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1 Introduction

Variable-rate lossless compression — or entropy-coding — is an efficient method for enhancing the com-
pression performance of quantizers [11, 3]. This paper investigates the role of entropy-coding when
the quantizer codebook is mismatched with respect to the source distribution. Our motivation mainly
comes from Ziv’s concept of universal quantization for lossy compression of real-valued sources with
unknown statistics [32]. Ziv’s scheme uses a source independent randomized (“dithered”) lattice quan-
tizer, which is scaled to meet the target distortion level. The quantizer is followed by a universal lossless
encoder which reduces the coding rate to the entropy of the quantized source sequence. Neuhoff [20]
suggested that the universal quantizer could be viewed as an efficient combination of a “simple” ro-
bust quantizer and a “complex” lossless encoder. Variations on the problem of entropy-coded dithered
quantization (ECDQ) can be found in [27, 28].

Intuitively, the quantizer mismatch leaves much room for rate savings using optimum entropy-
coding. For example, the un-coded rate of an unbounded lattice quantizer is infinite, but it becomes
finite after entropy-coding if the source has finite variance. More interestingly, in contrast to optimum
entropy-constrained vector quantization (ECVQ) [10, 19], entropy-coding a mismatched quantizer
remains beneficial even in the limit of large vector dimension.

One of the central results of universal quantization theory is that, after entropy-coding, the rate
loss of the universal quantizer with respect to the optimum ECVQ is bounded by a universal constant,
for all sources [32, 27]. For example, for squared error distortion, the rate loss of a k-dimensional
lattice ECDQ is bounded by (1/2) log(4meGy,) bits, where G, is the normalized second moment of the
lattice; this bound is ~ 0.754 bits for k = 1, and it converges to 1/2 bit as kK — oo (where log = log,).
However, the results of this theory are limited to lattice structured quantizers, and more specifically
to those lattice dimensions and distortion measures which are covered by lattice coding theory.

The purpose of this paper is to develop a structure-free framework for mismatched, entropy-coded
quantization, based on random coding techniques. The random coding framework makes it possible
to characterize and quantify the gain due to entropy-coding and the loss due to quantizer mismatch,
in the limit of large dimension. In particular, we will derive a universal bound for the worst-case rate
loss of entropy-coded mismatched random codebooks, analogous to the half-a-bit bound for lattice
ECDQs described above.

Mismatched random codebooks for fized-rate lossy source coding have been investigated by Sakrison
[22, 23], Zhang and Wei [31], Lapidoth [17], Zamir and Rose [29], and others. See [12, 13] and the
references therein. In the framework of approximate string matching, source coding with a mismatched
database has been considered by Steinberg and Gutman [24], Yang and Kieffer [25], and Dembo
and Kontoyiannis [7], among others. Although the string matching approach leads to wariable-rate
coding schemes, it does not exploit the full power of entropy-coding when the database statistics are
mismatched. Preliminary results on the rates achieved by mismatched random codebooks for finite-
alphabet sources appear in [26]. Here we develop stronger results in a more general framework, making

it possible to consider a richer class of sources and to create a formal connection between ECDQ and



entropy-coded random codebooks.

We begin by deriving asymptotic single-letter characterizations for the compression rate achieved
by two different coding schemes, both based on a random codebook C, = {Y*(i), i = 1,2,...}
consisting of i.i.d. n-dimensional words Y;", each having i.i.d. components generated by an arbitrary
distribution ). Given a source string X" to be compressed with distortion D or less, we consider the
index Ny, of the first codeword in C, that matches X7 within distortion D. Our first result says that
as n — 0o, the empirical distribution of this first matching word converges to a distribution Q}‘;Q D
which can be identified as the solution of an single-letter minimization problem. [Here P = P; denotes
the first marginal of the source distribution.] The proof is based on large deviations techniques, and
generalizes the “favorite type theorem” of [29].

Using this result we establish an upper bound on the rate achieved when such a random codebook
is used in conjuction with entropy-coding: Suppose that the encoder first finds the first D-close match
at position N,,, and then entropy-codes the index N,, conditional on the codebook C,,. The rate thus
achieved is

H(N|C) 2

o1
lim —H(N,|C,).
n—oo N
We then compare our bound with the limiting rate R(P, @, D) achieved in the “naive coding” scenario,
where the encoder simply transmits the index N, using Elias’ code for the integers,

R(P,Q,D) = lim ~log(N,,).

n—-oon

We show that the rate gain of entropy-coding over the naive coding scheme satisfies
rate gain = R(P,Q,D) — H(N|C) > H(Qpqpl|Q) bits/symbol,

i.e., it is at least as large as the relative entropy between the limiting empirical distribution of Y{"(N,)
and the codebook generating distribution (). This lower bound is strictly positive unless @ is a
rate-distortion function achieving output distribution.

Of particular interest is the case of universal Gaussian codebooks: Suppose we encode a real-
valued memoryless source using a white Gaussian codebook ~ N(0,7?), with respect to squared
error distortion. If we take the codebook variance 72 to be large, the codebook distribution becomes
flat and it is tempting to think that the codebook itself looks approximately like the codebook of a
lattice quantizer. Indeed, we show that as 72 — oo the rate H(N|C) achieved by entropy-coding this
Gaussian codebook coincides with the rate of a dithered lattice quantizer with large lattice dimension,
and both are given by

T%i_r)nooH(N|C) =I(X;X + Zp) bits/symbol,
where I(X; X 4+ Zp) denotes the mutual information between the first source symbol X and X + Zp
where Zp is an independent N (0, D) random variable. Combining this result with well-known facts
about universal quantizers [32, 27], it follows that the naive coding rate is going to infinity as 72 — oo,

whereas the limiting rate achieved by entropy-coding, I(X;X + Zp), is at most 1/2 bit above the



rate-distortion function of X. This new derivation provides an interesting bridge between universal
quantization theory and mismatched random coding theory.

In the more interesting case of sources with memory, we argue that the coding gain due to entropy-
coding is even larger. This is in sharp contrast to the naive coding scheme, which yields identical
compression performance on a memoryless source and on a source with memory but the same first-
order marginal distribution. In particular, for the case of memoryless Gaussian codebooks with large
variance, we argue that the entropy-coding scheme achieves a rate equal to the mutual information
rate I(X,X + Zp), where Zp is an independent white Gaussian process with variance D. As
before, this in turn implies that the rate of the entropy-coded scheme is no greater than R(D) + 1/2
bits/symbol, where R(D) is the rate distortion function of the entire source, and not just the first-order
rate-distortion function.

More importantly, we show that these results generalize beyond the Gaussian case to a much wider
class of codebooks, namely, “approximately flat” codebooks with distributions of exponential type,
and to general difference distortion measures. In this case we again quantify the entropy-coding gain,
and show that the resulting compression rate is bounded above by R(D)+C* bits/symbol, where R(D)

is the rate-distortion function of the source, and C* is an upper bound for the *

‘min-max capacity”
defined in [30]. This is a new generalization of the well-known half-a-bit bound derived for dithered
lattice quantizers [27] to the case of general difference distortion measures. Moreover, it implies the
existence of a single codebook which is universal with respect to both the source distribution and the

distortion criterion.

The paper is organized as follows. In Section 2 we describe in detail the entropy-coding scenario
and the naive coding scheme based on a mismatched random codebook, and we state the main result on
the index entropy in Theorem 1. Section 3 contains two important examples illustrating the entropy-
coding gain, including the case of universal Gaussian codebooks mentioned above. In Section 4 we
state and prove an almost sure conditional limit theorem (Theorem 3), which forms the basis for the
favorite type theorem (Theorem 2) and for the proof of Theorem 1 which is given in Section 5. Finally,
in Section 6 we give tighter bounds on the index entropy and the entropy-coding gain for sources with

memory.

2 The Performance of Mismatched Codebooks

In this section we characterize the compression performance achieved by memoryless random code-
books when used to compress data generated from a stationary ergodic source. Two coding scenarios
are considered: The “naive coding” scenario where data is simply described by the index of the first
match in the codebook, and the “entropy-coded” case where this index is entropy-coded.

In Section 3 we compare the performance of these two schemes, and explicitly evaluate the entropy-

coding gain in two important special cases.



2.1 Notation and Definitions

We begin by introducing some basic definitions and notation that will remain in effect for the rest of
the paper.

