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Abstract
Demand occasionally depends positively on the amount of displayed stock, especially in the case of
novelty or impulse purchase items. Such inventory-level dependence of demand rate has been
incorporated into some continuous review inventory control models, but only ones with demand
rate which does not vary with time, no shortages, infinite production rate and per-unit-time cost
minimization. We propose an optimal control model which relaxes al these assumptions. That
model generalizes a known optimal control model by adding inventory-level dependence of demand
to the state dynamics. The framework is one of discounted profit maximization. We apply the
maximum principle and obtain three possible singular regimes. The special case of time-invarying
demand is solved explicitly. The uncapacitated case is analyzed in detail for a “wave-mode” time
dependence of demand, and a numerical example is given.
1. Introduction
The Production Control literature typically assumes that demand, whether deterministic or
stochastic, or time-varying or not, is exogenous — firm’s production/inventory policy cannot affect
it. But, it has been observed by marketing practitioners and researchers that displayed stocks can
have a stimulating effect on demand (e.g., Corstjens and Doyle 1981). At least two types of stimuli

effects of inventory on demand have been identified. The first and more obvious is referred to as the



“selective effect”, where more items in inventory provide customers with more to choose from and
thus induce them to purchase more. This will happen where units of an item are not identical, a
customer may like the feeling of a wide “selection. For certain baked goods, low stocks may raise
customers’ perception that the units are “left-overs” and not fresh. The second type of stimulus of
display quantity is the “advertising effect”. Large displays often raise the perception among
customers that the item is popular in the market, which may sighal a good “value” and cause them
to purchase more (or more often). Some stores display huge inventory “piles” of products like blank
video-tapes, sufficient to meet many years of demand, clearly aiming at stimulating demand. See
Gerchak and Wang (1994) and Balakrisheiaal. (2000) for a review of relevant literature.

As for incorporating inventory-level dependence into traditional inventory models, Johnson
(1968), Gerchak and Wang (1994) and Wang and Gerchak (2000) have done so for stochastic
periodic review models, and numerous studies starting with Baker and Urban (1988) through
Balakrishnaret al. (2000) for deterministic continuous review models. The latter task is complex
due to the difficulty of proving joint concavity in lot-size and re-order point, because the holding
costs are a solution of a differential equation.

This work proposes a different approach to modeling and analyzing deterministic
production/inventory systems with inventory-level dependent demand rate — optimal control
(Bensoussan, Crouchy and Proth 1983, Sethi and Thompson 2000, Kogan and Khmelnitsky 2000).
The optimal control approach proved its efficiency in many economic, managerial and industrial
applications (see, e.g. Khmelnitsky and Caramanis 1998, Zhang, Yin and Boukas 2001). The
advantages of this approach in our context are as folipwtgpermits using a finite or (discounted)
infinite horizon objective; initial and/or terminal inventory level(s) can be specifigll;the
production rate can be upper boundeill) demand rate can be time-varying as well as inventory-
level dependent. In case of a shortage, it can decline in the magnitude of the shyntageel can

be solved to characterize the optimal production policy.



The model generalizes those analyzed by Bensoussan et al. (1983, Ch. Il1), and Kogan and
Khmelnitsky (2000, Ch. 3) in adding inventory-level dependence of demand to the state dynamics.
Since revenue is not constant anymore, the framework is one of profit maximization; we use an
infinite horizon discounted formulation for concreteness. On the other hand, our model does not
have setup costs, which were a key ingredient in the EOQ-based formulations. Note that although
the resulting inventory depletion pattern is reminiscent of some perishable inventory models, here
inventory is depleted by sales, which contribute to revenue.

We apply the maximum principle and obtain three possible singular regimes. The special case
of time-invarying demand is solved explicitly. An uncapacitated model with “wave-mode” time
dependence of demand is analyzed in detail and a numerical example is provided.

2. Problem for mulation

Let X(t) be the inventory level at tinteandd(X, t) the demand rate at tim&vhen inventory level is

X. LetX" be the positive portion oK [X* = max(X,0)] andc’ the holding cost rate per unit. Let

X~ be the negative portion of inventof)X ™ =-min(X,0)] andc” the shortage penalty rate per
unit. Letp be the revenue rate per unit and p the discount rate. The control is the production rate
function u(t), which might be upper bounded by Let C(u) be the cost rate corresponding to a
production rateu. Then, the problem is to maximize the total profit of the firm (revenue minus

inventory and production costs):

Max J =j’e"”‘[pd(x,t)—c+x+(t) —c X () - C(u(t)) ot A
S.t.
X(t) =u(t) -d(X,t), X(0)=X,, (2)
O<u(t) <U. 3

Note that production costs can depend on production rate in a non-linear (plausibly, convex)

manner, which is particularly importantUfis infinite.



3. Capacitated problem with linear production cost
The necessary condition of optimality for the problem (1)-(3) takes the form of the maximum
principle, which, for the case of a linear production cost, C(u) = cyu, declares that there exists a
continuous co-state function ¢/(t) satisfying the co-state equation
e*, if X(t)>0
ad(X,t)

00 =20 —per)rentic, it x© <o @
H-c".c'], if X() =0

Another requirement of optimality is that the maximization of the Hamiltonian function
H = e#{pd(X,t) —c"X*(t) - ¢ X" (t) ~qu(t)| + w®ut)-d(X,b] (5)
with respect to u(t) resultsin
W, if gt)>c,e™”

u) =, ity <ce” (6)
Houl, if w(t)=ce™

Assumptions on the problem parameters are
» The function d(X) is differentiable w.r.t. t and twice differentiable w.r.t X except for X=0;
for X=0, the subdifferential of d(0O,t), denoted by ad(0,t) isaknown interval

3d(0,t) =[a(t), b(t)], at) = 0, b(t) = .
Here subdifferential ad(0,t) is defined asthe set {x" [d(X,t) - d(0,t) 2 X«', OX.

ad(X,t)
X

is non-negative for X # 0.

* pP>Cy.
The first two lines in (6) uniquely define the production rate as a function of the co-state
variable (full production and no production regimes respectively). The third line in (6) presents a

singular production regime, for which the optimal control value cannot be obtained by Hamiltonian



maximization. To determine u(t) along the singular regime, we let the singular condition

@(t) =c,e” holdinaninterval of time. Then, over thisinterval

Yt)=-poe”. (7

By substituting (7) in (4), we obtain three types of singular regimes
SR1: X(t)=0 over the singular interval;
SR2: X(t)>0 over the singular interval;
SR3: X(t)<0 over the singular interval.

Considering the state and co-state equations (2) and (4) under the three singular regimes, we
determine the following conditions which are necessary for the regimes occurrence.

The SR1 regime can potentially occur only at those time intervals where

(p-c)a®),b®]N(oc, +[-c",c'])#@ and G d(O) < U.

The optimal control isi(t)=d(0,t).

The SR2 regime can potentially occur only at those time intervals where
0< X(t)+d(X(t),)<U and X(t)>0.
The optimal control is u(t)= )Z(t) + d()Z(t),t) , Where )A((t) is a solution of equation

ad(X,t) _ pc, +c’
oX  p-gc,

The SR3 regime can potentially occur only at those time intervals where
0< X(M)+d(X(®),t)<U and X(t)<O0.
The optimal control is u(t)= X (t) + d(X (t),t), where X (t) isa solution of equation

od(X,t) _ pc,—-C

oX p-c,




3.1 Example
Consider a special case when the demand function does not change in time, d(X,t)=d(X). That is the

type of demand considered by previous inventory-dependent demand literature though within

92d(X)

XZ

different economic setting (emphasizing setup cost). Also assume that <0 for X>0, and

that pc, <c”. Then, the SR3 regime does not exist and the SR2 regime exists for only one value of
the buffer level, X, which is constant in time. If both d(0) < U and d(X) < U, then there are two

steady state solutions that satisfy the necessary optimality conditions, X(t) =0 and X(t) = X. In
order to compare the objective values of these two solutions, we have to take into account not only

the steady state itself, but also how the solution converges to the steady state from the initial value

Xo. To be specific, let the steady state be reached at X (t) = X and

d(X) = Eb'max ~(dpax —do)e™, if X 20
rdoe™, if X <0.

Such a choice of the d(X) function reflects the “selective” and “advertising” effects of inventory
discussed in Section 1, i@(X) increases wheX' increases. Thid(X) indicates also the lost sales
effect for shortages, i.@(X) decreases wheX increases. In both casdéX) converges, either to
dmax WhenX' goes to infinity, or to zero whexi goes to infinity.

Now, by integrating the state equation (2), we obtain
1 B
X (t) = InfePor 4+ B (e 1)
® B0 A( )D

where

— i <A
p=? TOmac [ Xo<X T m g g
D_dmaxv |f X0>X

For the parameters U=10, dma=11, do=5, Xo=3, p=5, ¢,=3.5, ¢'=0.3, $=0.2 and p=0.02, we

calculated X =7.9, d()Z) =0.76, and the time point f at which the trajectory enters the singular



regime X(t)= X is equal to 6.47. The objective value is J=595.19. Similarly, for the other steady
state X=0 we found that the steady state level is reached at t=0.47 and the objective vaue is
J=386.24.

If the convergence interval is negligible, then the comparison between the two options is based

on the steady state parameters only. In such a case, we find that the solution X(t) = Ois better than

d(X)-d(0) ..c
X

the other one, X(t) = X(t), if ,i.eif (p-c,)[d(X)-d(0)] <c*X, whichis

intuitive. Otherwise, the second solution is preferable over the first one.

4. Uncapacitated problem with non-linear production cost

In this section we assume that the production cost function C(u) is strictly convex and
differentiable. In such a case, the production costs are increasing sharply, so a high production rate
is not likely to occur, thereby allowing us to drop the capacity constraint. The maximization of the

Hamiltonian resultsin

_0, if () <e”C(0)
O il e, it serco ®

where ¢(t) satisfies the same co-state equation (4). The demand function is assumed to be
differentiable w.r.t. X, except for X=0, and differentiable w.r.t. t except for a finite number of time
points. Unlike in the previous (linear, capacitated) case, here there is only one type of singularity,
at X=0. If the singular regime occursin an interval of time, then over that interval
u(t) =d(0,t), w(t)=e"C'(d(0,t)).

The necessary condition for the regime to occur is

(p-C'(d(.))a®,b®]N(oC (@) -C"(@(O.1)d(0.) +[-¢",c*]) £ 2. (©)
4.1 Solution method

Consider a “wave-mode” demand, i.e. for a0yd(X,t) increases over an initial time interval and

d(X;t) drops down thereafter (see examples in Figure 1), which is rather plausible in many



situations. The “wave-mode” demand can, for example, reflect a typical product life cycle, which
consists of four major segments: start-up, rapid growth, maturation and decline (see Nahmias
(1997)). For such cases, the number of time intervals over which condition (9) holds, is at most
three. That is because for large positive and large negative valdé¢8, f, condition (9) does not

hold (for example, at the jump points in Figure 1b).

PN

dx.n

dx.n
b)

Figure 1. Examples of a "wave-mode" demand.

Without loss of generality, we assume that the number of time intervals over which (9) holds
is exactly three. If there are less, then the solution method simplifies. Denote the time intervals over

which (9) holds byr,, 7, and7,. Since the time horizon is not bounded, the final regime must be
singular. Otherwise, the solution is not bounded, |D@(I)| goes to infinity. However, the two
intermediate intervalg, and 7, may or may not have singularity. Therefore, the problem of finding
the optimal solution becomes a combinatorial one. Denote the starting time poimt .
r,={0}, and by 7, - 7, - .. > L, - T 0< j <2 the solution which does have singularity
within the intervalsr, , k=1,...§, and does not have singularity within other intervals.

There are four possible solutions

Iy -0, -0, >0, To->0, -1, Ty->1, -1, T,->1;. (10)



For these solutions the state-co-state dynamics over the singular arcs, denoted by 7, , is known to be
X(t) =0 and y(t) =c,e™™. The state-co-state dynamics over the regular arcs, which link either

two singular arcs or 7, with a singular arc, is determined from the following state and co-state

equations.
o if w(t) < e”C'(0)
XO =0 HC]‘l( AP, it () > e (0) ()
w0 =200y - pera)eenp® 1020 12)

¢, if X(t)<0
Tolink apair of 7’s, the method makes use of a shooting procedure for solving two-point

boundary-value problems (Sethi and Thompson, 2000.). Specifically, taJimdth 7,, i=1,2,3,

the procedure looks for such valueyf0) that allows the solution of the system (11)-(12) to enter

the singular arc at a time poit O, . Similarly, to link 7, with 7,, 1<i <n< 3, the procedure

looks for such point™ 07, of exiting singularity atr, that allows the solution of the system (11)-

(12) to enter the singular arc at a time paiptd 7, . A solution7, — T, » T - 15 0sj<2

1
for which ti‘: sti‘j‘t, k=1,...j is locally optimal, since it satisfies the necessary conditions of

optimality. If, among four possible solutions (10) there are two or more local optima, the solution
with the least objective (1) is the globally optimal one.

4.2 Example

The parameters of the problem were chosen as:

Xo=3, p=5, p=0.02,a=0.1, $=0.2,¢'=0.3,c=1, C(u)=3u+0.3u’.

To exemplify the solution method, we choosedf&t) function in such a way that it has a “wave”
pattern as a function dffor eachX, as discussed in Section 4.1, and it has a monotone increasing

pattern as a function &f for eacht, as discussed in Section 3.1. Formally,



d(X,t) = Edmax (t) _(dmax (t) _do(t))e_ﬁx, if X=0

,  where
[do(t)e"x, if X<0

¥, ifo<st<4 [B, if0<st<4
d_ (=M1 if4st<7  dy@)=b, if 4<t<7
He, if 7<t B, if 7<t

For the adopted parameters, the singular regime condition (9) holds at three intervals:
1,=(04), 1, =(4,7) and 1, =(7,0). By shooting, we tried to link each pair of the intervals. It
was found that the pairs 7, — 7, and 7, — 7, cannot be linked. In spite of the fact that all the pairs
inthe tragectory 7, - 7, - T, - T, arelinked, the trgjectory itself does not exist. This is because
t;" >t>*. Thus, the only trajectory which does exist is 7, — 7, — T, Where both pairs of intervals

arelinked and t)" <t2". Figures 2-4 present the optimal solution.

5. Conclusions

The optimal control approach allowed us to formulate problems of inventory/production control at

considerable level of generality. In particular, time dependence (as well as inventory level

dependence) of demand is a feature which existing inventory models do not have. We acknowledge,

however, that our “continuous production” formulation does not account for setup costs, the key

ingredient of EOQ-like models in literature. We provided specific insights, analytical and

numerical, into two scenarios which may be viewed as capturing a similar reality: capacitated

production with linear production costs and uncapacitated production with convex production costs.

References

Baker, R.C. and T.L. Urban (1988) “A Deterministic Inventory Model with an Inventory-Level-
Dependent DemandJpurnal of the Operational Research Society, 39, 823-831.

Balakrishnan, A., M.S. Pangburn and E. Stavrulaki (2000) “Stack Them High, Let 'em Fly”: Lot-

Sizing Policies when Inventories Stimulate Demand”. Working paper, Department of

10



Management Science and Information Systems, Penn State University, University Park,
Pennsylvania

Bensoussan, A., M. Crouchy and JM Proth (1983) Mathematical Theory of Production Planning,
North-Holland, Amsterdam.

Corstjens, M. and P. Doyle (1981) “A Model for Optimizing Retail Space Allocations”,
Management Science, 27, 822-833.

Gerchak, Y., and Y. Wang (1994) “Periodic Review Inventory Models with Inventory-Level
Dependent DemandNaval Research Logistics, 41, 99-116.

Johnson, E.L. (1968) “Ors,§) Policies”,Management Science, 15, 80-101.

Khmelnitsky, E., and M. Caramanis (1998) “One-Machifeart-Type Optimal Set-up Scheduling:
Analytical Characterization of Switching SurfacedZEE Transactions on Automatic Control,
43, 1584-1588.

Kogan, K. and E. Khmelnitsky (2008¢heduling: Control-Based Theory and Polynomial-Time
Algorithms, Kluwer Academic Publishers, Dordrecht.

Nahmias, S. (199 ®roduction and Operations Analysis, McGraw Hill, 3%ed.

Sethi, S.P. and G.L. Thompson (20@jtimal Control Theory: Applications to Management
Science, 2" ed., Kluwer Academic Publishers, Dordrecht.

Wang, Y., and Y. Gerchak (2001) “Supply Chain Coordination when Demand is Shelf-Space
Dependent”, Manufacturing and Service Operations Management, 3(1), 82-87.

Zhang, Q., G.G. Yin, and E.-K. Boukas (2001) “Optimal Control of a Marketing-Production

System”,| EEE Transactions on Automatic Control, 46, 416-427.

11



S
N
I

Z
o
2

Figure 2. Inventory level X(t).

o
N
N
(o2}
(oo}
-
o

6 -

S

4

3

2

14

0 ‘ ‘ \ \ \
0 2 4 6 8 10

Figure 4. Singular co-state dynamics e # Cost(d(0,t)) (bold line) and co-state variable ((t) (thin

line).
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