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U NI V ER SA L LOSSLESS SOU RCE CODING

Lecture notes for the course D at a Compression , faculty of engineering, TAU.
Summary by Amir Ingber.

1. Pr obl em descr ipt ion

How do wecodea sequencex1; x2; :::; xn , when thedist ribut ion p(xn
1 ) is unknown

(or no-existent) ?
When the data x1; x2; :::; xn comes from an unknown stochast ic source p� (x); � 2

� , the sett ing is called the stochastic or probabilistic setting. when there is no
stochast ic source for the data, i.e. the data is a single, individual sequence of
symbols, we call it the deterministic setting.

This summary deals with the probabilist ic sett ing.

2. Par amet r ic f amil ies of sour ces

It is usually convenient to assume a parametrization on the sources: p 2 f p� :
� 2 � g. Here knowing the source p is equivalent to knowing � .

Examples of parametric families of sources:

B inar y memor yless sour ces:
X � B er (� ); 0 � � � 1:

M ar kov chain wit h �n i t e alphabet :
Here � is the t ransit ion probability matrix of the chain, pi j , where 0 �
i ; j � jX j � 1. Usually stat ionary sources are assumed, therefore the init ial
stat e of the chain is neglected.

A uto r egr essive sour ces wit h �n i t e r esolut ion:
The source X is generated according to the following model:

X n =
qX

i = 1

� i X n � i + Wn

where Wn is the generating white noise, and the vector � consists of the
I IR � lter coe� cients.

The opt imal rate for decoding a source is its entropy:

Rate =
1
n

H � (X n ) =
1
n

X

x n

p� (xn ) log
1

p� (xn )

where p� (�) is the source's real probability funct ion.

3. T wo appr oaches in univer sal coding

These are two possible models for a universal coding system:
1
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3.1. Th e bat ch app r oach. In the batch approach the processing is done per
block. First , the parameters of the process are est imated from the block, and then
coded assuming these parameters.

Since the decoder knows neither the est imated parameters nor the data that the
parameters are est imated from, the decoder also adds the est imated parameters to
the codeword as side-information (See Fig. 1(a)).

The e� ect ive code length (in bits per source symbol) is

1
n

[`(side inf or mation) + `(code(xn
1 j� )) ] :

Due to the nature of working in block units, a delay of one block is inevitable.
Thebatch approach isalso called the2-passor 2-part approach, for obvious reasons.

3.2. Th e sequent ial app r oach. Also called the adaptive approach. Here the
parameters for coding a symbol are est imated based on past data (See Fig. 1(b)) .

Since the code is lossless, the decoder can est imate the process parameters in
the same method used in the encoder, and by that eliminating the need for the side
information as in the batch approach.

On the face of it , the sequent ial approach seems preferable since side informat ion
is not needed. However, it should be kept in mind that the parameters used for
coding each symbol are est imated based on past data and not on the symbol itself,
result ing in a longer code length.

Having est imated the parameters �̂ = �̂ (x i � 1
1 ), the probability used for coding

the symbol x i is p̂(xjx i � 1
1 ) = p�̂ (xjx i � 1

1 ), and the ideal code length for one symbol
is

`u (x i jx i � 1
1 ) = � log p̂(x i jx i � 1

1 ):

This can be achieved, for example, by an adapt ive arithmet ic code.
The code length for the ent ire sequence is given by:

`u (xn
1 ) =

nX

i = 1

`u (x i jx i � 1
1 ) = � log

nY

i = 1

p̂(x i jx i � 1
1 ) , � logpu (xn

1 ):

In fact , the code length is induced by some probability funct ion pu (�) over X n ,
which is called the universal dist ribut ion.

As opposed to the batch approach, where the convergence to the dist ribut ion
of the source is done in advance, in the sequent ial approach the universal proba-
bility pu (�) converges to the t rue source's dist ribut ion on-the- y, as the sequence
progresses.

4. Redundancy in univer sal coding

Given a universal decoder u, that maps source words xn
1 to code words of length

`u (xn
1 ), its redundancy over the entropy of the source is given by:

Rn (� ; `u ) ,
1
n

2

6
6
6
6
6
4

X

x n
1

p� (xn
1 )`u (xn

1 )

| {z }
A ver age uni ver sal codel engt h

� H � (X n )
| {z }

E n t r opy boun d

3

7
7
7
7
7
5
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(a)

(b)

nxfrom

Estimate

1

ˆ�Tnx1

EncoderParametric

�T̂

DecoderParametric�� ���T̂|1
nxCode

.InfoSide

Encoder  side Decoder  side 

�T̂

nn xx � ˆ

1
1

ˆ

��nxfrom

Estimate�Tnx1

EncoderParametric

�T̂

DecoderParametric
nn xx � ˆ�� ���T̂|nxCode

Encoder  side Decoder  side 

�T̂

1
1

ˆ

��nxfrom

Estimate�T

Figur e 1. Two approaches in universal coding: (a) The batch
approach. (b) The sequent ial approach

A coder is called universal w.r.t . a group of sources � if

8� 2 � lim
n !1

Rn (� ; `u ) = 0:

If the convergence is uniform in � , then the encoder is called strongly universal.
if not, it is called weakly universal

5. Feasibil i t y of univer sal coding: A EP viewpoint

Asweknow, is ispossible to codea sourceX in a rateR = H (X ) when thesource
is known - e.g. Hu� man coding. Now, suppose we wish to code with a constant



21

4 UNIV ERSA L L OSSL ESS SOURCE COD ING

RPH � )(

RPH �!)(

RPH ��)(

Figur e 2. The probability simplex

rate R. We now show, that it is possible to universally code all memoryless sources
with entropy H � R. This is based on the fact that the number of sequences of
a type P increases exponent ially, and that there is only a polynomial number of
types.

We consider all the memoryless sources with alphabet X , that is the simplex�
p1; p2; :::; pjX j jpi � 0;

P
i pi = 1

	
.

Inside that simplex, we see the sources with entropy equal to, greater and less
than R. (See Fig (2)).

de� ne the set A as the set of all sequences, whose type's entropy is less than or
equal to R:

A , f x 2 X n jH (Px � Rg:

Then, by marking the set of all types by P:

jAj =
X

P 2P :H (P ) � R

jT (P)j �
X

P 2P :H (P ) � R

2n H (P ) �
X

P 2P :H (P ) � R

2n R

By not ing that the number of possible types of sequences from X n is (n + 1)jX j � 1,
we get :

jAj � (n + 1)jX j � 12n R

The needed rate to encode all the sources from A is :

1
n

log2

[

P 2 A

jT (P)j =
1
n

log2(n + 1)jX j � 12n R =
jX j � 1

n
log2(n + 1) + R
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Which goes to R as n � ! 1 , meaning that coding of all sources of ent ropy H (X ) <
R can be coded at rate R.

The sect ion is based also on [1], the result appears also in [2].

6. A n exampl e: Var iabl e r at e univer sal coding of a Ber noul l i sour ce

The object ive is to code a binary sequence xn
1 = x1; x2; :::; xn when the dist ribu-

t ion is unknown. It is only known that the sequence comes from a Bernoulli source,
with unknown p.

6.1. Th e bat ch appr oach.
First , we count the number of ones in the sequence, marked by k. We send k

as side-informat ion to the decoder. Since k is taken from f 0::ng, this adds to the
overall rate of the code a factor of dlog2(n + 1)e bits. We now select one of two
opt ions (which lead to the same asymptot ic rate):

� Assume that the source is Bernoulli( k
n ) and use Hu� man or arithmet ic code

to encode the sequence.
By assuming that the sequence is long enough, k

n converges to the real p
of the sequence, and the rate of the code converges to h(p) bits per source
symbols, plus an addit ive term that vanishes like O( 1

n ). To that rate we
must add the rate of the side information - dlog2 (n + 1)e for the ent ire
sequence, or 1

n dlog2 (n + 1)e bits per source symbol. The overall rate we
get is :

Rate = h(p) + O(
1
n

) +
1
n

dlog2 (n + 1)e � h(p) +
1
n

log2(n)

The redundancy is given by R = Rate � H (X ) = 1
n log2(n).