Consider a stationary ergodic process (or source) X = {X,, ; n > 1} taking values in the source
alphabet A. We will assume throughout that A is a complete, separable metric space, equipped with
its associated Borel o-field A. For the sake of simplicity we also make the (rather harmless) assumption
that all singletons are measurable, i.e., {z} € A for all z € A. Similarly, for the reproduction alphabet
A we take (A,A) to be the Borel measurable space corresponding to a complete, separable metric
space A and assume that {y} € A for all Yy € A. We write Xij for the vector of random variables
Xij = (X, Xit1,...,X;), and similarly xf = (i, Tit1,...,7;) € AT7! for a realization of these
random variables, —oo < 4 < j < oco. We let P, denote the marginal distribution of X7 on A"
(n > 1), and write IP for the distribution of the whole process. We use P for the first marginal P;.

Given an arbitrary nonnegative (measurable) function p : A x A — [0,00), define a sequence of

single-letter distortion measures p, : A" x A" — [0,00) by

Al -
pulat,yl) = — z;p(:vi,yz') zf € A",y € An.
1=
For a distortion level D > 0 and a source string 7 € A", we write B(z, D) for the distortion-ball of
radius D around z7:
B(a}, D) = {y} € A" : pu(at,y]) < D}.

Throughout the paper, log denotes the logarithm to base 2 and In denotes the natural logarithm.
Unless otherwise mentioned, all familiar information-theoretic quantities (entropy, mutual information,
and so on) are assumed to be defined in terms of logarithms taken to base 2, and are therefore expressed
in bits.

2.2 Random Codebooks

Given a probability measure @ on the reproduction alphabet A, a memoryless random codebook C,
with distribution @) is an infinite sequence of i.i.d.random vectors Y{*(3), i > 1, with each Y]"(7) being
distributed according to the product measure Q" on A™. In other words, the components of Y"(i) are
i.i.d. with distribution ). We write

Cn 2 {(¥'(); i > 1}

for the entire codebook, and we call ) the codebook distribution.

Suppose that, for a fixed n, this codebook is available to both the encoder and decoder. Given a
distortion level D and a source string X7' to be described with distortion D or less, the encoder looks
for a D-close match of X' into the codebook C,,. Let N, be the position of the first such match,

No = inf{i > 1 : pa(XT,¥7"(0)) < D},



with the convention that the infimum of the empty set equals +o00. Roughly speaking, the way the
encoder describes X1 is by describing the position N, of this first match.
Given a codebook distribution () on A, we define

A .
Dpin = EP[e}S,SJSf p(X’ Y)]
A
Dav = EPXQ[p(Xa Y)]a

where P = P; denotes the first order marginal of X.! We will assume throughout that D,, is finite.
Clearly 0 < Dpin < Dyy,. To avoid the trivial case when p(z,y) is constant for (P-almost) all z € A,

we assume that with positive P-probability p(z,y) is not essentially constant in y, that is:
Dmin < Dav-

Note also that for D greater than D,, the rate-distortion function R(D) of X is zero, and that for
D below Dyyin no match can ever be found. Therefore, from now on we restrict our attention to the
interesting range of distortion levels D € (Dpin, Day ).

We counsider two possible ways in which the encoder can transmit N,: The simplest thing to do
is describe N,, directly, using some predetermined code for the positive integers; see, e.g., [9]. This
can be done with approximately (log N,,) bits. Alternatively, once the codebook C,, has been fixed,

the encoder may choose to “entropy-code” N,,, giving it an average description length of roughly
H(N,|C}) bits.

2.3 Naive Coding

First we consider the case when the encoder describes the index N,, without entropy-coding; we refer

7 To avoid potentially infinite searches in the codebook, we make

to this scenario as “naive coding.
the simplifying assumption that the encoder only describes N,, when it is smaller than 2"°, where b is

some positive constant to be chosen later. Accordingly, we define the truncated index N},:

s N, if N, < |27],
" | (2] +1, otherwise.

When N,, exceeds |2"°|, the encoder uses an alternative description for X. In order to ensure that
such a description can be given with finite rate, we introduce the following simple conditions; cf.
[14, 16, 7].

(WQC): For a distortion level D > 0 we say that the weak quantization condition (WQC) holds
at D if there is a (measurable) scalar quantizer ¢ : A — B C A" such that B is a finite or countably
infinite set, and

p(z,q(z)) <D forall z € A.

'Recall that the essential infimum of a function g(Y) of the random variable Y with distribution Q is defined as
essinfy~qg g(Y) =sup{t e R : Q{9(Y) >t} =1}



(pSQC): For a distortion level D > 0 we say that the p-strong quantization condition (pSQC) holds
at D for some p > 1, if (WQC) holds with respect to a scalar quantizer ¢ also satisfying

M, £ {Bp[(~log u(g(X1)))"}” < o,

where p denotes the (discrete) distribution of the quantized random variable ¢(X).

Note that for all p’ > p > 1 we clearly have (p'SQC) = (pSQC) = (WQC), and that if the
quantizer ¢ of (WQC) has finite range then (pSQC) automatically holds for all p > 1. In particular,
(1SQC) amounts simply to the requirement that there exists an appropriate scalar quantizer ¢ with
H(g(X1)) < oo.

The encoder describes XT* with distortion D or less in two steps. First, a description of N}, is given
using Elias’ code for the integers [9]. This takes

log N, + 2loglog N} + O(1) bits. (1)

If N! < [2"], then N, = N! and the above description is sufficient for the decoder to recover a
D-close version of X7 from the codebook, so the second step is omitted. And if N/, = |2"%] + 1, then

the encoder also gives a representation of X7 with distortion D or less using the quantizer ¢ provided
by (WQC). This can be given in

> [~ logu(q(Xi))]  bits.
=1

Let £,,(X7) denote the overall description length of the algorithm just described. As we will see the
constant b can be chosen in such a way that IV, will eventually be small enough so that the encoder
will never need to resort to the alternative coding method. Therefore, in view of (1), to understand
this code’s compression performance (i.e., to understand the asymptotic behavior of £,(X7)) it suffices
to understand the behavior of (log N,,) for large n.

Suppose that a source string X7 is given; the probability that any particular codeword Y7*(i)
matches X" with distortion D or less is Q™ (B(XT, D)). If this probability is nonzero, then, conditional
on X7, the distribution of N, is geometric with parameter Q™(B(XT, D)). From this observation it is
easy to deduce that N,, is close to its mean, namely 1/Q™(B(XT, D)), when n is large. The following

result is an easy consequence of this fact and of Theorem B below.

Theorem A. Naive Coding Performance: Suppose that X is a stationary ergodic source with first-
order marginal P; = P, and that () is an arbitrary codebook distribution on A with D, < oo. If
D € (Din, Dyy) and X satisfies (WQC) at D, then for almost every sequence of memoryless random
codebooks C, with distribution Q:

o1 .1 .
nlgrolo ;én(X{‘) = nli)n;o;k)gN” = R(P,Q,D) bits/symbol, w.p.1.

The rate-function R(P, @, D) is defined as

R(P,Q,D) = iVIIl,fH(WHP x Q), (2)

7



where H(W||V) denotes the relative entropy between two probability measures W and V,

HW|V) A Eywy[log %], if the d'ensity % exists,
o, otherwise,
and the infimum in (2) is taken over all joint distributions W on A x A such that the first marginal of

W is P and Ew[p(X,Y)] < D. This result holds as long as the constant b is chosen b > R(P,Q, D).

See Section 3 for specific examples where the asymptotic rate R(P, Q, D) can be explicitly evalu-
ated.

Theorem B. [7]: Let X be a stationary ergodic source with first-order marginal distribution P,
and let () be an arbitrary codebook distribution on A with D,, < co. Then for all D € (Dmin, Day):
1
lim ——log Q" (B(X7,D)) = R(P,Q,D) w.p.1.
n

n—00

2.4 Entropy-Coding the Index

Next we consider the case of entropy-coding, where, after the codebook C), has been fixed, the encoder
uses the conditional distribution (given C,) of the position of the first D-close match to optimally
describe this position to the decoder: The truncated index N}, is first described using H(N},|C,,)+0(1)
bits, on the average. As before, if N, < |2"°| this offers a complete D-close representation of X7.
Otherwise, the encoder adds to this an alternative representation of X7* using the quantizer ¢ provided
by (WQC). On the average, this takes

zn: Ep (f— log u(q(Xz-)ﬂ) bits.
i=1

Let £,(X7) denote the overall description length of the above coding scheme. Next we give an
upper bound on the asymptotic rate it achieves. Given an arbitrary codebook distribution @) on A,
define the lower mutual information (LMI) [26, 31] by

A
I, (P|Q,D) = inf I(X;Y
APIQD)E |t IXGY), 6

where I(X;Y) denotes the mutual information between X and Y, and the infimum is taken over all
jointly distributed random variables (X,Y’) such that X ~ P, Y ~ @, and Ep(X,Y) < D. Using
the chain rule for relative entropy it is easy to verify that the earlier rate-function R(P,Q, D) can be

expressed as
R(P,Q,D) = infll(PIQ, D) + H(QIQ)] (4)

where the infimum is over all probability measures @ on A. As we show in Section 4.1, the minimizer

of (4) exists and is unique, and we denote it by Qp g p:

Qp,q,p = arg min[T,,(P||Q, D) + H(Q|Q)]-
Q



Theorem 1. Entropy-Coding Performance: Suppose that X is a stationary ergodic source with
first-order marginal distribution P, and that ) is an arbitrary codebook distribution with Dy, < oo.
Assume that D € (Dmin, Day) and that X satisfies (pSQC) at D for some p > 1. Then the rate of the
entropy-coded scheme with memoryless codebooks C,, with distribution (), satisfies,

limsuplE[En(X{‘)] = limsule(NMCn) < In(P||Qpg,p, D) bits/symbol, (5)

n—oo T n—oo 1N

where the expectation is taken over both the message X{* and the random codebook C,,. This result
holds as long as b > R(P,Q, D).

We immediately obtain from this:

Corollary 1. Entropy-Coding Gain: Under the assumptions of Theorem 1, the rate gain of entropy-

coding over the naive coding scheme is at least
R(P,Q,D) — In(P||Qpg,p, D) = H(Qp,pllQ) bits/symbol. (6)

As shown in [26], entropy coding without conditioning on the codebook yields a rate equal to the
naive coding rate. Thus, the quantity in the right hand side of (6) can also be thought of as the
rate-gain due to matching the entropy coder to the specific realization of the codebook.

In Section 6 we generalize and refine the bound (6). The discussion there suggests that it is tight
for memoryless sources, and that the gain is even greater for sources with memory.

The measure Qp  p, has an interesting coding interpretation that will be clarified further in The-
orem 2: When n is large, the empirical distribution of the first matching codeword Y*(N,) in the
codebook is close to Q*P,Q, p with high probability. In the case of discrete memoryless sources this
phenomenon can be explained using the method of types as in [29]. The lower mutual informa-
tion I, (P||C§, D) represents the rate achieved by a fixed-composition codebook, namely a codebook
consisting exclusively of codewords with type Q. Equivalently, I,,,(P||@, D) is the exponent in the
probability that a source string will match a type-@ string with distortion D or less. In this light, a
memoryless random codebook with distribution ¢) can be thought of as a union polynomially many
fixed-composition codebooks, where the proportion of words of type Q is exp[—nH (@HQ)] Now,
codewords of type @ = @ are very frequent in the codebook but their lower mutual information is
very low, whereas codewords of type C~2 = Q*P, p»> Where Q*P, p achieves the rate-distortion function
(11), have the lowest lower mutual information but they are too rare in the codebook. Therefore, we
can think of the achieving measure @ = Qpg.p in (4) as corresponding to the codeword type that
strikes the optimum balance between the competing requirements of high matching probability and
high frequency in the codebook.

Note that it follows from (3) and (4) that

with equality in both inequalities if and only if  achieves the rate-distortion function in (11).



Proof. The equality in (5) follows simply from the observation that E[L,(XT)] > H(N}|C,)

combined with

BL.XT)] < H(N,ICy) + B S {[=log u(a(X)) + Uiy zwpsny } | + O(1)
=1
< H(NIICL) + n(M, + VPN, > 2] +1) + 0(1)
(b)
< HWICL) +oln), ™

where [ denotes the indicator function of an arbitrary event F, (a) follows by Hoélder’s inequality,
and (b) follows from Theorem B.
The existence of Q}BQ p is established in Section 4. The inequality in (5) is the main technical

content of the theorem; its proof is given in Section 5. O

3 The Entropy-Coding Gain

In this section we illustrate the gain of entropy-coding over the naive coding scheme in two particular
instances where it can be explicitly evaluated. As mentioned in the introduction, we first consider the
case of Gaussian codebooks with large variance. Since such a codebook distribution is approximately
uniform over the whole real line, it is tempting to think of the entropy-coded scheme as a “randomized”
version of an entropy-coded, uniform lattice quantizer. Indeed, we show that, as the codebook variance
grows to infinity, the rate achieved by the entropy-coded scheme is at least as good as the asymptotic
rate of entropy-coded dithered quantization (ECDQ)

Then in Section 3.2 we consider a more general class of approximately uniform, or “asymptotically
flat,” codebook distributions, corresponding to appropriately defined exponential families. In this case
we argue that the resulting compression performance can be determined in a way analogous to the

analysis given for the Gaussian case.

3.1 Universal Gaussian Codebooks

Let X be a stationary and ergodic, real-valued source to be compressed, and suppose X has zero
mean E(X;) = 0 and finite variance 02 = Var(X;) < oo. We consider memoryless random codebooks
generated according to the Gaussian distribution QQ ~ N(0,72), and we take p be the squared-error
distortion measure p(z,y) = (z —y)?. Under these assumptions, the rate achieved by the naive coding

scheme is [7],

o, D=0
R(P,Q,D): %log(%)—(loge)%’ 0<D<0.2+7_2 (8)
0, D > o%+ 72,
where



[Note that here D, = 0, Dy = 02 + 72.] We observe that in this case R(P,Q, D) depends only on
the first and second moments of the source distribution, and that asymptotically for large codebook
variance it takes the form

R(P,Q,D) = %log (eT—D) +o(1) (9)

where o(1) — 0 as 72 — oo.

Remark: In more familiar information-theoretic terms, the rate-function R(P,Q, D) can equiva-

lently be expressed as

R(P,Q,D) = inf [[(X;Y)+ H(Qv|Q) (10)

where the infimum is over all jointly distributed random variables (X,Y") with values in A x A, such
that X has distribution P, F[p(X,Y)] < D, and Qy denotes the distribution of Y7; cf. [25].

This expression shows that, typically, the rate achieved by the naive coding scheme is strictly
suboptimal, unless of course the source itself is memoryless and @ is chosen to minimize R(P, @, D).
In fact from (10) it is immediate that for a memoryless source with rate-distortion function R(D) we

indeed have

R(D) = inf R(P,Q, D), (11)
Q

where the infimum is over all probability distributions Qon A.

Ezample. Known Variance. Now suppose that the source X is believed to be i.i.d. Gaussian with
N(0,0?) distribution. As is well-known [1, 4], for any D € (0,02) the optimal coding distribution
is Q* ~ N (0,02 — D), therefore we construct memoryless random codebooks according to Q*. But
instead of the Gaussian source we expected, we are faced with data from some arbitrary stationary
ergodic X with zero mean and variance 0. From the previous example it follows that the asymptotic

rate achieved by the naive coding scheme will be [substituting 72 = 02 — D in (8)]

1 o2 .
3 log (5> bits/symbol.

This is exactly the rate-distortion function of the i.i.d. N(0,0?) source, so the rate achieved is the
same as what we would have obtained on the Gaussian source we originally expected. This is yet
another version of the folk theorem that the Gaussian source is the hardest one to compress, among

all real-valued sources with a fixed variance; cf. [17].

Turning back to the general case, suppose X is a zero-mean, stationary and ergodic, real-valued
source, with variance 02 = Var(X1) < oo, and let the codebook distribution be @ ~ N(0,72). Choose
and fix a distortion level D > 0. From (9) we have that, for 72 large, the rate achieved by the naive
coding scheme is

log(7) + O(1) Dbits/symbol

11



which of course grows to infinity as 72 — co. On the other hand, as we show in the following propo-
sition the rate achieved by the entropy-coding scheme stays bounded, and for memoryless sources it
coincides with the asymptotic (large vector dimension) rate of entropy-coded dithered lattice quanti-
zation (ECDQ). This confirms the natural intuition that the behavior of a random codebook with an

approximately flat distribution should mimic the behavior of an entropy-coded uniform quantizer.

Proposition 1. Entropy-Coding Gain for Universal Gaussian Codebooks: Let X be a real-valued,
zero-mean, stationary ergodic source, with finite variance 02 = Var(X1), let D > 0 be a fixed distortion
level, and take Q ~ N(0,72). Let ®@pop be as in Theorem 1. We have:

i) The measure Q% converges to P * N(0,D) as 7 — o0, in that Q7 has a density fox Y
PQD PQD Qpop
(with respect to Lebesgue measure) for all 7 large enough and

fQ}QD (y) = Ep[ép(y — X)] as 72 = oo, for all y € R,
where ¢p denotes the density of the N (0, D) distribution.
(ii) The upper bound In,(P||Qpgp, D) to the rate achieved by the entropy-coding scheme satisfies
lim In,(P||@pgp,D) = I(X;X + Zp) bits/symbol,
7200
where X ~ P, and Zp denotes a N (0, D) random variable independent of X.

(iii) If the source X is memoryless then as 7 — oo the rate achieved by the entropy-coding scheme
is no greater than

1
R(D) + 2 bits/symbol,
where R(D) is the rate-distortion function of X.

A proof outline for Proposition 1 is given in Appendix A. As we will discuss in Section 6, for
sources with memory the entropy-coding gain is generally significantly larger. In fact when X is not

memoryless:

1. the rate achieved by the entropy-coding scheme is actually equal to the mutual information rate

I(X; X + Zp), where Z is a white Gaussian process with variance D;

2. the result in part (iii) of the proposition is valid for all stationary and ergodic sources.

3.2 Approximately Flat Codebooks and Difference Distortion Measures

We now extend the asymptotic result above to more general codebook distributions and to arbitrary
difference distortion measures (not necessarily squared error).

Suppose that A = A = R and that p is a difference distortion measure of the form p(z,y) = p(y—x)
for some p : R — [0, 00). Here we consider real-valued, stationary ergodic sources X, and codebook

distributions @) that have a density fg (with respect to Lebesgue measure).
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We begin by deriving a lower bound for the rate-function R(P, @, D), in the spirit of the Shannon
Lower Bound [18].

Lemma SLB. A “Shannon Lower Bound” for Difference Distortion Measures: Assume that the
codebook distribution ) has a density fg (with respect to Lebesgue measure), and let Qmax =
sup, fq(y). Then,

R(Pa QaD) Z log(l/Qmax) - hmax(D)a (12)

where hpax (D) is the maximum entropy associated with p and D,

hmax(D)

= a h
5 M)

and where h(f) = — [ f(z)log f(z)dz = h(Z) denotes the differential entropy of a random variable Z
with density f. Note that the lower bound (12) is independent of the source distribution P.

Proof. Consider the infimum in (10). For any jointly distributed (X,Y’) such that E[p(Y —X)] < D,
let Qy and fy denote the measure and the density describing the distribution of Y, respectively. We

can then write [4],
I(X;Y) = h(Y) = h(Y|X) = h(Y) = h(Y = X|X) > h(Y) = h(Y = X) > h(fy) = hmax(D)

where the first inequality holds since conditioning reduces the entropy. On the other hand, we can

expand
H(Qy|Q) = —h(fy) + Eqy[—1og fo(Y)] = —h(fy) + log(1/Qmax)-

Combining, we get

I(X;Y) + H(Qy Q) > 10g(1/Q@max) — hmax(D). (13)

Now note that we have implicitly assumed that Y has a conditional density given = for P-almost all z,
but if it did not then the relative entropy H(W||P x Q) = Ep[H(W (-|X)||Q)] = I(X;Y) + H(Qy||Q)
between the joint distribution W of (X,Y) and (P x @) would be infinite, so the above bound would
still hold. Therefore, in view of (10), the right-hand side of (13) is also a bound for R(P,Q,D). O

Similarly to the Shannon lower bound for the rate-distortion function [18], the lower bound above
turns out to be tight for several interesting special cases. To see this we first derive an upper bound
for R(P,Q, D). In (10) we can always pick

Y =X+ Zp, (14)

where Zp ~ fp is independent of X and it achieves the maximum entropy associated with p and D,
i.e., h(Zp) = h(fp) = hmax(D). For this choice I(X;Y) = h(Y) — h(Zp) = h(fy) — hmax(D), where
fy is the density of Y = X + Zp. Therefore,

R(Pa QaD) < h(fY) - hmax(D) + H(QY“Q) (15)
= EfY[_ log fQ(Y)] - hmax(D)a (16)
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where Y = X + Zp. Now if fo(y) is continuous near ymax = arg max, fo(y), and fy is concentrated
around Ymax, then Ey, [—log fo(Y)] = log(1/Qmax), and the two bounds (12) and (16) are close.

For example, for a uniform codebook distribution @ ~ U[—K, K| we have Qmax = 1/2K so the
lower bound is R(P,Q,D) > log(2K) — hmax(D). On the other hand, if K is large enough so that
fy(y) =0 for |y| > K, then Ey, [—log fo(Y)] = log(2K), and the lower bound is tight.

More generally, suppose that the codebook distribution ) = Qs has an exponential density of the

form

fs(y) = Bs exp(—sg(y)) , s >0, (17)

where g is any suitable (nonnegative) function with g(0) = 0. Gaussian codebooks correspond to
the case g(y) = v?, while uniform codebooks correspond to a “well-shaped” g. Moreover, for any
“nice” g (as stated rigorously in the next lemma), as s — 0 the exponential density fs(y) tends to be

locally uniform relative to the Y of (14). This explains the following asymptotic characterization of
R(P,Q, D).

Lemma TIGHT. Asymptotically Flat Codebooks: For a difference distortion measure and an expo-
nential codebook distribution Q) = @ of the form (17), if E[g(X + Zp)] is finite, then the lower bound
(12) becomes tight as s — 0:

R(P,Qs,D) = log(1/Bs) — hmax(D) + o(1).

Proof. For Q = Qs we have Qmax = Bs and ymax = 0, so the lower bound (12) is equal to
log(1/Bs) — hmax(D). On the other hand, —log fo(y) = log(1/B;) + sg(y), so the upper bound (16)
is equal to log(1/B;) + sE[g(X + Zp)] — hmax(D), which approaches the lower bound as s — 0. O

An interesting consequence of Lemma TIGHT is that for very flat codebook distributions @5 the
rate-function R(P, Qs, D) does not depend on the source distribution P. In particular, for a Gaussian
Q ~ N(0,7%) and any source P,

R(P,Q,D) = %10g(27r7’2) — hmax(D) + o(1)

as T — oo. If p = squared error, then hpyay(D) = (1/2)log(2weD), and we obtain R(P,Q,D) =
(1/2)1log(72/eD) + o(1) as in (8).

Another consequence of the asymptotic tightness of the upper bound (16) is that an additive
maximum entropy noise channel of the form (14) asymptotically achieves the minimizations (2) and
(10). This observation extends the asymptotic additive Gaussian noise channel characterization of
Im(P||Q*PQ p» D) in Proposition 1. We state this result in the following proposition and prove it in
Appendix D.

Proposition 2. Entropy-Coding Gain for Approximately Flat Codebooks: Let p be a difference
distortion measure such that the maximum entropy Amax(D) defined in (13) exists and is strictly
monotonically increasing with D. Let Qs be any exponential codebook distribution of the form (17)
such that E[g(X + Zp)] is finite. Then:
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(i) The measures Qpg, p converge to P« fp as s — 0, where P fp is the distributionof Y = X +7p,
and where Zp is the random variable achieving hmax (D). This convergence is in the sense that

the density of Q¢ p converges to the density of Y = X + Zp.

(ii) The upper bound I (P||Qpq, p, D) to the rate achieved by the entropy-coding scheme satisfies
liII(l) In(P||Qpg,p, D) = I(X; X + Zp) bits/symbol,
S—
where X ~ P, and Zp is the maximum entropy random variable achieving hpy,ax (D).

(iii) If the source X is memoryless, then as s — 0 the rate achieved by the entropy-coding scheme is
no greater than
R(D)+ C* bits/symbol, (18)

where the universal constant C* is defined as

C*=C*p,D)= sup I(U;U + Zp).
U: Ep(U)<D

Note that C* is an upper bound for the “min-max capacity” defined in [30] in connection with the
Wyner-Ziv problem. In particular, for an rth-power distortion measure p(Z — z) = |# — z|", we have
0.5 < C* <1 bit, and for r = 2 we have C* = 1/2 bit in accordance with Proposition 1 (iii); see [27].

We note that the codebook distribution ); in Proposition 2 is independent of the source, of
the distortion measure, and of the distortion level. This implies a strong robustness property for
a memoryless codebook drawn from @Qs: For sufficiently small s, such a codebook is universal (in
the sense of the bounded loss in (18)) for any source and any distortion criterion admissible by the
proposition. Thus, we may imagine that we first fix the codebook; then we select the desired distortion
criterion to generate the D-balls; and finally we let the source induce the codeword distribution which

determines the entropy code.

4 An Almost Sure Conditional Limit Theorem

4.1 Preliminaries

As before, we assume throughout this section that X is a stationary ergodic source and @ is an
arbitrary codebook distribution with 0 < Dpin < Day < oo. Also we fix a distortion level D €
(Dmin, Day). Under these conditions, from [7, Theorem 2] we know that R(P, @, D) is finite and strictly
positive, and that the infimum in its definition in (2) is always achieved by some joint distribution
W* with Ew~«[p(X,Y)] = D. Moreover, since the set of W over which the infimum is taken is convex,
from [5] we know that this W* is the unique minimizer.

Alternatively, R(P, @, D) can be expressed as

(n2)R(P.Q. D) = suplAD — A(N)] = X'D = A(V), (19)
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where
A 2 Bp [ln Eq (e*P(X’Y))] ,

and \* is the unique negative real number with
N(\) = D; (20)

where prime denotes derivative, cf. [7, Theorem 2].
Let Q' = W5 denote the Y-marginal of W*. From the above discussion and from equations (10),
(3) and (4) it follows that the infimum in (4) is uniquely achieved by @'. That is

Q’ = W)*, = Q;,Q,D'

~

Now let Q,, denote the empirical distribution induced by the matching codeword Z7' 2 Y"(Ny) on A:

~ A1l n
Q=D 0z
=1

n-

4.2 Results

Our first result says that, when n is large, @n ~ @' with high probability. This generalizes and
strengthens the “favorite-type theorem” of [29].

Theorem 2. Empirical Distribution of the Matching Codeword:

(i) For every (measurable) E C A, any § > 0, and P-almost every source realization z5°, as n — 0o
we have:
Pr {\@n(E) -Q'(B)>46 ‘ X7 = m?} — 0 exponentially fast.
(ii) With probability one,
Qn=Q', asn— oo,

where ‘=’ denotes weak convergence of probability measures.

As we will see below, Theorem 2 is a consequence of the following generalization of the conditional

limit theorem (see, e.g., [4, Ch.12] for the standard form of the conditional limit theorem).

Theorem 3. Almost Sure Conditional Limit Theorem: Let X' and Y7" be two independent random
vectors with distributions P, and Q", respectively, and write P, for the empirical distribution of Y}".

For every (measurable) E C A, any § > 0, and for P-almost every realization 25°, as n — oo we have:

Pr{\ﬁn(E) —Q(E)| > 6| pn(XT,Y") <D and X] = x?} — 0 exponentially fast.

Note that since p,(XT',Y") < D is a rare event, the conditional probability in Theorem 3 would
have been different without conditioning on a P-almost sure realization z°. We first deduce Theorem 2

from Theorem 3 and then we give the proof of Theorem 3.
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Proof of Theorem 2. Observe that
Pr{IQn(E) - '(B)] > | X7}
4) S Pr{1@n(B) - Q'(B)| > 6 ‘Nn =k and X]'} Pr{N, = k| X}

—

k>1
Q5 pr {IBu(B) = Q'(B)| > 6| pu(X7, ") < D and X7} Pr{N, = k| X]'}
k>1

© Pr{|2u(B) - Q(B)| > 6 | pu(X[,Y{") < D and X'},

where (a) and (c¢) follow from the fact that N, < oo, eventually with probability one (by Theorem A);
and (b) follows from the observation that, due to the codewords’ independence, the random variables
pn(XT,Y"(K)), k=1,2,... are conditionally independent given X7. This implies that, given N,,, the
distribution of the matching codeword is exactly the same as the distribution of Y;* conditioned on
the event {p,(X7,Y) < D}.

This together with Theorem 3 proves (i). From (i) and the Borel-Cantelli lemma we conclude that,
for any measurable E C A,

@n(E) — Q'(E), asn — oo, w.p.l.

Since A is a Polish space, there exists a countable convergence-determining class £ = {E;} C A2

Therefore, with probability one we have that
Qn(E;) = Q'(E;), asn— oo, for all i,
and this implies (74). O
Proof of Theorem 3. The probability in Theorem 3 can be expanded as
Pr{|Pa(B) - Q(E)| > 6 and pa(X],Y") < D| X7} /Pr{pa(XT,¥7") < D| X7}
= Pr{Pu(B) < Q(B) - 6 and pu(X7,Y") <D| X1} /Q"(B(XT, D))
+ Pr{Pu(B) > Q'(E) +§ and pa(X1,Y!) < D| X1} [Q"(B(X}, D).

We only treat the first of the two terms above; the second one can be dealt with similarly.

If Q'(E) < § there is nothing to prove, so let us assume that Q'(E) > 4. In view of Theorem B, it
suffices to show that

1 o
lim sup — log Pr {Pn(E) < Q' (E)—46 and p,(X7,Y") <D ‘ X{L} < —-R(P,Q,D) w.p.l. (21)
n—oo T
This will be proved by an application of the Gartner-Ellis theorem. Toward that end, choose and fix
an arbitrary realization z$° of X, and define a sequence of random vectors {£,} in R? as
A R 1
&0 = (pulat, Y1), PaB)) = = (plws, Y2), In(Y3))

n -
=1

2For example, let B be a countable dense subset of A, and take £ to be the collection of all open balls with rational

radii centered at the points of B, together with all finite intersections of such balls. Then £ is countable (by construction)
and it is easy to check that [2, Theorem 2.3] applies, verifying that £ is convergence-determining.
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where the random variables {Y;} are as in the statement of the theorem. Let ©,()\) denote the

log-moment generating function of &,,
A .
On(A) = InEgn [exp{hpa(al, Y1) + X Pa(B)}], A= (M1, %) € (=00, 0]%

By the ergodic theorem we have, for P-almost every realization z$°,

nlLIEO%Gn(nA) = nlLIEO%ZlnEQ [exp{Aip(z;,Y) + Xlg(Y)}]
i=1
= O(\) £ Ep {InEgexp{Aip(X,Y) + Aol p(V)}]}, (22)

where, by Jensen’s inequality, the limiting log-moment generating function ©()) satisfies —oo <
(M Day + A2) < O(A) < 0. It is easy to check (using the dominated convergence theorem) that ©())

is differentiable, with partial derivatives

00

Ve Eyon[p(X,Y)],
00

N w(B),

where W) is the probability measure defined on A x A by

dWN(z,y) & exp{Aip(z,y) + XlE(y)}
d(P xQ)  Eglexp{hp(z,Y) + Xlgp(Y)}])’

and W}(,’\) is the Y-marginal of WX,

Note that ©()) is a convex function, and define its convex dual,

O0*(z) = sup [(z,A) — O], z=(21,22) € R?,
A1<0, A2<0

where (z,A) denotes the usual Euclidean inner product (z,\) = z1A1 + 22A0.
In view of (22) and of the above discussion, we can apply the Géartner-Ellis theorem [8, Theo-

rem 2.3.6] to conclude that, with probability one, the probabilities in (21) satisfy

1 R
limsup — InPr {Pn(E) <Q(E)-46 and p,(XT,Y") <D ‘ X{L} < - inf ©%(z1, 22),
n—oo T Zle[OaD]aZQE[an]

with probability one, where we write ¢ = Q'(F) — J > 0. From its definition, it is obvious that
©*(21, 22) is nonincreasing in each of its coordinates. Therefore, to prove (21) and conclude the proof
of the theorem it suffices to show (recall (19)) that:

©*(D,q) > (In2)R(P,Q, D) = \*D — A(X¥). (23)
To prove (23) we consider
A
g(A1,A2) = AD + A2q — O(A1, A2).
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Using the dominated convergence theorem as before we can differentiate g with respect to Ao to get
that for all (A1, Xg) € (—o0,0]?,

09(A1, A2)
O

exp{A1p(X,Y) + Xolg(Y)}

=q— Epxq HE(Y)E'Q [exp{A1p(X,Y") + Aol(Y')}]

where at the endpoint A2 = 0 this is understood as the corresponding right-derivative. Now, if this

derivative evaluated at (A1, A2) = (A\*,0) is nonnegative, i.e., if

W N(E) <q< Q(B), (24)

(A,0)

then, after some simple algebra, W is easily seen to satisfy

(In2)HW X 0| P x Q) = \*D — A(X*) = (In2)R(P, Q, D),
and also
Eyonolp(X,Y)] = AN(\") =D

(see (20)). Since as we remarked above R(P,Q, D) is uniquely achieved by W*, we must have that
W0 = W*, and, in particular, W *” = W = @'. But this contradicts (24).

Therefore, it must be the case that

ag(>\17 AQ)

<0,
0% lxe0)

which means that by taking A\, = X slightly negative, we can make g(\*,\’) strictly larger than
g(A*,0) = (In2)R(P,Q, D). Hence

©*(D,q) = sup g(A1,X2) > g(A*,\) > (In2)R(P,Q, D),
A1, A2

establishing (23) and thereby completing the proof. O

5 Entropy-Coding Performance

Before giving the proof of Theorem 1 we need to state four simple Lemmas that establish some of the

technical properties we need in the proof.

5.1 Four Lemmas

Recall the notation and assumptions of Section 4.1. We begin with some preliminary lemmas.

Lemma 1:
lim sup _ inf  H(Q|Q) =H(Q'llQ),
00 (R} QQ-Q'|<s
where the supremum is taken over all finite partitions {F1, Fs, ..., Fi} of A, and for any such partition

the infimum is over all probability measures Q on A such that |Q(F;) — Q'(F})| < & for all i.
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Proof. Since @' is always among the measures over which the infimum is taken, we obviously have
that the above left-hand side is no larger than the right-hand side.

To prove the corresponding lower bound let € > 0 arbitrary, and choose a finite partition P =
{Fi1,...,Fy} such that H(Q%||Qp) > H(Q'||Q) — €, where for any measure p and any partition P
we write up for the corresponding discrete measure which assigns probability u(F;) to each 7 in the
alphabet {1,2,...,k}. The fact that this is possible follows from [21, Chapter 2] and the fact that
H(Q'||Q) < R(P,Q, D) < co. Without loss of generality we assume that Q(F;) # 0 for all F; € P.

By the uniform continuity of relative entropy on a finite alphabet, we can choose dg > 0 small

enough so that

H(Qr|Qr) > H@QplQP) — €
for all probability measures Q on {1,...,k} with |Qp(F;) — Qp(F;)| < 6 for all i. Then by the data

processing inequality for relative entropy, for all § < dp,

__inf  H(QpllQr) > H(QH||Qp) — e > H(Q'||Q) — 2,
Q:|Q—Q’'|<do

and since € > 0 was arbitrary, we are done. O

The following lemma, contains a simple observation based on Lemma 1; it is stated here without

proof.

Lemma 2: For any € > 0 there is a § > 0 and a finite partition P = {F1,..., F} of A such that

RG)E _ inf  H(QQ) > HQQ) —«
Q:Q-Q'<d

Writing 1(4) 2 R(P,Q,D) — R(6), we have

L(P|@, D) < I(3) < In(P|Q', D)+«

Given a § > 0 and a finite partition P = {F1, ..., Fy}, let Bs denote the set of probability measures
on A that are d-close to Q' on the sets F}:

B; 2{Q : |Q(F) - Q(F)| <6 for all i}. (25)

Lemma 3. Let X7 and Y" be two independent random vectors with distributions P, and Q",
respectively, and write B, for the empirical distribution of Y™. Suppose a 6 > 0 and a finite partition
P ={F,...,F} of A are given, and write

A A ~
Pn = pu(21,0) = Pr{p,(27,Y7") < D| P, € Bs}.
Then we have:

1
limsup—glogpn(X{L,(S) <I(6) w.p.l.

n—oo
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Proof. We expand
pn(2?,8) = Pr{pn(a?, V) < D and B, € BJ}/PI{P,L € B;s)
and evaluate the numerator and denominator separately. First, by Sanov’s theorem [6],

1 .
limsup — log Pr{P, € Bs} < —R(9). (26)
n

n—0o0

To calculate the exponent of the probability in the numerator we will employ the Gartner-Ellis theorem,
much as in the proof of Theorem 3.

Let z$° be some fixed realization of X, and define a sequence of random vectors {(,} in REHT by

n

¢ 2 (Pn(m?,Yln),lsn(Fﬂ, e ,Pn(Fk)) = % Z (p(zi, Y3), Ip (Y3), ..., 1p,(V3)) .
i=1

Let I',(A\) denote the log-moment generating function of (,,

Tw(A) 2 InEgn . A= (Aoyee s ) € (—00, 0]FH.

2

where, by Jensen’s inequality, the limiting moment generating function I'(A) satisfies —oo < (AgD,y +

k
€xXp {/\Opn(w?a Yln) + Z /\zpn(Fz)}

As before, the ergodic theorem says that for P-almost every realization z{°,

n—oo N

k
lim an(n/\) = I'()) 2 Ep {lnEQ [exp{)\op(X, Y) +Z)\i]1Fi(Y)}
i=1

Zle Ai) < T'(A) <0. Once again, a routine application of the dominated convergence theorem verifies
that T'(\) is differentiable, so the Gértner-Ellis theorem [8, Theorem 2.3.6] yields that

1 R
liminf — InPr{p,(z7,Y{") < D and P, € Bs} > —infI'*(z) w.p.1,
2z

n—oo N
where the infimum is taken over all z € R¥*! with 2y € [0, D) and |z — Q'(F;)| < 4,i=1,...,k, and
I'* denotes the convex dual of T,
A

M2 = s [(5N-T()], zeRH,
AE(—00,0]k+1

where (z,)) is the Euclidean inner product in RFt, (2, \) = Ef:o ziA;. Therefore, in view of (26),

we get

limsup—% logpn (X7, 6) < (loge)T™(D, Q' (Fy),...,Q (Fx)) — R(6) w.p.1,

n—0o0

where we used the (easily verifiable) fact that I'* is continuous in zg € (Dmin, Dav). Now we claim
that

(log e)P*(Da QI(Fl)a T aQI(Fk))) < R(Pa Q7 D)’ (27)
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and, recalling that R(P,Q, D) — R(§) = I(§), this completes the proof.
So it only remains to establish (27). Note that for any x € A, any measurabe function ¢ : A — R
which is bounded above, and any measure W on A x fi,

(I HW ([2)[Q() ‘/¢) W (dylz) — In Eq[e?)]. (28)

[This can be proved in exactly the same way as the corresponding statement in the proof of [7,
Theorem 2].] Take W = W* to be the achieving measure in the definition of R(P,Q,D), and let
d(y) = hop(z,y) + Zle M\l F,(y) for some A € (—oo,0]%*!. Applying (28) and integrating both sides
with respect to P we get that

k

=1

> (loge) [(A, (D, Q'(F1), ..., Q'(Fy))) —T(N)],
and since this holds for any A € (—oo,0]**! we have established (27), as required. 0

Finally we give a simple general result on the asymptotic behavior of the entropy of sequences of

random variables. Its proof is in Appendix B.

Lemma 4: Let &1,&5, ... be a sequence of random variables, and A1, As, .. .be a sequence of events
with Pr{A4,} — 1, as n — oco. Assume that &, € {1,2,3,...,2"}, for all n and some 8 < co. Then,

li + [H(€) - H(&lL, = )] =0.

n—oo

5.2 Proof of Theorem 1

Let € > 0 be arbitrary, and choose a § > 0 and a finite partition P = {Fi,..., Fi} of A as in Lemma 2.
With Bjs as in (25) and with pyln(k) denoting the empirical distribution of the kth codeword, for
k=1,2,... we define:

if1<k< |27,

Jp = H{PYT'(k)EBJ}
1 if k> 270 + 1.

Now we consider two sub-codebooks of C,,,

cO 2 (Vi) h=0,1<k< 27}

Also, for j = 0,1, let Néj ) be the index of the first codeword in C%j ) that matches X " with distortion
D or less, and let M,(L]) be the index of the position of YI"(N,(L])) in Csf). If no match is found in Csf),
then let Ny(f ) — My(ﬂ ) — |27°| + 1. From these definitions it immediately follows that, given C,,, the

value of N and the values of (My(LJN"), Jn, ) are in a one-to-one correspondence.
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To bound E[L,(XT)] we begin by expanding

H(N'|C,) = H(MI™) Iy |C)

< 1+ HM|Iy,)
= 1 Pr{Jy, = 0}H(ME)| Ty, = 0) + PrlJx, = (M) |7y, = 1)
< 1+ Pr{Jy, =0}log([2™] + 1) + H(MD | Jy, = 1),

therefore, in view of (7)

1 1
limsup —E[L,(XT)] < limsup—H(N}|C,)

n—oo T n—oo T

]. ]_ ~
< limsup |- H(MV|Jy, =1) + —log(2™ + 1)Pr{Qn & Bs}

n—00 n

—
IS5
~

lim sup 1H(M$>|JNn =1)

n—oo T

—~
o>
=

= limsup l]'1T(M7(L1)), (29)

n—oo T

where (a) follows from Theorem 2, and (b) follows from Lemma 4. Now recall the definition of

)

pn = pn(2?,6) from Lemma 3. For an arbitrary A > 0 let EELA denote a quantized version of the

exponent of py,:

A 1

Note that, given a source string z7, the random variable M,gl) has a “truncated Geometric” distribu-

tion, which we denote by Geom*(p,,); formally, for a parameter g € (0,1),

q(1 —g)F 1 if1 <k < [27]
Pr{Geom*(q) =k} =<¢ (1 —¢q)k"! ifk=1+[2"]
0

otherwise.

A useful bound on the entropy of a mixture of Geom*(q) distributions is given in the following lemma;

its proof is given in Appendix C.

Lemma 5: If the distribution of the random variable Z is a mixture of Geom*(g) distributions with
q € [, 8], then H(Z) < log(e/a).

Now note that, given E}zA) = eg, the conditional distribution of MT(LI) is a mixture of Geom*(q)

distributions, for parameter values ¢ > 27, Therefore, by Lemma 5,

H(M£1)|E£A) = eg) < neg + log(e),

and writing e, for the actual value of the random variable EgA), we have

lim sup EH(MS) EA) =e,) < limsupE®)

n—oo T n—00
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1
< limsup—ﬁ log pn(XT,0) + A

n—oo
(a)
< Io)+A
(b) ,
< In(P|Q,D)+e+A w.p.l,

where (a) follows by Lemma 2 and (b) by Lemma 3. And, since for all n large enough H (Mél) |E7(1A) =
en) < (nb+ 1) with probability one, we can apply Fatou’s lemma to get,

1
lim sup gH(Mgl) |EA)) < I,(P||Q, D) + ¢+ A. (30)
n—r00
Next we will show that
1 1
lim sup — H(M") < limsup — H(MV|EA). (31)
n—oo N n—oo N

Since € > o and A > 0 were arbitrary, combining this with (29) and (30) will complete the proof of

the theorem.
Turning to the proof of (31), we take €’ > 0 arbitrary, and define

In = Lip™ < (Pl D) +A+erery (32)
and observe that, by Lemmas 2 and 3,
Pr{I, = 1} > Pr{—1llogp,(X7,0) <I(6) + €'} -1 asn — cc. (33)

We can expand

HMMV|ER) > H(MP|L, BR)
> Pr{l, =1} HM|I, =1,E)
= Pr{ly =1} [HM), BN L, = 1) - HED|L, = 1)]
> Pr{l, =1} [H(M}P,E,(ﬁ)un 1) - K]
(a)
>  H(MW|I, = 1)+ (Pr{l, = 1} — 1)log([2"] + 1) + KPr{I, = 1}
where

I,(P||Q',D) + A !
A
and where (a) follows since by (32) the number of values of EY) is at most 2K. Therefore, from this

and (33) we have
lim sup lH(Mfll) I, = 1) < limsup lH(M,gl) |EA)).
n—oo T n—oo N
Finally, (33) allows us to apply Lemma 4 and thus conclude that (31) holds, completing the proof of

the theorem. O
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6 Tighter Bounds for Sources with Memory

In this section we discuss the following questions: (1) under what conditions is the bound in Theorem 1
tight? (2) when it is not tight, what is the actual performance of the entropy-coded scheme? Only
heuristic arguments and proof outlines are given.

To gain some intuition we first consider the extreme case of lossless compression of a finite-alphabet,
stationary ergodic source X, that is D = 0 relative to Hamming distortion. Let @} be a codebook
distribution on A = A with Q(a) > 0 for all @ € A, and let C,, be a memoryless random codebook
with distribution ). Then all possible n-strings from A™ will appear infinitely often in C,,, and the
matching codeword will always be identical to the source string. Moreover, this also implies that
Q@pgp- the limiting empirical distribution of the matching codeword (Theorem 2), will simply be the
first marginal P of the source. It is therefore an immediate consequence of the AEP (Asymptotic
Equipartition Property [4]) that the asymptotic rate achieved by this scheme will be exactly equal
to the entropy rate H(X) of the source X. In this case it is easy to calulate the bound given in

Theorem 1 explicitly to get that, at D = 0,
Inn(P||@pgp, D) = Inn(P| P, D) = H(X,).

The above argument indicates that the bound in Theorem 1 will be tight if and only if the source
X is memoryless. Indeed, for finite-alphabet memoryless sources this was shown to be the case in
[26].

Now let us turn to general alphabet sources and positive distortions D > 0. For general stationary
sources, it is well-known that the rate-distortion function decreases as the memory increases, so it is
natural to expect that the rate achieved by any “good” coding scheme will also take advantage of such
dependencies.

For the naive coding scheme Theorem A immediately shows that, if the codebook distribution is
memoryless, then memory in the source does not affect the rate achieved. Formally, this observation
is reflected in the identity [25],

R(Py, Q% kD) = kR(P,,Q, D), for all k. (34)

In contrast, in the entropy-coded case we expect that memory in the source does affect the rate. For
example, the above heuristic argument shows that for D = 0 entropy-coding achieves the entropy-rate
of the source, and not just H(X1). But since the bound I,,(P1||@%, gp, D) in Theorem 1 only depends
on the first marginal P;, memory in the source does not affect it and therefore it cannot be tight in
this case. As we discuss next we can establish tighter bounds showing that, in fact, entropy-coding
the index does take advantage of memory. This more desirable behavior is reflected in the multi-
dimensional behavior of the lower mutual information (LMI) function: In contrast to (34), whenever
Py, # P*,

Im(Pk“Q;k,Qk’kpakD) < kIm(PIHQ;l,Q,DaD)a
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where Q}*,k,Qk,kD is the (unique) k-dimensional distribution Q) that achieves R(P;, Q*, kD) in (4).

Therefore, the LMI decreases due to memory in the source even if the codebook is memoryless.

Ezample. Universal Gaussian Codebooks. 'To appreciate this decrease in LMI due to memory
in the source, consider a memoryless Gaussian codebook with large variance 72 and squared error
distortion measure, as in Section 3.1. For a real-valued source X with zero mean and finite variance

o2, a straightforward k-dimensional extension of Proposition 1 gives,

1 k
lim I (PllQp, gr p kD) = 1(XF: XF + 21)) (35)

where X¥ ~ Py, and ch) denotes an i.i.d. N(0, D) random vector independent of X¥. Since ch) has
a density we can write

1(xt; xt + 28y = n(xt + 28 — kn(2Y)).

If X} also has a density, then for small D this expression becomes h(X}) — kh(Z(Dl)) + o(1), where
o(1) — 0 as D — 0; see [18]. It follows that, for small D,

Im(P[|Qpy g0, D) = 2 Im(Pkl| @, e s kD) = h(P1) — Eh(Pk) +o(1)

where limp_,¢lim,2_,, 0o(1) = 0. That is, for small D the LMI rate reduction relative to the marginal
case is asymptotically
1
W(Py) = £h(PF) = I(X1; X2o0)

as k — oo, which for some sources can be arbitrarily large.

In general, the tighter bounds on the rate of the entropy-coded scheme follow from natural k-
dimensional extensions of the results in Theorems 1 and 2. As before, we restrict attention to memory-
less random codebooks with arbitrary distribution @), single-letter distortion measures, and stationary
ergodic sources. As in [15], the extension to the case with memory follows by considering k-blocks
of super-symbols in the source and the codebook, but the technicalities, although not particularly in-
sightful, are very involved. The reader will have probably been convinced of this by seeing the proofs
in the simpler memoryless case. Under the same assumptions as in Theorems 1 and 2 (and perhaps

under mild additional regularity conditions on the source as in [15]) we obtain the following analogs.

Theorem 1-k.: For any k we have:

. 1 1 " .
hmsupEH(NMCn) < %Im(PkHQPk,Qk,kD,kD) bits/symbol.

n—oo

Theorem 2-k.: Let Q\%k) denote the kth order empirical distribution induced by the matching
codeword Z7 2 Y (Ny) on A. With probability one, for any k we have:

Ak
QW = Qp, ok p> 8T — 00.
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Following standard arguments used in the analysis of the rate-distortion function [1], we can define
the LMI rate as

AL .1
In(P|QF g, p, D) = n’:f EIm(PkHQ;k’Qk’kD,kD) S klggo EIm(P,CHQ;k,Qk,kD,kD).

It follows that the best upper bound on the index entropy is Im(]P’HQI’E,,QOQ, p» D), and we conjecture
that this bound is in fact tight, i.e.,

.1 *
lim _H(erz|Cn) = Im(PHQP,QOO,DaD)-

n—o0o 7

Ezample. Universal Gaussian Codebooks. Returning to the special case considered in the last
example, if Q ~ N(0,72), then as the codebook variance 72 — oo the rate In(P||@p g p» D) achieved
by the entropy-coded scheme satisfies

lim I(P|Qp g p, D) = I(X; X + Zp), (36)
T“—00

where Zp is a white Gaussian process with variance D and I(X; X + Zp) is the mutual information
rate between X and Zp. (A simple heuristic calculation indicating that (36) holds is to divide (35)
by k and take k to infinity.) Combining this with the well-known fact [32, 27] that I[(X; X + Zp) <
R(D) + 1/2, where R(D) is the rate-distortion function of the source, we get that, as 72 — oo, the
rate achieved by the entropy-coded scheme is no worse than R(D) + 1/2 bits/symbol.
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Appendix

A Proof Outline of Proposition 1

Although the result of the proposition can be obtained by little more than elementary calculus, the
calculations are rather lengthy so we only give an outline of the proof here.
First observe that, in the notation of Section 4.1, the log-moment generating A()) can be evaluated
explicitly,
1 o2
AN = —=In(1 —2272) + ———
(Y 2n( T)+1—2)\72’

and (20) can be solved to show that the optimizing value of A = X\* is given by

A_?D—TQ—A
- 4AT2 ’

where

A=+\/12+402%D,
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so that, as 72 — oo we have

1 1

A= —ﬁ+ﬁ+0(f4) (37)
¥ o= 0. (38)

From the proof of [7, Theorem 2] it follows that the joint distribution W* that achieves the infimum
in the definition of R(P, @, D) is given by

AW* eMz—y)?
5o (&Y) = TN X =2
d(P x Q) Ep [eXX=9)]

and, as discussed in Section 4.1, @' is the Y-marginal Wy of W*. Therefore, writing ¢,(y) for the
N(0,a) density, the density fqr(y) of Q" with respect to Lebesgue measure m(dy) can be expressed as

eA(X’_y)2

dq’
m] $r2(y),

forly) = am (y) = Ep

where X and X' denote two independent random variables with the same distribution P. Evaluating

the denominator explicitly and rearranging terms, the above expression becomes

1 2
o == 5 [e"p{@VziﬂX\/ %) }] o

and recalling (37) and (38), we can let 72 — oo to get that

dw* dQ 5%
g - 22 ol ()

— ¢p(y—x) as71? = oo. (40)

Invoking the dominated convergence theorem we can conclude that
fo'(y) = Epldp(y — X)) as 72 — oo, (41)

as claimed. This proves (a).
For part (b) note that, from (4) and the above discussion it follows that

= HW'|PxQ')-HQ'Q)

= HOIP X Q)
_ [ Qo f AWt dQ (dQ T .
= [ | 2w { @00 () } 4P(z)dm(y).
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Using the expressions for the densities in (39) and (40), recalling that dQ/dm(y) = ¢,2(y), and
applying the convergence bounds in (37), (38) and (41), it is straightforward to show that the last

integrand in [-- -] above converges to
¢p(y — ) )

ooty (526
Writing Vp for the joint distribution of the random variables (X, X + Zp) as in the statement of the
proposition, and Qp for the distribution of (X + Zp), the above expression can be rewritten as

dVp dVp

R
Finally, using (37) and (38) to justify the use of the dominated convergence theorem we get that also
the integrals converge, i.e., as 72 — o0,
* * / -1

) S ) {%(m,w%y) (G2w) }
o [ @] g o s(@) f dP(a)an()
= H(Vp||P x @p)

= I(X;X + Zp),

I.(P|Q.D) = / 4P (z)dm(y)

proving (b).

Finally part (c) follows from the well-known fact [32, 27, 30] that the rate-distortion function
R(D) of a real-valued memoryless source (with respect to squared error distortion) is bounded below
by I(X; X + Zp) — 1/2. O

B Proof of Lemma 4

First observe that
H(fn) < H(fm]IAn) = H(&n) + H(]IAnlfn) < H(fn) +1,

so that
.1
lim = [H(6) = H(&n,La,)] = 0. (42)
Also we can expand
1 1 1 1
CH(ETa) = S H(TA)+ H(ElLs, = DPH{A) + - H(ElLa, = 0)(1 - Pr{d,)

= O() + H(alla, = 1)+ (1 - Pr{A}) [H(Ealls, = 0)  H(alTa, = 1)

= H(lLa, = 1)+ O(2) + (1~ Pr{A,}) log(2"),

ie.,
o1
lim — [H(¢,14,) — H(Ealla, = 1)] =0. (43)
n—00 M
Combining (42) with (43) proves the lemma. O
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C Proof of Lemma 5

It is well-known that the Geometric (non-truncated) distribution has the largest entropy among all
nonnegative variables with a given mean. Now, it is easy to verify that if Z; is a Geom(g) random
variable [i.e., if Z, = k with probability q(1 — ¢)* 1, for k = 1,2,...], then E[Z,] = 1/q, and

H(Z,) = log(1/q) — -2

log(1 — q) < log(e/q).

Thus, since the mean of a mixture of truncated Geometric distributions is smaller than or equal to
the mean of the Geometric distribution with the smallest parameter ¢ (in our case, «), we obtain that
H(Z) < H(Zy) < log(e/e). 0

D Proof of Proposition 2

We first introduce some convenient notation. Let W denote the joint distribution minimizing
H(W|P x Qs) in (2) (i-e., achieving R(P,Qs,D)), and let Q% denote its induced Y-marginal. In
our previous notation, Q% = Qp,q,,p and I(W;) = I,,,(P||Qp,q,,p, D), where I(W) is the mutual in-
formation associated with a joint distribution W. Let W,44 denote the joint input-output distribution
associated with the additive noise channel Y = X + Zp in (14). In this notation, part (ii) of the
proposition amounts to

In(P|QpPq.,0, D) = I(W]) = I(Wada)

as s — oo.

Clearly W,qq is in the set of admissible distributions W in (2). Moreover, by Lemma TIGHT we
know that H(Wouq||P X Qs) — R(P,Qs,D) — 0 as s — oo. That is, Woqq asymptotically achieves the
minimum of H(W||P x Q). Since, by (2) and the Pythagorean theorem for divergence [4] for any
admissible W

H(W||P x Qs) > R(P,Qs,D) + HW;||W),

we conclude that
H(W{||Waaa) — 0. (44)

Since relative entropy dominates L; distance, this implies that the density of W converges to that of
Wadd, o fortiori proving part (i).
Part (i) and the semi-continuity of the divergence [21] imply that
liminf I(W]) > I(Waqq)- (45)

s—0

On the other hand, it follows from (44) and the chain rule for relative entropy, [4], that the conditional
relative entropy H (W} ||Waaq|P) — 0 as s — oo. