal sum of mag-
nitudes of each row’s elements is an upper bound for the ma
nitude of the matrix eigenvalues, i.e.

We will start the analysis with the cage = k. = 3. Without
loss of generality, let us assume that the first ronséf is the

one in which the sum of the magnitudes of its elements is the. . o ke
largest. The largest eigenvalues®f andS< are bounded by Z Z (S5 ), ] = Z |i— 1) ke, (1) e
this sum j=1 n=1 i
el <las 2] + a3l i b |
NS < a1 2| + |aa, 3] (41) - (i=1)-ketn, (j—1)-ketn
i
whereAZ S denote the maximal eigenvalues®f, S¢, k. K
respectively. = lat |- b (47)
We will also assume that the upper bound is smaller than Z men ; i
n#gm G
|CL172|+|CL173|IX< 1. (42)

The basic element in the sum is the product of the posterior de-
Let us calculate the sum of magnitudes of a certain rof.in Pendence between two bits in a row, and the sum of the poste-

For example, the fourth row of (20) rior dependencies between one of these bits and all the bits in its
column. Small column posterior dependencies can compensate
g 5b5. 2| + |aa.6be. 3| + |aa 505 8| + |aa 6bs. o] for a large value of inter-row bit dependence afick versaa

similar analysis can be done for the sum of magnitudes of row
elements of5.).

(lag, 5] +lag, 6[)([ar, 2| + |ar, 3]) Equation (47) can be used to establish a sufficient condition
(lar,2] + lar,3])* = X% (43) for stability

= |ag, 5|(|bs, 2| + [b5,8]) + |aa, 6[(|bs, 3] + |6, 0])

<
<

A similar calculation can be applied to any row 8f Using

it with Lemma 1, we conclude that the eigenvaluesSoére ke
bounded byA\?. Thus, the convergence rate $f as predicted Z |@(i—1)-ketm, (i—1)-kotnl
by the upper bound, is twice as fast$® or S¢ rates (see also g;r}l
simulation results in Section 1V).
Let us assume now that the bound is larger than Ky
Z DG —1)ketn, G=Dketn| | <1
|a172| + |a173| > 1. (44) j=1
i
ay,2, a1 3 appear only in the first row of,,. The sum of mag- V1<i<k.,1<m<k. (48a)
nitudes of the elements in this row is
|a1,2[([b2, 5] + [b2,s]) + |a1,3[(|bs, 6| + b3, 0]). (45) lab |- D> (Bl | <1
n=l i=t
Therefore, if(|bz, 5| + |b2,s]) and (|bs 6| + |bs o) are small nEm J#

enough, the expression in (45) can be smaller than order to Vi<i<k.,1<m<k. (48b)
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Equation (47) can also be used to develop a set of upy
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bounds to the convergence rate of the algorithm .
N —0dB
. Sl “-1dB
e Y -2dB
Amax < 1<‘<kInEP<( <k Z |a(i—1)-kc+rn, (i—l)-kc+n| 8 -3dB
S, IamSRe T 2 -4 dB
nEm o -5 dB
°
Ky ! : :
. ‘ : 2 4 6.8
Z:I|b(z_1)'k”+n’(]_l)'kc+n| iteration
]:
i o (b) ' (C). '
s 02} = ——
< max q max > 18— 1)k, (i—1) ot e [ e S SRR
el B o) @ -04 RN e B, e
n#£m b H 2 , i :
896 deeees o VU SN S SR
s 30— - T
- max Z |b i—1)k.4n. (i—1)-k n| B oI =08 ": "“: ----- ? ----- E- -----
1<neh (i—1)-ketn, (j—1) ke + : . : : ;
—_ —c /.=1 -1 -1 ' : + 1
i 4 2 4 6 8
iteration iteration
ke
< max i1y N Fig. 3. Averaged maximal eigenvalue of (&) (b) $#, and (c) S¢ for
T 1<i<k,, 1<m<k. z_:l [4i—1) ketm, =R Hamming][(7, 4, 3)]? code.
r?;zrn
K, (a)
L<icii T nc [BGi=1)-eotm, (G=1) bt t ~0dB
R I z : -1.dB
g 2 e e -2 dB
(49a) e R R 3dB
! R —4 dB
or in its equivalent representation i i -5dB
o :
ke ke : ;
A < ma al . b 4 .6 8
MAX =) ik TS mk, z_:l | """| z_:l "J iteration
nEm i (b) ©
0 - i i - s
k ' S :
< g-02 I Sl S A
< max max Z |a:n n| é ' R :
1<i<k, | 1<m<k, — : o 04 Lo R S Lol
n=1 e i ' ' '
n#m ® H ' 1 1
g-06 i A s
o H H : i
k Q P DI oo
L <.08}-- R R
max bl . : : : i ;
1<n<k, Z 4 gl ' ' '
j=1 2 4 6 8 6 8
el iteration iteration
ke
i Fig. 4. Averaged maximal eigenvalue of &) (b) S#, and (c)S < for Golay
< e | 2 [P } [(24,12,8)]° code.
r?;zrn
solute values of, — 1 elements ofS“ (corresponding to the
ke posterior dependencies between one of the bits in the row and
3 . . . . .
iAo b (49b)  all the bits in its column), and multiply it by an elementof.
T 52 Thus, to compute a row &f we need k. —1)(k.—1) additions

andk. — 1 multiplications. This should be carried out for each

The first bound follows from a direct use of Lemma 1 wittof the k..k. rows of S. Then, to calculate the bound, we have
the general expression for the stability matrix elements givém add thek. — 1 nonzero elements of each row, and find the
in (23): we search for the maximal sum of absolute values ofaximal value between all the rows. To conclude, the compu-
row elements of5. To calculate a row element we add the aktational complexity of the first bound consists/gtk. (k. — 1)
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TABLE |
PERCENTAGE OFSTABLE MATRICES FORHAMMING [(7, 4, 3)]?> CODE

Percentage of stable S* matrices
iter# |1 2 3 4 5 6 7 8 9 10

SNR
[dB]

0 14 48 54 55 56 56 56 56 56 56
1 10 60 71 71 72 72 72 72 72 72
2 10 77 84 85 86 86 86 86 86 86
3 8 90 94 95 95 95 95 95 95 95
4
5

10 95 98 98 98 98 98 98 98 98
8 98 99 99 99 99 99 99 99 99

Percentage of stable S matrices
Tter# |1 2 3 4 5 6 7 8 9 10

SNR
[dB]

0 37 52 56 57 57 57 57 57 57 57
48 66 71 72 72 72 72 72 72 72
59 81 85 86 86 86 86 86 86 86
76 92 94 95 95 95 95 95 95 95
87 97 98 98 98 98 98 98 98 98
93 99 99 99 99 99 99 99 99 99

LV 7 I - SR VAT S B

Percentage of stable S matrices
Iter# | 1 2 3 4 5 6 7 8 9 10

SNR
[dB]

96 98 99 99 99 99 99 99 99 99
94 99 99 99 99 99 99 100 {99 100
93 99 100 {100 |100 |100 {100 (100 |100 |]100
94 99 100 {100 |100 {100 100 |100 |100 |100
95 100 | 100 |100 |100 |100 100 |100 |100 |100

i B W N -

additions k,.k.(k. — 1) multiplications, and finding the maximathe posterior dependencies between each pair of bits of any row
of k,.k. elements. [k.-k.(k. — 1) additions, and finding the maximum bfk. ele-

The second bound is looser than the first one: for each raments], and multiply the results. The computational complexity
(r:), we upper-bound the sum of the posterior dependencies bere isk,.k. (k. + k. — 2) additions, one multiplication, and two
tween one bit from the;th row and all the bits in its column maxima search of, k. elements.

[k.(k. — 1) additions, and finding the maximum df. ele- The third bound also shows that the convergence rate of the
ments]. We then upper-bound the sum of the posterior depeviiole decoding algorithm is the product of upper bounds of the
dencies between each pair of bits of th#h row [.(k. — 1) ad- convergence rate of the rows and columns decoding. Hence,
ditions, and finding the maximum &f. elements], and multiply in logarithmic scale, according to the bound, the algorithm
the results. Thus, for calculating the second bound, we perfoomnverges at least twice as fast as the (slowest of the) rows or
kk.(k.+k.—2)additions k,. multiplications, an@k, maxima columns decoding.

search oft. elements.

The third bound is the loosest one: we upper-bound the sum
of the posterior dependencies between one bit from any row and
all the bits in its column#,.k. (k. — 1) additions, and findingthe ~ When the stability matrix is calculated at the fixed point of
maximum ofk,.k. elements]. We then upper-bound the sum dhe algorithm(Q,,, ¢.), it measures how fast will the algorithm

IV. SIMULATION RESULTS
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TABLE I
PERCENTAGE OFSTABLE MATRICES FORGOLAY [(24, 12, 8)]? CODE

Percentage of stable S* matrices
iter # | 1 2 3 4 5 6 7 8 9 10

SNR
[dB]

0 9 18 21 23 25 25 25
28 52 59 61 65 65 65 66
82 90 90 90 90 90 90 90
61 99 99 99 99 99 99 99 99
93 100 (100 {100 (100 |100 |100 {100 100
99 100 100 |100 (100 |100 |100 100 | 100

Wil B W B =
ol o o o o ©

Percentage of stable S matrices

Tter# {1 2 3 4 5 6 7 8 9 10

SNR
[dB]

0 0 4 13 20 22 24 24 25 25
0 4 40 55 61 65 66 68 68 68
0 49 89 91 92 92 92 92 92 92
0
9

94 99 99 99 99 99 99 99 99
100 | 100 |100 {100 |100 |100 |100 |100 | 100
45 100 | 100 |100 |100 |100 |100 |100 |100 | 100

Wl B W N e

Percentage of stable S matrices
Tter # | 1 2 3 4 5 6 7 8 9 10

SNR
[dB]

15 76 82 89 92 94 97 98 96

76 99 99 100 | 100 {100 100 |100 | 100
100 | 100 |100 100 |100 {100 |100 |100 |100
100 | 100 |100 100 |100 100 |100 |100 | 100
100 | 100 |100 (100 |100 100 |100 |100 | 100

W ] W] o] e
wnl O © ©| oo

converge to this point, assuming it is already in its vicinity. In This averaging takes into account only the eigenvalues with

our simulations, we used (12) to calcul&tafter every iteration magnitudes smaller thain Therefore, it enables us to compute

[i.e., usingQé’”), Q™. the average logarithmic convergence slope when the decoding
For a given SNR (additive white Gaussian noise channel), wéthe blocks (for a given SNR) is stable. The percentage of these

have simulated the transmissioneblocks (each one with,.k.  stable blocks decoding out of the total number of blocks (i.e.,

bits). For each block, we randecoding iterations, and for eachu:/w) will also be calculated.

iteration, we computed the averaged maximal eigenvalug of ~ Simulation results for Hammind(7,4,3)]> and Golay

5%, andS“ according to the logarithmic convergence slope crj¢24, 12, 8)]? product codes are presented in Figs. 3 and 4, for

teria. Denote the maximal eigenvalues with magnitude smallgy, = 1000 andwe = 100 blocks (for the Hamming and

thanl by A;, ..., A, (v < w). According to (8), the conver- Golay codes, respectively) and= 10 iterations.

gence functior(f) of theith block acts likef(!) = X;; taking  The general behavior shown by the figures is a monotonic

the logarithm we gelog /(1) = llog A, hencelog A; denotes ygcrease in the eigenvalues magnitude as the iteration number
the slope of the convergence function in logarithmic scale. Thigraases, until it reaches its final value. It also shows that a

averaged logarithmic convergence slope wilkpg_:_; log\;, larger SNR has a faster convergence rate, moreover, as the

and the equivalent e|genvallue IS SNR gets larger, it has more influence on the convergence
Aoy = 107 Ei:l log Ai. rate.
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Fig.7. Hammind(7, 4, 3)]“—histograms of the magnitude of the eigenvalues
. s 2 R of (a) S and (b)S* for SNR of—3 [dB], 0 [dB] (c) and (d), and 3 [dB] (e) and
gﬁ;(-)f_ga[fgé?mog[[gé]ﬁx(vs )z]ind Z‘j@)legr\ﬁlge[zg]p(rgfgn%f (%S) and (b)S*™ for (f) (eigenvalues of larger thari).5, and eigenvalues of £ larger tharl were

truncated).
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Fig. 8. Golay[(24,12, 8)]>—histograms of the magnitude of the eigenvalues
of (@) S and (b)S & for SNR of —3 [dB], 0 [dB] (c) and (d), and 3 [dB] (e) and
(f) (eigenvalues of' larger thar.5, and eigenvalues cf* larger thanl were
truncated).

Fig.6. Golay{(24,12,8)]>—eigenvalues spread of (&)and (b)S * for SNR
of —3[dB], 0 [dB] (c) and (d), and 3 [dB] (e) and (f).

Tables | and 1l show the percentage of stable stability m&olay[(24, 12, 8)]? code, at an SNR of 0 [dB], only 25% of the
trices for both codes, i.e., percentage of matrices in which atibility matrices of the rows and columns decoders are stable,
the eigenvalues are inside the unit disk. For example, for that when they are combined to forff the stability percentage
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in close to 90%. This demonstrates how successful column defues of the rows (and columns) stability matrix become more
coding can compensate for unsuccessful row decodingyiaad concentrated around the origin. Therefore, observing the max-
versa(refer to the discussion in Section llI-E). imal eigenvalue in this case (as we did in Figs. 3 and 4) does not
It is interesting to observe that the averaged maximal eigaeveal the whole picture.
value ofS is orders of magnitudes smaller than the eigenvaluesRecall that from Claim 1 (Section IlI-C), the set of eigen-
of SE andS“. This becomes more obvious as the SNR is largeslues ofS % is the union of the set of eigenvalues of each row
For example, for SNR of 5 [dB], the averaged eigenvalues of te&ability matrix (5% ¢). Thus, a large eigenvalue will indicate
rows and columns stability matrices are in the ordei®f!, a large uncertainty in the decoding of some bits in its corre-
while the averaged eigenvalues of the total stability matrix asponding row. If some of the corresponding column bits (see
in the order ofl0~" (Hamming) to10~'* (Golay). Note that the Section IlI-E) also have large uncertainties, we would expect
upper bound in (43) predicts only a factorDfin logarithmic large eigenvalues in the total stability matrix. But, as indicated
scale). by simulation results, at large SNR, the number of “problem-
Another phenomenon is the large difference between th&c” row bits becomes smaller, and therefore their chances to
Hamming and Golay maximal eigenvalues of the total stabilitpeet corresponding “problematic” column bits becomes signif-
matrix, compared to the small difference between the maximiahntly smaller. This can explain why the eigenvaluesS afe so
eigenvalues of the rows and columns stability matrices femall compared to these 6 and S<, and gives us a deeper
these codes. understanding of the convergence of the turbo decoding algo-
In Figs. 5 and 6, we have plotted representative eigenvalugbm.
spreads for three different SNRs3, 0, and 3 [dB]. This spread
is obtained by calculating the eigenvalues$tind S for a ACKNOWLEDGMENT
single information block decoding (the eigenvalues spread of
S¢ is similar to that ofS® and was therefore omitted) at theh
algorithm’s fixed point. The algorithm’s (practical) fixed point
is defined as{QéM), QE/M)), whereM is the first iteration for
which the following holds (we used = 10~?):

The authors wish to thank the anonymous reviewer for his
elpful comments.
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