In fact (shown in [6]), when coding according to Bernoulli(� ), it is su� -
cient to describe � with a resolut ion of 1p

n , and by that achieving a redun-

dancy of 1
2n log2(n).

� Since the decoder already knows that the sequence has k ones, it only needs

to know which of the
�

n
k

�
sequences with k ones the encoder withes

to encode. This requires dlog2

�
n
k

�
e bits for the ent ire sequence. By

ut ilizing St irling's approximation:

log2

�
n
k

�
� n � h(p) �

1
2

log2(2� np(1 � p))

1
n

log2

�
n
k

�
� h(p) �

1
2n

log2(2� np(1 � p)) � h(p) �
1

2n
log2(n)

we get the overall code rate:

Rate � h(p) �
1

2n
log2(n) +

1
n

log2(n) = h(p) +
1

2n
log2(n)

(where the term 1
n log2(n) is the side information rate). The redundancy is

given by 1
2n log2(n).
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6.2. Th e sequent ial app r oach.
In that approach the est imation for p is done on the  y, as the sequence progresses.

We mark the empirical probabili ty after seeing i bits as p̂(xjx i
1) , p̂i (x). Deter-

mining the code length for the next bit is done according to:

`u (x i jx i � 1
1 ) , � log2(p̂i � 1(x i ))

But how do we determine p̂i (x)?
A somewhat intuit ive suggest ion might be

p̂i (x) =

(
n 0 (x i

1 )
i ; x= 0;

n 1 (x i
1 )

i ; x= 1;

where nb(x i
1) marks the number of b's (b 2 f 0; 1g) in x i

1. The motivation for

such est imation may come from the fact that as the sequence gets longer, n 1 (x i
1 )

i
converges to the real p.

However, when thecoding starts, seriousproblemsoccur which aredemonstrated
by the following simple example:

suppose xn
1 = 010::::. First , in the very beginning of the sequence, p̂0(x) is

unde� ned. Let us then de� ne p̂0(x) , 1
2 . The code length for the � rst symbol shall

be � log2(1=2) = 1bi t. For the next symbol, however, p̂1(1) = 0, since n1(000) = 0,
yielding `u (x2jx1) = 1 which is, of course, unacceptable.

We would like an est imator, that starts with p̂0(x) = 1
2 , and cont inues towards

the real probability p in a more 'relaxed' manner.
A bett er suggest ion is the Laplace est imation for the probability:

p̂i (x) =

(
n 0 (x i

1 )+ 1
i + 2 ; x= 0;

n 1 (x i
1 )+ 1

i + 2 ; x= 1;

Laplace's est imator can be thought of as the original est imator , where the st ring
0010 is added at the beginning of the sequence, as a start ing condit ion:

p̂i (x) =
nx (01x i

1)
i + 2

:

For example:
x i 0 1 0 0 1 0 0 :::

p̂L apl ace
1
2

1
3

2
4

3
5

2
6

4
7

5
8 :::

and the universal probabili ty assigned to the above sequence, de� ned

pu (xn
1 ) ,

nY

i = 1

p̂(x i );

is 1�1�2�3�2�4�5
2�3�4�5�6�7�8 = 120

40320 :
The code length assigned for a sequence is:

`u (xn
1 ) =

nX

i = 1

`u (x i jx i � 1
1 ) = � log2(

nY

i = 1

p̂(x i )) = � log2(pu (xn
1 )) :

For Laplace's est imator, it can be shown that

pu (xn
1 ) =

n1(xn
1 )! � n0(xn

1 )!
(n + 1)!
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which is followed by

`u (xn
1 ) = � log2(pu (xn

1 )) = log2(n + 1) + log2

�
n

n1(xn
1 )

�

yielding the same rate and redundancy as the second batch coding method from
6.1 above.

Laplace's est imator is not the only est imator that starts with p̂0(x) = 1
2 and

cont inues is a consistent way; all est imators of the form p̂i (x) = n x (x i
1 )+ �

i + 2� ; (� > 0)
share that property. See, e.g. Krichevsky and Tro� mov's [4] est imator -

p̂K T
i (x) =

nx (x i
1) + 1

2

i + 1
:

6.3. Conclusions and gener al izat ions.

(1) The addit ive term log2 (n )
2n , which stems from the side information in the

batch approach, and from the bias in the sequent ial approach, does not
depend on the sequence.

(2) Theuniversal dist ribut ion pu (xn
1 ) can be thought of asa mixtureover types:

pu (xn
1 ) =

1
n + 1

X

� 2 f 0; 1
n ; 2

n ;:::; n
n g

Uni f or m(T (� ))

Where T (� ) is the type � , i.e. the set of all sequences xn
1 whose empirical

probability is � ; and Uni f or m(T (� )) is a probability funct ion over X n that
gives an equal probability to sequences from T (� ) and zero probability to
other sequences.

This gives:

pu (xn
1 ) =

1
n + 1

Uni f or m(T (
n1(xn

1 )
n

)) :

From the AEP property, as n � ! 1 , 'all' of the sequences coming from
a source B er (p) are of the type � � p, giving :

pu (xn
1 ) �

1
n + 1

X

� 2 f 0; 1
n ;:::; n

n g

B er (� )) :

(3) A universal dist ribut ion may be a mixture of the dist ribut ions in the class
� . Note that a mixture of memoryless sources may be with memory.

(4) Generalizing: when � gets a value out of M possible values, i.e. j� j = M ,
the maximum likelihood (ML) est imator for � is given by:

�̂ M L (xn
1 ) = argmax

� i

(p� i (x
n
1 )) :

The coding scheme: First , we encode � i - which requires dlog2(M )e bits.
Then weencodexn

1 assuming that � = �̂ , using codelengthsof d� log2(p�̂ (xn
1 ))e.

Note that for every sequence xn
1 that comes from a source � :

� log2(p�̂ (xn
1 )) � � log2(p� (xn

1 )) = I (xn
1 )

which gives
E � [`u (xn

1 )] � log2(M ) + H � (xn
1 )
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yielding a redundancy Rn (� ; `u ) � log2 (M )
n . (Remember that M is depen-

dant on n.)
(5) The equivalent universal dist ribut ion (for 4) :

pu (xn
1 ) =

1
M

X

� i

p� i (x
n
1 ) �

1
M

max
� i

p� i (x
n
1 ) =

1
M

p�̂ (xn
1 )

The 1
M factor causes the universality price.

6.4. Fur the r quest ions.

� What is the opt imal resolut ion for describing � , i.e. how large must M be?
� Should we always encode �̂ according to a uniform dist ribut ion (using

log2(M ) bits)? Can we save a few bits here?
� We know that universal coding is possible if and only if the sources family

� is not too rich, that is if the redundancy vanishes, 1
n log(M n ) � ! 0.

What condit ions on the family � enable this?

7. T he Lynch - Dav isson t heor y

This approach [3] was cont inued and broadened by Rissanen [6], Gallager , Feder
and Merhav [5] and others.

We deal with a variable rate code, for minimum redundancy.
Supposewehavea B2V code`(xn

1 ), satisfying Kraft 's inequality with an equality.
(i.e. there exists a dist ribut ion q(x) s.t . `(xn

1 ) = � log2(q(xn
1 )) are integers).

The redundancy for this code (for the source � ) is given by

Rn (� ; `u (�)) =
1
n

[E � [`(X n )] � H � (X n )] =
1
n

D(p� jjq):

How do we � nd a good dist ribut ion q for the universal problem? that is, a universal
q that is good for the ent ire family of sources p� ; � 2 � .

