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ABSTRACT

In this paper we present a Reed—Solomon decoder
that makes use of bit soft decision information. A Reed—
Solomon generalor matriz which possesses a cerlain
inherent structure in GF(2) is derived. Using this structure
representation of the code os ¢ union of coseis, each coset
being an interleaver of several binary BCH codes, is
obtatned. Such partition into cosets provides & clue for
efficient bit level soft decision decoding. The proposed
decoding algorithms are in many cases orders of magnitude
more efficient than conventional techniques.

I INTRODUCTION

The practical importance of Reed—Solomon codes is
well established (see for éxample [1},[2]). The application
of Reed—Solomon codes spans from compact disk systems
to deep—space standard[:}ﬁﬁ;&]. Hard decision decoders for
RS codes are readily availiable using algebraic decodin
algorithms. Such decoders have been implemented ani
operate at rates above 120 Mb/s. Soft decision decoding of
RS codes is, however, an entirely different matter. Even
though the decoder can be supplied with reliable soft
decision data relatively easilyl\llk the high complexity of
optimal soft decoding makes utilization of such data
prohibitive. In fact, the availiable soft decoding
algorithms, such as Forney’s generalized minimum
distance decoding [5] and others RSS ,[7], make use of soft
decision information only on the byte level. Namely, the
confidence values of the received bits are processed in one
way or another [7] to generate the average confidence value
of the symbol, which is then transferred to the decoder.
Thus, the bit level soft decision information is lost. In this
context Berlekamp et al [1] state that “the major
drawback with RS codes is that the present generation of
decoders do not make full use of bit—based soft decision
information”. In this paper we present Reed—Solomon
decoders that make use of bit soft decision information.
The proposed decoding algorithms are in many cases
several orders of magnitude more efficient than the
existing techniques (say, Viterbi decoding based on the
conventional Wolfs trellis [8]). The reduced complexity of
our algorithms is due to a certain symmetric structure of
the RS generator matrix over GF(2) which is derived in
Section II. The bit level soft decision decoders utilizing
this structure are presented in Section III.

II. STRUCTURE OF THE GENERATOR MATRIX

Let % (N,K) be the Reed—Solomon code over GF(2w)
of length N = 2u 1 and dimension K. We assume that £
is used on a binary channel. Hence the encoder must
employ some fixed linear mapping ¢:GF$2!2N——’ GF(2)**
to convert a sequence of N elements o Fé2m) into a
string of mN binary digits. Namely, a codeword ¢=
(e€yy o €y ) € & €€ GF(2m) is transmitted as §(¢) =

(ched,..helcd,. e, .. c;_l,c;’__l,..c:__l), where ¢l € GF(2)
Now let a be a primitive element of GF(2®) and let
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5,08 ... a®* -1 be the set of zeroes of & . Denote by 2
the binary BCH code of length n = 2» —1 with zeroes at

o8,0f* ... o# 1 and their cyclotomic conjugates over
GF(2). Let 7,7 7, be the basis of GF(2m§ over GF(2)

employed for the linear mapping ¢. We define the codes
Z, as

s Zyy e

‘zi] = { (7jb017jb17"'7jbn._1) | .b = (bO’bl""bN.—l) € ‘2} (1)
where b; € GF(2) and the product 7;b; is in GF(2m). It is

well known [9] that 2 is a subfield subcode of & and,
hence, the m codes defined in (1) are also subcodes of £ .

Therefore if {vl,4},...9}} is a set of k generators for .3 we
may use the set :

m
,U1 { 42 $(4h),...4(x) }

as tlie first mk rows of a binary generator matrix for &
By rearranging the columns the following structure is

obtained
7] |
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where B is a kxn generator matrix of @ This proves our
basic theorem.

Tueorem 1. Let B = [byj] be a generator matriz of the
binary BCH code of length n = 2m —1, dimension k < K and
designed distance d > N—K+1. Then there exists a binary

¢ tri G = [gi), 0¢<i<mN~1,
B o 0 i ) e

1) g;;=0 if Lilk) # Li/n] (3a)

2) g;=byy - if Lifkl = Li/n] (3b)

where 1 = 4 (mod n) end j = j(mod k).

Using Theorem 1 # may be written as a union of cosets

A
2-1

4)



such that & = m(K-k) and (= {zl +¢| ¢€C}, where

(= Z9020..08

is a direct sum of theA m codes defined in (1) and the
vectors ze, £ = 0,1,...2 —1 are coset representatives for €

in #.! Note that the conditions (3a) and (3b) arrange the
columns of G in such a way that the m bits of each
channel symbol are distributed evenly among the m BCH
codes. This property of the generator matrix gives a new
insight into the inherent burst error correction capability
of Reed—Solomon codes, since each given coset of £ may
be viewed as an interleaver. Assume for simplicity that
some message vector g is mapped into the coset
corresponding to r== 0. Then for this message s employing
% (N,K) on a binary channel is equivalent fo interleaving
m  t—error correcting binary BCH codes of length 2m —1,
where 2¢+1 = N—-K+1. A coset corresponding to r # 0 is
also an interleaver which interleaves m translates of the
binary (n,k2t+1) BCH code. Any channel burst of less
than m{t-1)+2 bits will be distributed evenly among the
m codes, at most ¢ bits to a code, and therefore will be
successfully corrected by the hard—decision decoder. This
conception of the RS code as a union of cosets, each coset
being an interleaver, will be extensively used in the next
section.

It is noteworthy that Theorem 1 may be straight—
forwardly generalized so as to apply to any linear code that
contains a subfield subcode. If m is composite we can
employ such generalization of Theorem 1 to obtain an
additional structure for the binary generator matrix of % .
Let m = pyp;...pq, where ¢>2 and P1,P2,...pq ar€ not

necessarily distinct primes. Then GF(2) ¢ GF(2™) c ...
C GF(2»). Let B3 be the BCH code of length 2= —1 and
designed distannce N-K+1 over GF(2"°2+"%i). Evidently

200 i 4 subfild subcode of 2 2), provided that j2 > j.
Hence, instead of going directly from £ to 2 we may use
the structure of the whole chain of nested BCH codes over
nested fields

B C ..

Cc 2@ =g (5)

Appllying Theorem 1 successively ¢ times we obtain the
following Reed—Solomon generator matrix

( ;'}‘é«{-? O T

B.',lé{‘:.'
G= T I'}Ev:z'b il(6)
g’ ) G
C) o s
/)
VAU s

g%
[ev2rezis,
where B is the generator matrix of B ().

—

! The terminology used here as well as the term glue
vectors employed in (2) is from Conway and Sloane [10].
The subcode of & generated by the A glue vectors (the
glue code in terminology of [10]) consists of precisely the
coset representatives for  in % .
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Example. Consider the (15,9,7) RS code over GF(2¢)
generated by g(z) =iﬁ l(z-—oti), where a is a zero of r,(z)

#t + z + L. The factorization of m is given by 4 = 2.2.
Hence ¢g=2and py=p; = 2; B0 = Z(» = 3(159);
(0 is the (15,6,7) BCH code over GF(22) ¢ GF(24
generated by g z; = g&z&(z-— at)(z— a®)(z— at2); B is
the binary (15,5,7) B code generated by go(z) =
gi(@)(z—al). A generator matrix for % (15,9) over
GF(24) is given by

-

z4g(z)(2-at)(z—a)(z—al0)(z—a1?)
o%g(z)(2-af)(2~a?)(z-al’)(2~at?)
a%(z)(2-at)(2~a?)(z-alt)(2-at)
28(z)(s—a?)(2~af)(z-a10)(z—at2)
8(2)(z-a?)(2-a?)(z-a10)(2-0a1)
8(z)(2-0¥)(2-a8)(z-a12)
g(2)(z—a?)(z-a?)
8(z)(z—a?)
] 8(2)

Writing the polynbmials
we have

4
go(z), gi(z) and g(z) explicitely

0
1
1
0

0 1
0 1
0.0 0
0 1
1

e - OO
(= A =)
— O e e s
O = o O
R = T

1
a51 0 0 afl
af ab af al'lab @ a5 adl O
atad ot et 031 a1l 0 O
Lab a® af at atta®l 0 0 0

0
ab al® o

1
0
0
1
0 )
1

O OO O~ O O
OO0 OO HO O
(=Y =T — N — N — S S "
o000 0o = o
© O 0o Qo o -

<
(==}
(=1
o

Note that the sixth row of (7) belongs to GF(22) as
expected. We arbitrarily choose {1,a} as a basis for
GF(24) over GF(23) and fl,ﬂ as a basis for GF(22) over
GF(2), where g is a zero of 79(z) = 22 + z + 1. Thus, the
basis for GF(24) over GF(2) becomes {1 ﬂ,a,aﬂ} =
{1,a%,a,a8}.  Replacing each entry in (7) by its
corresponding matrix representation with respect to the
above basis and rearranging the columns we obtain the
following binary generator matrix for %(15,9)

1111111000 :
000000011 111111£000000000000000 000000000000000 G00000000000000

000111100001 11
0110011004 100111000000000000000 $00004000000000 000600000000000
101010101010101§000000000000600 600006000000000 000006000000000

000000000000000 000G00000000000

118111
1110000111
011601100110011{000000000600000 000000000000000
DOOC 000000000000000 009000000000000
101010001000010 G11000T0T000001] 000000000000000 000000000000000
[01100010£000001 1001010000061 11000000000000000 000000000000000
0000000000000 G00000000000000 0000§0000G0000006000

0 0000
000000000000000 000000000000000§00060001 1111111§600600000000000
1110000111

100110011001 1000000000000000
000000000000000 000000000000000{101010101010101|000000000000000
0000000000000 003000000000000 000011 000000
000000000006000 G00000000000000 6000000000000 0000!‘)1‘):) [lull 11111

00
0000 0
000800000000000 000000000000000)]
000000060000000 000000000000000;
001100160000000 000110101000001 1001001010
000110101000001 1

1 0101
1 010t

|
000000000600000}
000000000000000}10101010101010%

1101

000
10001 0101 11001
1 1 0101

h 0101 0001
010110100000000 000110100010000 100066000000001 100100100000000)
000110100010000 010000000010000 100180100000090 000160100000001



[I. SOFT DECISION DECODING

Suppose that using the linear mapping ¢ a codeword
of & is transmitted through a binary channel. We assume
throughout a continious—output, say, additive white
gaussian noise (AWGN) channel, characterized by
transition probability densities fi{v) = f (v/j), je¢ GF(2),
veR, where R is the real line. In case of a discrete
channel with output alphabet F, f£(v) should be replaced
by transition probabilities pj(v) = p(v/s), je GF(2),
veF. Now let the word = v= (9, Yy =

(vh, 02,08, 0h 0%, "1:—1’”:—1""";—1) be observed at

the output. Maximum likelihood decoding consists of
finding a codeword ¢ € # that maximizes Ptw/c), that is
maximizes the a posteriori probability P{efs), provided
that P(c) is the same for all c€ £. On a random noise
memoryless channel one may as well search the maximum

of
¥ m
M(g) =% 2 log f(v/d) .
1=0 j=1

Using the partition into cosets gti) and interchanging the
order of summation we may perform the maximization as
follows

m N1
max M(c) = max max 2 Z log f(l/dl) .
cER Ce Eecl J=114=0

It follows from the structure of the generator matrix
obtained in Theorem 1 that in a given coset the choise of

(oj,’,cjl,‘..cf‘_l) may be made independently for each

j=1,2,..m. Hence we may interchange summation over j
with maximization within a coset, i.e.

mn 1
ma X M(,t_:)=max2 [max Elogf(v{/oi)] .
e P €, j=1 ! ce€, i=0

Yet, the maximization within the square brackets is just
the soft decoding of the inner BCH code 2 This implies
the following decoding algorithm.

ALGORITHM 1
A
For each coset € ) {=0,1,...2 -1, with coset representative
r= (14,15 rfrhrl g T Ty 1)
1. Find the m codewords i,,:b,, fbm, where bj =
(?z{,,Abll,i)J‘ _1) € 2B by mazimizing
- N-1
M) = 20 log  (v}/b+i) ®
1=
with respect to oll b€ B forj=1,2,..m.

2. Ewvaluate
m ¥-1

m
M(c) = 2 M(k) = 4 z log f(vl/d) (9)
7=0 7=11=0
where ¢ = bl + .
Decode to the codeword ¢ € R that mazimizes (9) g

3=

1.1.3

For decoding the inner BCH code transforms [11]},[12],
trellises [8],[13] or other efficient methods [14] ~are
availiable. Let 0 denote the computational complexity of
either of these methods. Then the number of real addition
equivalent operations required by the above decoding
algorithm is given by

k)

N, = [mf+m)-26 = m(@+1)-2™EH)  (10)

Evidently [11], © is upper bounded by k-2k. However, in
most  cases is much less than that due to a
precomputation stage which is common to all the cosets.
For instance for the (7,4,3) binary Hamming code {1 = 14
without precomputation, and 9 = 3 if a precomputation
stage of 66 real operations is employed (for details see
[145. Comparing (10) with the complexity of the Viterbi
algorithm, based on the conventional Wolf’s trellis [8] for
high—rate codes over GF(2), given by [11]

W, = [3m(2K-2""+1)+5]- gm(2™-K-1)

we conclude that Algorithm I implies an exponential
computational gain for half-rate Reed—Solomon codes and
also for many RS codes of higher rate. Obviously, the
computational gain would be even greater for extended
and doubly extended RS codes.

We may further reduce the complexity of decoding 2
by means of a recursive algorithm based on the "recursive”
structure of the generator matrix derived in (6). Let
kj, j=1,2,..¢ denote the dimension of B (to keep the
notation rigorous we also define Z(9 = 2 and ky = k).
The main idea of the recursive algorithm is representing
eac(ll),?(i) € # as a union of cosets in a way analogous
to

2%y
U = U ci

£=0

such that A =iI’=1l Pk - k) and €)= {rf4e| ce i)
where
=230 eglde. el
i 0, 3

and .ze, L= 0,1,...2A']—l are coset representatives for ¢ in
B, Given this recursive partition into cosets we may
apply Algorithm 1 recursively with @ and & replaced by,
respectively, 2 (i-0) and B at each stage of recursion.
The complexity of such recursive decoding is upper
bounded by

q
N, = m(Q+q)-2 Fi=t A

Obviously, E?xl Aj < A . Thus for instance for the (15,9)

RS code over GF(24) we have I} Aj=p(k-F) +
pp,(K—k) = 14 and A = m(K—k) = 16 (see example in
Section II).

It should be pointed out that the proposed decoders
maximize the sum of bit and not symbol likelihoods and,
therefore, do not necessarily provide for the inherent burst
error correction capability of Reed—Solomon codes. This is
a direct consequense of our initial assumption of a binary
memoryless channel.  However, with only a slight



modification Algorithm 1 becomes suitable for a "bursty”
channel as well. Assuming as in [5],(15], independent
noise on each transmitted symbol we may characterize a
general binary channel with memory by the 2® transition
probability densities

F ) = f (vh0hm/4,63,...4m) (11)

where ¢ € GF(2=) and (¢1,£2,...{m) is a radix—2 expansion

of {. A binary AWGN channel with bursts is a special

case of (11). Now recall that each coset of £ is an
interleaver. It is well known [16],(17] that interleavin

converts a channel with memory (especially a channel witlgl
bursts) to one that can be treated as memoryless. Hence,
within o given coset of & the maximization may be still
performed separately for each of the m interleaved codes
and the first step of Algorithm I remains unchanged. At
step 2, however, taking into account channel memory, we
evaluate

N1

Mg = ;} log f(v/¢;) = (12)

N1
= Z() log f(uh, 03 08/ bitrl b0, BU41%)
i=

and decode to the codeword ¢€ £ that maximizes (12).
Evidently the above modification almost does not affect
the decoding complexity which is now given by

N, = [mf+9™—1].2™KH)

as compared to the complexity of Viterbi decoding, based
on Wolf 5 trellis over GF(2m)

om(2"—K-1) _,

W, =(3-2™1)
! 2™ _ 1

’ m
+ (2K=2"4 1)@ gy am(2 K1) _gm

Examples. For the (7,5) RS code over GF(23) we
have K = 5, k= 4 and £ = 3 with a precomputation stage
of 66 real operations. Hence N3 = 128 and the total
complexity of soft decision decoding is 194 real addition
equivalent operations per codeword or about 13 real
operations per information bit. Decoding the same code
with Viterbi algorithm based on Wolf%s trellis we need
W, = 3079 real operations per codeword, whereas straight
forward maximization requires about 230,000 operations.
For the extended (8,5) RS code we have N3 = 136 and the
total complexity of soft decoding is 208 real addition
equivalent operations per codeword or 14 operations per
information bit as compared to W;=17,031 real
operations per codeword or 1135 operations per
information bit. For the (15,13), (15,11) and (15,9) RS
codes over GF(24) we need approximately 90, 800 and
2000 real operations per information bit, respectively.
The same numbers using conventional trellis decoding are,
respectively, 1700, 328,000 and 15,000,000 operations per
information bit.

As illustrated by the foregoing examples the
proposed algorithms are in many cases several orders of
magnitude more efficient than any of the existing optimal
techniques. Moreover, the structure of the RS generator
matrix that was derived in Section II may serve a basis for
sub—optimal bit level soft decoding algorithms practically
applicable to long RS codes.
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