Th e min-max sense:: we seek the dist ribut ion q that is opt imal for the
worst source � , that is:

RM in � M ax ,
1
n

min
q

max
�

D(p� jjq)

Th e B ayesian sense:: we assume a prior dist ribut ion over the parameters,
w(� ), and get :

R(q; w) =
1
n

X

�

w(� )D (p� jjq)

The opt imal q for a given w(� ):

q�
w = ar gmin

q
R(q; w)

Now we take the worst dist ribut ion w� (� ), and get the Max-Min Redun-
dancy:

RM ax � M in =
1
n

max
w(� )

min
q

X

�

w(� )D (p� jjq)
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Note that the Min-Max redundancy can be also writt en as

RM in � M ax =
1
n

min
q

max
w(� )

X

�

w(� )D (p� jjq) :

De� ne � � � � as the set of all parameters that achieve the worst redundancy in
the min-max de� nit ion. This maximum is also achieved by any dist ribut ion w(� )
over � � , with w(� ) = 0 for � =2 � � .

Under certain condit ions, the order (max-min or min-max) does not change the
redundancy, i.e. the duality gap is zero, and the opt imum is achieved in a saddle
point . We shall now see that this is the case here.

By noting qw (x) =
P

� w(� )p� (xn
1 ), we get :

F (w; q) ,
X

�

w(� )D (p� jjq) �
X

�

w(� )D

 

p� jj
X

�

w(� )p�

!

=
X

�

w(� )D (p� jjqw )

L
Opt

=
X

�

w(� )H � (X ) = H (X j� )

L u =
X

�

w(� )
X

x n
1

p� (xn
1 ) `u (xn

1 )
| {z }

� log2 q(x n
1 )

=
X

x n
1

qw (xn
1 ) � � log2(q(xn

1 )) � Hqw (X n
1 )

with an equality if and only if 8x q(x) = qw (x).

L u � L
Opt

� H (X n
1 ) � H (X n

1 j� ) = I (X n
1 j� )

(1) Without knowing � we encode xn
1 according to the mixture dist ribut ion

qw (x) (t hat minimizes the average code length).
(2) for q(x) = qw (x), the redundancy is I (X n

1 j� ) - the mutual information
between the parameter(s) and the source xn

1 .

min
q

(H (X n
1 ) � H (X n

1 j� ) = I (X n
1 j� )

(3) What is the worst prior w� (� ) that maximizes I (X n
1 j� )? (The achieving

prior, same as in channel capacity.)

max
w

min
q

(R(q; w)) = max
w

I (X n
1 j� ) = C

From w� (� ) we derive q� = qw � .
(4) Propert ies of the achieving prior w� (� ):

D (p� jjq� ) = C; f or w� (� ) > 0

D(p� jjq� ) < C; f or w� (� ) = 0
(stems from Karush-Khun-Tucker).

For every prior w(� ),

n � RM in � M ax = min
q

max
w

F (q; w) � max
w

F (w; q� ) � C = n � RM ax � M in

Which completes the proof that

RM in � M ax = RM ax � M in = C

which is known as the redundancy-capacity theorem for universal coding.
(* ) If the capacity does not grow slower than linearly, i.e. if limn � !1

1
n Cn 6= 0,

then universal coding is not possible.
Newer results have been found since:
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� The st rong version of the redundancy-capacity theorem[5, 6]: For every
encoder (not necessarily q� ), for most of the sources the redundancy is
� C, that is, that the family of 'bad' parameters � � consists of almost all
the sources � 2 � .

� For a smooth family with K parameters , it was further shown [6, 5], that
Cn

�= K
2 log(n).
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Figure 5 :Probability assignment for branches in a LZ78 tree
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Figure 6 : An adaptively growing LZW tree
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�¤�©�¶�¦�©�¨�°�¥�¥�·�¬�¹ �º�¥�©�¨�¥�¨�´�®�©�±� �º�¥�¸�¥�º�©�º�¹ :�¤�©�¶�¥�¬�¥�¦�¸�¡�¥�£�®�©�®�¡

�² �ª�¸�²�°��¥�«�©�±"��©�©�§�©�¬� �©

�£�®�©�®�¡�º�¥�©�¨�¥�¨�´�®�©�±� –�¯�¥�°�¹
�©�¤�©X �� �ŸX1,X2, . . . ,Xk � �³�©�¶�¸�¢�¬�¥�´�®�©� �¸�·� �¸�¥�¨�·�¥.

�¤�º�°�¥�«�º-Asymptotic Equipartition Property (AEP)�³�©�¶�¸�¢�¥�¬�©�´��²�©�£�¥�¢� �̧  �¸�¥�·�®�¬:

Ak
�Ÿ�/�  �l x 2�"k 1

k h�ŸX� ���/ �t f�Ÿx�  �t 2�"k 1
k h�ŸX� �"�/

Pr X �� Ak
�Ÿ�/� 

k�v�.
�¯ 1

Vol Ak
�Ÿ�/�  �U2h�ŸX� 

�¸�¥�¡�²�¸�®�¥�¬�«k�¬�¥�£�¢ ,�£�©�§� �¡�¥�¸�©�·�¡�¢�¬�´�º�®�¸�¥�·�®�¤�¬�²Ak
�Ÿ�/� 

 .�º�«�´�¥�¤�©�£�¥�¢�¸� �¸�¥�·�®�¬�«�¬�¹ �¤�©�¶�¦�©�¨�°�¥�¥�·�¤�¯�«�¬
�£�©�§� �¸�¥�·�®�¬�¹�¤�©�¶�¦�©�¨�°�¥�¥�·�º�¥�©�¤�¬)�¡�¸��¥�§�º�¡-�©�£�®�©�®.(

� �®�¢�¥�£-�¯�¡�¬�©�±�¥� �¢�¸�¥�·�®
X �LN�Ÿ0, �@2I k� 

f�Ÿx�  �- e�" �Px�P2

2�@2

��©�¬�¥�£�¢�¤��©�¸�´�±�®�¤�¬�¹�¹�¬�§�¤�·�¥�§�¤�®)LLN:(

1
k �PX�P2 �� 1

k �!
i ��1

k

Xi
2 P

k�v�.
�¯ �@2

�¤�¤�¥�¡�¢�º�¥�¸�¡�º�±�¤�¡�¯�«�¬�¥)�¸�¥�¡�²k�¬�¥�£�¢�·�©�´�±�®:(

�PX�P2 �� k�@2

�¸�¥�£�«�¬�¡�·�°�¤�¤�¥�¡�¢�º�¥�¸�¡�º�±�¤�¡�¸�®�¥�¬�«k-�±�¥�©�£�¸�¬�²�¡ �©�£�®�©�®k�@2
.

�¹ �²�¡�¥�°�©�±�¥� �¢�¤�¢�¥�¬�©�´�¤�º�¥�©�´�¥�¸� �̈¥�¦�©� �®-X�±�¥�©�£�¸�¡ �¸�¥�£�«�º�´�¨�²�®�©�°�´�¬�² �£�©�§� �¢�¬�´�º�®k�@2 .�£�®�©�®�¡k
�¥�¬�¥�«�¸�¥�£�«�¤�©�°�´�¬�²�£�©�§� �¢�¥�¬�©�´�¬�¬�¥�·�¹�¤�¦�¤�¥�¡�¢ ,�¸�¥�£�«�¬�¹��©�§�´�°�¤�±�§�©�¹�¯�¥�¥�©�«�®k-�±�¥�©�£�¸�¡ �©�£�®�©�®

r �" �/�¸�¥�£�«�¬�¹�¥k-�±�¥�©�£�¸�¡�©�£�®�©�®r�¬�³� �¥�¹-0�¸�¹� �«k �v �.:
Vol�Ÿball k�Ÿr�"�/� � 
Vol�Ÿball k�Ÿr � � 

k�v�.
�v 0

�¤�º�®�¥�¸�º�©�«�§�©�°�°"�¡�°�¦ "�º�¥�¥�©�²�¬MSE�¦� �©�¤�¤�§�©�°:

Doverload �� Pr X �� Ak
�Ÿ�/�  �� 1

k E �PX�P2|X �� Ak
�Ÿ�/� 

k�v�.
�¯ 0

�¤�º�°�¥�«�º�®�¥�¥�¦�¤�§�°�¤�®-AEP�¬�¹ �¤�©�¶�¦�©�¨�°�¥�¥�·�¹�²�¡�¥�°X�¤�¶�¥�¡�·�¤�¬�¹ �¤�©�¶�¦�©�¨�°�¥�¥�·�¬�¤�¬�¥�·�¹Ak
�Ÿ�/� 

�¢�¥�¬�©�´�¬�±�§�©�¡
�£�©�§� .

�©�°�©�²�¸�¢�¸�¥�¦� �¬�²�¡ �¸�¦�©�©�¨�°�¥�¥�·�¤�°�¡�°Ak
�Ÿ�/� 

 ,�¬�²�¡N�¹ �ª�«�¤�·�¥�¬�§�¥�¤�©�¶�¦�©�¨�°�¥�¥�·�º�¥�£�¥�·�°:



53

Si �l i th cell �9Ak
�Ÿ�/� 

Vi �lVolume�ŸSi � 
�¸�¶�¥�°�¹�º�¥�¥�©�²�¤�º�  �¡�¹�§�°:

Dgranular �� 1
k E �PX �" Q�ŸX� �P2 |no overload �� �!

i ��1

N

pi D i

pi �l Pr�ŸX �� Si �  �� �;
Si

f�Ÿx� dx
AEP

�u
�U Vi

Vgranular

Di �l 1
k E �PX �" yi �P

2 |X �� Si ��

�� 1
k �;

Si

�Px �" yi �P
2f�Ÿx� dx �U

AEP

�u
�U 1

k
1
Vi

�;
Si

�Px �" yi �P
2dx �u

isoperimetric inequality

�u
�u Gk

�' Vi
2/k

�©� �©�´�¬-�©�¸�¨�®�©�¸�´�¥�¦�©� �¯�¥�©�¥�¥�¹ ,�©�°�©�®�¥�°�©�¤� �º�¬�²�¶�¥�®�®�¤�º�¥�¥�©�²�¤�©�¸�¥�£�«� �º �¸�¥�¡�²�©�¬�® ,�¤�¦�¤�¸�·�®�¡�¥:

D i �� Gk
�' Vi

2/k

�¸�¹� �«:

Gk
�' �l 1

k

1
V �;

B
�Px�P2dx

V2/k

�¥-B�¸�¥�£�«� �¥�¤k-�§�´�°�¬�²�¡ �©�£�®�©�®V.

�©�¦� :

Dgranular �� �!
i ��1

N

pi D i �� �!
i ��1

N
Vi

Vgranular
Gk

�' Vi
2/k �� Gk

�'

Vgranular
�!
i ��1

N

Vi
1��2/k ��

�� Gk
�'

Vgranular
N 1

N �!
i ��1

N

Vi
1��2/k

Jensen

�u
�u Gk

�'

Vgranular
N 1

N �!
i ��1

N

Vi

1��2/k

�� Gk
�'

Vgranular
N

Vgranular

N

1��2/k
��

�� Gk
�' Vgranular

N

2/k

�®� �¯�¥�©�¥�¥�¹�¥"�®:

Vi ��
Vgranular

N
��©�¤�¦��©�§�´�°�©�¬�²�¡��©�¸�¥�£�«�º�¸�¥�¶�¡��©� �º�¬�©�°�©�²�¸�¢�¤�¸�¥�¦� �¤�º�  �·�¬�§�°��  �¸�®�¥�¬�« ,��©�²�¥�¶�©�¡�¬�²�¡�¸�¦�©�¨�°�¥�¥�·�¬�¡�·�°�©�¦� 

��©�©�¬�®�©�¨�´�¥� .

�¯�¥�¸�«�¦�¸�±�§�¸�¥�·�®�¸�¥�¡�²:
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Vgranular �� Vol Ak
�Ÿ�/�  �U

memoryless source

2h�ŸX� 

�u
�� 2kh�ŸX� 

N �� 2kR

Dgranular �uGk
�' Vgranular

N

2/k
�UGk

�' �Ÿ2k�¡h�ŸX� �"R�¢� 2/k ��

�� Gk
�' 22�¡h�ŸX� �"R�¢ �u 1

2�=e 22�¡h�ŸX� �"R�¢

�¸�¥�¡�²�¥k �v �.�©� -�§� �¤�¯�¥�©�¥�¥�¹�¤�¯�¥�©�¥�¥�¹�¬�ª�´�¥�¤�¯�¥�¸ .�¤�¦�¤�¸�·�®�¡:

R �� h�ŸX�  �" 1
2 log�Ÿ2�=eDgranular � 

�¯�¥�°�¹�¬�¹�¯�¥�º�§�º�¤��±�§�¤)SLB (Shannon Lower  Bound�£�£�®�¸�¥�¡�²MSE:

R�ŸD�  �uh�ŸX�  �" 1
2 log�Ÿ2�=eD� 

�¤�°�·�±�®:�¤�º�  �¢�©�¹�¤�¬�©�£�«�¡-SLB�§�´�°�©�¥�¥�¹�¥��©�¸�¥�£�«�º�¸�¥�¶�¡�¥�¬�¹��©� �º�¤�¹� �̧¦�©�¨�°�¥�¥�· �ª�©�¸�¶)k �v �..(

�º�¥�¸�²�¤:

1.�©�¹�¸�´�¤�º�¥�¥�©�²�£�£�®�¬�«�¬d�Ÿx,x���  �� �>�Ÿx�� �" x� ��©�¬�¬�«�¥�®��©�¸�¥�£�«� �̧©�£�¢�¤�¬�¯�º�©�°.
2.�¶�¡��©� �º�¬�¡�·�¬��©�´�¶�®�¥�°�©�©�¤��©�²�¬�¥�¶�®�º�¸�¥)�©� �ºVoronoi( ,�¸�¥�¡�²�ª� k �v �.�º�¥�©�¤�¬��©�´� �¥�¹��¤

��©�¸�¥�£�«�¬�¸�º�¥�©�¥� �̧º�¥�©��©�¡�¥�¸�·.

�¤�©�¶�¥�¬�¥�¦�¸�¡�º�¥�©�¨�¥�¨�´�®�©�±� –�¤�¤�¥�¡�¢�¤�©�¶�¥�¬�¥�¦�¸�¡ �¤�©�¶�¦�©�¨�°�¥�¥�·)High
Resolution Quantization(

�¬�¹�¢�¥�¬�©�´�¤�º�¥�´�©�´�¶�º�©�¶�·�°�¥�´� �º �¬�«�¡�¹�ª�«��©�´�¥�´�¶�·�©�´�±�®��©� �º�¤�¹��©�§�©�°�®�¤�¤�¥�¡�¢�¤�©�¶�¥�¬�¥�¦�¸�¡�¤�©�¶�¦�©�¨�°�¥�¥�·�¡
�¤�¤�£�©�§� �¡�¥�¸�©�·�¡� �©�¤�¸�¥�·�®.

�² �¸�£�¢�¥�®�¸�¦�©�¨�°�¥�¥�·�¤"�º�¬�®�¸�¥�°�®�§�´�°�º�£�©�§�©�¬�¤�©�¶�¦�©�¨�°�¥�¥�·�º�¥�£�¥�·�°�º�¥�´�©�´�¶�º�©�¶�·�°�¥�´�©:

�5 : Rk �v R ��

�5�Ÿx�  �u0
�;

Rk

�5�Ÿx� dx �� 1

�¡ �¯�®�±�°-N�¬�¬�¥�«�¤�¸�¥�¦�§�¹�¤�º�¥�£�¥�·�°�¸�´�±�®�º� .
�¸�¥�¦� �¡ �¸�¥�¦�§�¹�¤�º�¥�£�¥�·�°�¸�´�±�®S�² �¯�¥�º�°�¡�§�¸�®�¡"�©:

N�ŸS�  �UN �;
S

�5�Ÿx� dx

�º�¡�©�¡�±�¡x ,�¤�°�©�¤�§�¨�¹�º�£�©�§�©�¬�º�¥�£�¥�·�°�¤�º�¥�´�©�´�¶N�5�Ÿx� .

�º�¡�©�¡�±�¡�¤�©�¶�¦�©�¨�°�¥�¥�·�¤�©� �º�¬�¹ �§�´�°�¤x�¡�¥�¸�©�·�¡� �¥�¤
1

N�5�Ÿx� .

�©�¸�¬�·�±�¤�¤� �̧·�®�¡�5�Ÿx� �¸�¦�©�¨�°�¥�¥�·�º�¸�£�¢�¤�¬�¤�·�©�´�±�® ,��©�¬�¥�¥�¸�¨�°�©� ��°�©�¤��©� �º�¤�¹�¯�¥�¥�©�«�®)�¬�£�¥�¢�¡
1

N�5�Ÿx�  ,�º�¥�£�¥�·�°�¥
�¸�¥�¦�§�¹�¤yi� �º�¤�¦�«��̧®�¡�¯�°�©�¤.(

�©� �̧¥�¨�·�¥�¤�¤� �̧·�®�¡–��º�¸�¥�¶�º�  � �̧©�£�¢�¤�¬��©� �º�¤�§�´�°�¬�³�±�¥�°�¡�ª�©�¸�¶ .�©�«�§�©�°�°�5�Ÿx� �º�¥�£�¥�·�°�¤�º�¥�´�©�´�¶�º�  �¯�°�´� �®
�£�©�§� �©�¸�¥�¨�·�¥�¸�¦�©�¨�°�¥�¥�·�¬�¹)�³�¥�¶�©�¸ ,�¢�©�¸�¹.(
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�¤�¸�¨�®�¤:�º�  �¡�¥�º�«�¬D)�º� �¥R (�¬�¹ �¤�©�¶�·�°�¥�´�«�5�Ÿ��� �¥-f�Ÿ��� � �¥�¶�®�¬�¥ :�5�Ÿ��� �¡�¶�·�¡�¤�©�¶�¦�©�¨�°�¥�¥�·�¸�¥�¡�²�©�¬�®�©�¨�´�¥� 
�²�¥�¡�· ,�¥-�5�Ÿ��� �¤�©�´�¥�¸�¨�°� �µ�¥�¬�©� ��²�¤�©�¶�¦�©�¨�°�¥�¥�·�¸�¥�¡�²�©�¬�®�©�¨�´�¥� .

f�Ÿx|x �� Si �  �XUniform�ŸSi � 

Vi �l Vol�ŸSi � 

pi �l Pr�ŸX �� Si �  �UVi f�Ÿyi �  �U
f�Ÿyi � 

N�5�Ÿyi � 

Di �l 1
k E�£d�ŸX,Q�ŸX� � |X �� Si �¤

G�ŸS� ��G
�u
�U Vi

2/kG �UG 1
N�5�Ÿy i � 

2/k

�¥�°�©�¤�¸�¦�©�¨�°�¥�¥�·�¤�¹�¥�°�§�°�¤�¸�¹� �«"�¯�¥�°�´�  "� �º ��²�³�¥�¶�©�¸�¬�¹S :G(S)=G.

�²�¥�¡�·�¡�¶�·�¡� �̧¦�©�¨�°�¥�¥�·–Fixed Rate

R �� 1
k logN

D �� �!
i ��1

N

piDi �U�!
i ��1

N

Vi f�Ÿyi � G
1

N�5�Ÿyi � 

2/k

Riemann

�u
�U G �;

Rk

f�Ÿx� 

�¡N�5�Ÿx� �¢2/k dx

�¹ �¯�¥�¥�©�« :yi�º�  ��¢�¥�£f�Ÿx�  1
�5�Ÿx� 

2/k

�¬�£�¥�¢�¡� �º ��²Vi ,�´�²�¬�¡�·�º�®�¸�¡�²�®�¤"�¯�®�©�¸�º�©�©�¶�¸�¢�¨�°�©� �©.
� �¥�¶�®�¬�¯�º�©�°�5�Ÿ��� �º�  �¤� �©�¡�®�¸�¹�  �º�©�¬�®�©�¨�´�¥� D�² ��¥�®�©�°�©�®�¬"�©:

1.�º�¥�©�¶� �©�¸�¥�¯�¥�¡�¹�§)�¬�±�§�©�¡�¤�¸�©�¦�¢-�5�Ÿ��� .(

2.�©� -�¸�£�¬�¥�¤�¯�¥�©�¥�¥�¹ :�¸�¥�¡�²p,q>1��©�®�©�©�·�®� �̧¹� 
1
p �� 1

q �� 1��©�©�·�º�®)�Pf�P�) �l �;|f�Ÿx� |�)dx
1/�)

:(

�Pfg�P1 �t �Pf�Pp�Pg�Pq�®� ��̄¥�©�¥�¥�¹�¥"�® :|g�Ÿx� | �� c|f�Ÿx� |p�"1
.

�©� �©�´�¬-�¸�£�¬�¥�¤�¯�¥�©�¥�¥�¹:

D �uDMSE
opt �� G

N2/k �;
Rk

f�Ÿx� 
k

k��2 dx

k��2
k

�� G
N2/k �Pf�P k

k��2

�®� �¯�¥�©�¥�¥�¹�¥"�®:

�5�Ÿx�  �- f�Ÿx� 
k

k��2

�¸�¥�¡�²k=1�¬�¹�¯�¥�¸�º�´�¤Bennett)1948:(

Dopt �� G
N2 �Pf�P1

3
; �5�Ÿx�  �- f�Ÿx� 

1
3

�º�¥�¸�²�¤:
1.��§�´�°�¡��©�¥�¥�¹��°�©� ��©�¬�¡�·�º�®�¤��©� �º�¤ ,�¤�¥�¥�¹��¤�¬�¹�º�¥�¥�©�²�¤�º�®�¥�¸�º�ª� .
2.��©�§�·�¥�¬�³�±�¥�°�¡�¥�°�©�©�¤�� k �v �. ,��©�¬�¡�·�®�¥�°�©�©�¤�5�Ÿ��� �£�©�§� )AEP.(



56

�¤�°�º�¹�®�¡�¶�·�¡�¤�©�¶�¦�©�¨�°�¥�¥�·)�¤�©�´�¥�¸�¨�°� �µ�¥�¬�©�  ��² (–Variable Rate (Entropy 
Constrained Quantization)

Rate �� H�ŸQ�  �� �"�!
i ��1

N

pi logpi �U

pi �Uf�Ÿyi � Vi �U
f�Ÿyi � 
N�5�Ÿx� 

�u
�U h�Ÿx�  �" �;

Rk

f�Ÿx� log 1
N�5�Ÿx� 

dx ��

�� h�Ÿx�  �" k
2 �;

Rk

f�Ÿx� log 1
�¡N�5�Ÿx� �¢2/k dx ��

Jensen

�u
�u h�Ÿx�  �" k

2 log �;
Rk

f�Ÿx�  1
�¡N�5�Ÿx� �¢2/k dx ��

�� h�Ÿx�  �" k
2 log D

G

�©�´�¬��©� �º��²�¸�¦�©�¨�°�¥�¥�·�¸�¥�¡�²�¯�¥�º�§�º��±�§�¥�¤�¦�¥�5�Ÿ���  .�®� �¢�¹�¥�®�¯�¥�©�¥�¥�¹"�º�¬�§�¥�º�¤�©�¬�²��©�²�¶�¡�®�¹�¤�©�¶�·�°�¥�´�¤�®
�¤�²�¥�¡�·�¤�°�©�¤ ,�®� � �̧®�¥�¬�«"�®=const�5�Ÿ��� .

�º�¥�¸�²�¤:

1.�º�°�¥�«�º�;
Rk �5�Ÿx� dx �� 1�¸�¥�¡�²�º�¢�¹�¥�®=const�5�Ÿ��� �©�°�©�²�¸�¢�¤�¸�¥�¦� �¡.

2.�£�©�§� �¸�¦�©�¨�°�¥�¥�·�¥�°�¬�¡�©�· .�¤�£�¥�¡�²�¤�º�  �²�¶�¡�®�¤�©�´�¥�¸�¨�°� �¤�£�£�¥�·�®.
3.�©�¨�±� �¡�¥��̧¥�°�©�¤�¬�¡�·�º�¤�¹�¸�¦�©�¨�°�¥�¥�·�¤ ,�¸�¥�·�®�¤�¢�¥�¬�©�´�¡�©�¥�¬�º �¥�°�©� �¸�®�¥�¬�« .�¢�©�¸�¹)�³�¥�¶�©�¸�¥�  (�¡�¥��̈¤�©�¤�©�¡�¥�¨

�¸�¥�·�®�¬�«�¬ .�¤�¸�¹�¥�®�¤�¢�¥�¬�©�´�¬�©�¬�®�©�¨�´�¥� �¤�©�´�¥�¸�¨�°� �¤�£�¥�£�©�·.
4.�²�¥�¡�·�¡�¶�·�¡�¤�©�¶�¦�©�¨�°�¥�¥�·�¡�¸�¹� �®�¸�º�¥�©�ª�¥�®�°�¤�°�º�¹�®�¡�¶�·�¡�¤�©�¶�¦�©�¨�°�¥�¥�·�¡�º�¥�¥�©�²�¤�©�«�º�¥� �¸�¤�¬�¯�º�©�° .

��©�§�©�¥�¥�¸�®�¤�°�º�¹�®�¡�¶�·�¡�¤�©�¶�¦�©�¨�°�¥�¥�·�¡"��©�©�®�²�´:"
i.�¤�©�´�¥�¸�¨�°� �£�¥�£�©�·�¥�¬�©�´� �¡�¶�·�¸�´�¹�©�²�¥�¡�·�¡�¶�·�¡�©�¬�®�©�¨�´�¥� �¤�¸�¦�©�¨�°�¥�¥�·�¬.
ii.�³�±�¥�°�¡ ,�²�¥�¡�·�¡�¶�·�¡�¸�¹� �®�¤�°�¥�¹� �¥�¤�¤�°�º�¹�®�¡�¶�·�¡�©�¬�®�©�¨�´�¥� �¤� �̧¦�©�¨�°�¥�¥�·�¤.

�£�®�©�®�¡�¤�©�©�¬�²�¤�§�¥�¥�¸

�º�©�¸�¬�·�±�¤�©�¶�¦�©�¨�°�¥�¥�·)k=1(

3.�²�¥�¡�·�¡�¶�· :N �� 2R

d�Ÿx;x���  ���P x�� �" x�P2 �Px�� �" x�Pr

�5�Ÿx�  �- f�Ÿx� 
1
3 f�Ÿx� 

1
1��r

Dopt �� 1
12N2 �Pf�P1

3

�+�Ÿr � 
Nr �Pf�P 1

1��r

4.�¤�°�º�¹�®�¡�¶�· :R �� H�ŸQ�ŸX� � 



57

�5opt �Ÿx�  �� Uniform�Ÿ�"�. , ���. � 

D2
opt �� 1

12 22h�ŸX� 2�"2R

Dr
opt �� �+�Ÿr � 2rh�ŸX� 2�"rR

�º�©�¸�¥�¨�·�¥�¤�©�¶�¦�©�¨�°�¥�¥�·)k-�º�©�£�®�©�®(

1.�²�¥�¡�·�¡�¶�· :N �� 2kR

d�Ÿx;x���  ���P x�� �" x�P2 �Px�� �" x�Pr

�5�Ÿx�  �- f�Ÿx� 
k

k��2 f�Ÿx� 
k

k��r

Dopt �� G�Ÿ�" � 

N2/k �Pf�P k
k��2

�+�Ÿ�" , r, �7� �Pf�P k
k��r

2�"rR

�¸�¹� �«D�£�®�©�®�¬�º�¥�¥�©�²� �¥�¤:

D �� 1
k E X�� �" X

�7

r

2.�°�º�¹�®�¡�¶�·�¤ :R �� 1
k H�ŸQ�ŸX� � 

�5opt �Ÿx�  �� Uniform�Ÿ�"�. , ���. � 

D2
opt �� G�Ÿ�" � 22 1

k h�ŸX� 2�"2R

Dr
opt �� �+�Ÿ�" , r, �7� 2r 1

k h�ŸX� 2�"rR

� �̄¥�°� �¹ ��±�§)D �v 0,k �v �.(

R�ŸD�  �� RSLB�ŸD�  �� h�ŸX�  �" hmax�ŸD� 

�¸�¹� �«hmax�ŸD� -maximum entropy:

hmax�ŸD�  �l max
�£Z:E�>�ŸZ� �tD�¤

h�ŸZ� 

�¸�¥�¡�²�>�Ÿz�  �� z2
:

hmax�ŸD�  �� h�ŸN�Ÿ0,D� �  �� 1
2 log�Ÿ2�=eD� 

�¸�¥�¡�²MSE:

DShannon
opt ��

entropy-power

22h���Ÿx�. � 

2�=e 2�"2R

�¸�¥�¡�²�¥r�©�¬�¬�«:

DShannon
opt �� �+�Ÿ�. , r, r � 2rh���Ÿx�. � 2�"rR
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� �®�¢�¥�£–�¯�¡�¬�©�±�¥� �¢�¸�¥�·�®:

X �LN�Ÿ0, �@2 � 

f�Ÿx�  �� 1

2�=�@2
e�" x2

2�@2

f�Ÿx�  �� ��
i ��1

k

f�Ÿxi � 

�Pf�P1
3

�� 2�=31.5�@2

h�Ÿx�  �� 1
2 log�Ÿ2�=e�@2 � 

22h�Ÿx�  �� 2�=e�@2

�£�®�©�®�¡�¢�¥�¬�©�´�¤�º�®�¸�¥�°�º�¥�¬�º:

�Pf�P k
k��2

k

2�=e�@2

�Pf�P1/3

�¡�¶�·�©�²�¥�¶�©�¡-�º�¥�¥�©�²:

�@2 D

R�ŸD� 

1
2

log 2�=e
12

Shannon
k �v �.

�·�¶�¡�·�¡�¥�²,
k �±�·�¬�¸�©1=

�¤�¸�¥�¥�§�¹�¬�¹� �°�¥�¯:

�U0.25bit
�·�¶�¡�®�¹�º�°�¤,

k �±�·�¬�¸�©1=

Granular gain
1.5dB

�¸�¥�¥�§�¤�°�¥�¡�²�®�º� �«�£�¥�¸�©
�¬�²�¥�®�º�º� �·�¥�¡�©�©�º�©

1
2

log 2�=31.5

12

�º�¬�¥�©�´�©�¬�¥�¢�®�·�¥�¸.
�¡�®�·�¸�¤�¤�¢� �¥�±�©�¹�¥�¥�¤�¬:

HRQ

� �©�°�¥�º�¬�¥�©�®�·�¥�¸
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Shannon Lower  Bound

R�ŸD�  �� min
�£X��|E�>�ŸX�"X��� �tD�¤

I X;X��

I X;X�� �� h�ŸX�  �" h X|X�� �� h�ŸX�  �" h X �" X��|X �uh�ŸX�  �" h X �" X��

hmax�ŸD�  �l max
�£Z:E�>�ŸZ� �tD�¤

h�ŸZ� 

�¹ �¤�§�°�¤�¡-h(x)��©�©�· .�¯�«�¬:

R�ŸD�  �uh�ŸX�  �" hmax�ŸD�  �l RSLB�ŸD� 
�¤�¥�¡�¢�£�®�©�®�¡�¬�¥�·�¹�¤�¥�¤�¦)�¯�¥�°� �¹�º�¸�¥�¶ (��©�¸�¥�£�«�¤��±�§�¬�¹)�¯� �©�±�¥� �¢ ~�¸�¥�£�« ,�º�©�¬�®�©�±�·�®�¤�©�´�¥�¸�¨�°�  ~�¸�¥�£�«

�º�®�¸�¥�°�º�§�º�U.(

�¤�º�¥�·�©�£�¤-S.L.B:��²�¸�¥�·�®�¬�«�¬h(X)�©�´�¥�±:

R�ŸD�  �" RSLB�ŸD� 
D�v0
�¯ 0

�©�¡�©�¨�©�£�  �¹�²�¸�µ�¥�¸�²�¸�¥�¡�²X �� X�� �� Z�'��±�§�¡�¯�¥�©�¥�¥�¹�¬�¡�·�º�® .�¸�¥�¡�²D�¸�¹�· ��©�©�·�¬�¯�º�©�°�£�©�®�º� �¬�©�¬�¬�«

�¤�¦�©�¡�©�¨�©�£�  ,�¬�¥�¡�¢�¡�ª� D �v 0�©� �̧¹�´�  �£�©�®�º�¤�¦.

�¤�©�¶�¦�©�¨�°�¥�¥�·�¡ �©�¸�¥�¨�·�¥�¥�¤� �̄¥�¸�º�©�¤(Lookabaugh &  Gray 1989)

�©�¸�°�¥�©�¶�¨�±�¸�¥�·�®�§�©�°�°)�¸�¶�¤�¯�¡�¥�®�¡ (X1,X2, . . . ,Xk, . . .�©�¬�¥�¹�¢�¥�¬�©�´��²f��Ÿx� .

�¸�©�£�¢�°�®�¤�¸�¹�¥�®�¤�¯�¥�¸�«�¦�¸�±�§�¸�¥�·�®-f��Ÿx�  .� �¥�¤�¬�¡�·�º�®�¤�¢�¥�¬�©�´�¤:

f�' �Ÿx�  �� ��
i ��

k

f��Ÿxi � 

�²�¥�¡�·�¡�¶�·�¸�¥�¡�²:

DF.R.
�Ÿk��1� 

DF.R.
�Ÿk�  �� 1

12Gk

�Pf��P
1/3

�Pf�P k
k��2

��

space-filling gain

�¦
1

12Gk
��

shaping gain

�Pf��P
1/3

�Pf �' �P k
k��2

��

memory gain

�Pf �' �P k
k��2

�Pf�P k
k��2

�xSpace-filling gain–�©�¸�¬�¥�°�¸�¢�§�¥�¥�¸ :�¡�§� �̧®�¤�©�¥�¬�©�®�®�§�¥�¥�¸�¤
�xShaping gain :�©�°�©�©�´�¥� �¤��¥�§�º�¬�©�°�©�²�¸�¢�¤�¤��¥�§�º�¤�¬�¹�¤�¸�©�´�º�®�§�¥�¥�¸�¤)AEP.(
�xMemory gain–�¯�¥�¸�«�¦�¤�§�¥�¥�¸ :��©�¡�©�«�¸�¤�¯�©�¡�º�¥�¬�º�¹�©�¸�¥�·�®�¬�¹�ª�«�®�§�¥�¥�¸�¤

�¥�¡�²�¤�°�º�¹�®�¡�¶�·�¸:
DV.R.

�Ÿk��1� 

DV.R.
�Ÿk�  ��

space-filling gain

�¦
1

12Gk
��

memory gain

22 h�ŸX1� �" 1
k h�ŸX1,...,Xk � 

�¤��©�©�·� �¬�¤�©�´�¥�¸�¨�°� �£�¥�£�©�·�¡-shaping gain.
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Lecture notes - Signal and Data Compression, Prof. Rami Zamir, 2005

Summarized by Ofer Shayevitz

Compressio n unde r Uncertai nty Conditions

I Lectur e Outline

There are several types of uncertainty. Corresponding to them, there are several information-

theoretic formulations:

² Required quality of reconstruction )

{ Successive Re¯nement (SR) (also Progressive Transmission)

² Channel capacity or noise level )

{ Unequal Error Protection (SR+BCC)

{ Graceful Degradation (Analog vs. Digita l Transmission)

² Network characteristics - Connectivity, Delays, Tra± c loads )

{ Multipl e Descriptions

{ Rateless codes (not discussed)

² Correlative signal known only to the decoder (sensor array transmission) )

{ Hybri d Analog+Digita l Transmission Systems

{ Source coding wit h side information at the receiver (Wyner-Zi v coding)

{ Distribute d source coding (lossy Slepian-Wolf, not discussed)

² Distortio n measure (not discussed))

{ Robust codebooks

{ Side-information dependent distortio n measures

1
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I I Uncertai nty: Require d Quali t y

Di®erent users may require di®erent levels of reconstruction quality, and may want to improve

quality on demand. For instance, transmittin g a large compressed image via the internet may

take some tim e (depending on the size of the image and the speed of connection), so in order for

the user not to get bored the image can be progressively encoded, so that a coarse reconstruction

of the image may be quickly available for display, and as further encoded data is received, a more

re¯ned image wil l be displayed.

I I. 1 Successive Re¯neme nt (SR)

The Setting:

Figure 1: Successive Re¯nement System

If all of the decoders work wit h the same distortio n measure, then

D1 ¸ D2 ¸ D3

Consider the case of two decoding steps. What are the rate pairs (R1; R2) allowing a desired

distortio n pair (D1; D2) ? The best we can hope for is given by the rate-distortio n function:

R1 ¸ R(D1) (1)

R1 + R2 ¸ R(D2)

2
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and say that a source is successively re¯nable if the rates in (1) are attainabl e for every D2 · D1.

In [1] it was proved that a necessary and su±cient condition for a source to be successively

re¯nabl e is the existence of a conditional distribution p(x̂1; x̂2 j x) so that

Ed(X ; X̂ 1) · D1 ; I (X ; X̂ 1) = R(D1)

Ed(X ; X̂ 2) · D2 ; I (X ; X̂ 1; X̂ 2) = R(D2)

and

p(x̂1; x̂2 j x) = p(x̂2 j x)p(x̂1 j x̂2) (2)

where equation (2) is equivalent to saying that X ; X̂ 1; X̂ 2 can be writte n as a Markov chain

X ! X̂ 2 ! X̂ 1, where X̂ 1 is the courser reconstruction of X and X̂ 2 is the ¯ner one. Notice that

thi s also implies I (X ; X̂ 1; X̂ 2) = I (X ; X̂ 2).

A practical system in the spirit of successive re¯nement is a multistage quantizatio n system:

Figure 2: Multistag e Quantizatio n System

3
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I I I Uncertai nty: Channe l Capaci t y / Nois e Level

Communicating a sourceover a channel whosecapacity isunknown in advancemay tur n disastrous

whenever the instantaneouscapacity is too low, and possibly no decent reconstruction of thesource

can be guaranteed. In thi s section we describe two di®erent approaches to thi s problem: One

employs a source code and a channel code that enable some level of reconstruction dependent on

the realized channel, and the other tries to guarantee that the distortio n degradation when the

capacity is somewhat lower than expected wil l not be severe.

I I I. 1 Unequa l erro r protection

Consider several transmission scenarios:

1. Channel capacity is known to the transmitte r and compressor) The compressor can match

the codebook to the channel.

2. Channel capacity is known to the transmitte r but not to the compressor (e.g., compres-

sion is performed on a remote computer) ) The compressor can use a SR source code,

the transmitte r decides how many levels of re¯nement to use for transmission. Another

practical (but less optimal) alternati ve is transcoding, where the compressor uses a single

¯xed codebook (not SR type) and the transmitte r performs "recompression" according to

the available capacity.

3. Channel capacity unknown to the transmitte r and compressor) Separation principl e (see

remark at the end of the section): Concatenate a SR source code wit h a broadcast type

4
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channel code. Every re¯nement level is suited to a virtua l user that "sees" a channel with

capacity that can accommodate the required rate. E®ectively, the decoder uses the maximal

number of re¯nement levels the instantaneous capacity allows, wit h high level re¯nements

(dedicated to better receivers) acting as noise and reducing capacity. Thi s is referred to as

unequal error protection, since the higher re¯nement levels are less "protected" from noise

in the channel, and wil l only be decoded by the better receivers.

In a Gaussian channel where it is known that SN R ¸ SN Rmin , the transmitte r can use a

broadcast code suited for a degraded Gaussian broadcast channel. For instance, wit h two

levels of re¯nement , the corresponding degraded broadcast channel for which the channel

code is designed is

where

Z1 » N (0; ¾2
1) ; Z 0

2 » N (0; ¾2
2 ¡ ¾2

1)

The capacity region for thi s channel is of the form

5



76

Notice there is an inherent trade-o® between the rates. The higher the rate we want to

dedicate to the bad receiver, the lower the rate we can provide to the good receiver.

concatenating the SR source code wit h the broadcast channel code we get

wit h an achievable distortio n region of the form

Figure 3: Achievable distortio n region for SR+BCC

6
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Notice that the separation principl e does not apply here since thi s is not a point-to- point

setting, and thus our suggested solution is not optimal . Indeed, as we shall see in the next

subsection, in certain situations a better distortio n region (D1; D2) can be attained using methods

that are not purely digital.

I I I. 2 Gracefu l Degradation

Transmittin g over a channel wit h unknown SNR (or to several users wit h di®erent SNR's):

1. Limitation s of pure digita l transmission: The "threshold phenomena" - When transmission

rate exceeds the instantaneous channel capacity, The block error probabili ty tends to one.

2. Limitation s of analog transmission (FM,SSB,AM):

Assume a °at Gaussian source wit h a quadratic distortio n measure over a °at AWGN

channel and no bandwidth expansion½
4
= B c

B s
= 1.

Figure 4: Flat Gaussian source over a °at AWGN channel

Fundamental limits:

R(D) = C ) Bs log
³ ¾2

s

D|{z}
SN Rout

´
= Bc log

³
1 +

P
BcN0| {z }
SN R c

´
) SN Rout = (1 + SN R c)½

Transmittin g using SSB :

7
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The input to output SNR relation is given by:

SN Rout = 1 + SN R c

Since the channel is static, the Wiener factor ¯ is assumed to be matched to the channel

(i.e., the SNR is known to the receiver but not to the transmitter) . We therefore see that

analog transmission attain s (for ½= 1) the ideal rate distortio n point . Hence when the

noise level increases, the distortio n increases as well but in a graceful manner, and there is

no threshold phenomena as in digita l transmission (not tru e for FM).

For ½> 1 we can repeat the analog transmission in adjacent frequency bands and we get

SN Rout = 1 + ½SN R c

Which grows only linearly (rather than exponentially ) with ½, and if the constraint is on

the tota l transmitte d power, we have no gain from the bandwidth expansion at all. Hence

we see that analog transmission does not take full advantage of bandwidth expansion, and

similarly cannot approach capacity for a colored noise channel.

I V Uncertai nty: Network Characteristics

In many situations, the network through which the source is communicated may encounter unex-

pected tra± c loads, delays, and packet losses. It is therefore essentia l that the user wil l be able

to create a decent reconstruction of the source based on partia l data only. Notice that a solution

to thi s problem must be essentiall y di®erent from progressive transmission (e.g., SR) as there is

no guarantee to what part of the source description ends up at the user's terminal.

IV. 1 Multipl e Description s (MD ) (or Di versi t y Sourc e Coding)

Goal: Describe the source using two (generally several) di®erent "stand-alone" descriptions, so

that possessing both provides a better reconstruction of the source. Useful for packet loss in

internet communications.

The MD block diagram is depicted on the next page. Generally,

R1 + R2 ¸ R(D0)

We say that there is no excess rate when the above is satis¯ed wit h equality, meaning that the

two descriptions "complement" each other so that there is no rate loss w.r.t . a single description

attainin g the same distortion D0. In general, we cannot have both R1 + R2 = R(D0) and

Ri = R(D i ) ; i = 1; 2.

the MD problem is characterizing the achievable rate pairs (R1; R2) for a desired distortion

8
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triple t (D0; D1; D2). It was shown [2] that any pair satisfying the conditions below is achievable:

R1 · I (X ; U)

R2 · I (X ; V )

R1 + R2 · I (X ; U; V ) + I (U; V )
| {z }

Excess term between U and V

for some pair of r.v.' s (U; V ) (which represent the two descriptions) such that

9 X̂ 1(U); X̂ 2(V ); X̂ 0(U; V )

satisfying (D0; D1; D2). The full solution of thi s problem is however not yet available, except for

the quadratic Gaussian case that was solved by [3].

Figure 5: Multipl e Descriptions System

V Uncertai nty: Correlati ve Signal Kn own Onl y t o th e Decoder

In thi s section we discuss the situation where the decoder has side information in the form of a

signal correlative to the source, that is not available at the encoding terminal . We present settings

where thi s may occur and means of utilizin g thi s side information to attai n a lower encoding rate.

V. 1 Hybri d Analog+Digita l Systems

1. Systematic transmission (back-compatibili ty):

9
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The decoder can use the analog data as side information . The encoder has no access to the

received distorted analog signal, but nonetheless can encode the digita l data to allow the

decoder to use thi s side information . Thi s re¯nement without a reference point is called

coding with side informatio n at the receiver, or Wyner-Zi v coding, and is discussed on the

next subsection.

2. Analog Re¯nement:

Digita l encoding is designed for the bad receiver, and analog re¯nement data is sent for the

bene¯t of the better receivers, providing them wit h the graceful degradation property.

10
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Figure 6: Hybri d System using Analog Re¯nement

V. 2 Wyner-Zi v (WZ ) Coding

The Wyner-Ziv problem is one of encoding wit h side information available only to the decoder. It

is desirable to utiliz e the existence of thi s side information to attai n a lower encoding rate albeit

the information is not available while encoding. The basic idea is demonstrated in the following

riddle: Assume the ambient temperature is a nonnegative integer, that changes by exactly one

degree (up or down) every day. Alice knows the temperature yesterday, and she wants to ¯n d out

the today's temperature by receiving a single bit from her friend Bob, who knows it but already

forgot yesterday's temperature. How is that possible? Solution: Bob transmit s a zero if today's

temperature divides by four, and one otherwise.

A Gaussian setting of the problem is depicted below:

X = Y + Z ; Z ?? Y ; X » N (0; ¾2
x ) Z » N (0; ¾2

z )

11
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The achievable rate-distortio n function RW Z
xjy (D ) satis¯es

Rxjy(D ) =
1
2

log(
¾2

z

D
) = RW Z

xjy (D )

Generally however

Rxjy(D ) · RW Z
xjy (D )

The proof [4] uses a random binning technique and is nonconstructive. We now described a

constructive solution using algebraic binning [5].

Encoder's structur e :

² ¤ 1: Fine lattice, volume determined according to the required distortion D .

² ¤ 2: Coarse lattice, volume determined according to the a-priori uncertainty at the decoder,

i.e., proportional to ¾2
z .

² ¤ 2 is nested in ¤ 1 (D < ¾2
z )

² ® =
q

1 ¡ D
¾2

z
is the Wiener coe±cient.

Decoder's structure:

The rate attained by thi s scheme is

R =
1
K

log
µ

V2

V1

¶
¼

1
2

log
µ

¾2
z

D

¶
(for a large dimension K )

Where Vi is the basic cell volume of ¤ i . Notice that for ® = 1 we get x̂ = Q¤ 1 (x).

12
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Th e basi c idea: Assume® = 1. The encoder quantizes the source w.r.t . ¤ 1 (using dither

to create a uniform distributio n over the cell and satisfy the required distortion D), performs a

modulo-¤ 2 operation, and sends the result. The decoder now knows that the (quantized) source

point is one of an (in¯nite- numbered) coset points of the received point . The decoder also knows

Y and therefore knows that the correct point resides, wit h high probabili ty, in a ball of radius

¾2
z around y, which corresponds to a cell of ¤ 2 centered at y. The decoder then places a lattice

cell centered at y, and selects x̂ as the (single) coset point of the received point (w.r.t . the lattice

¤ 2), that intersects wit h that cell.
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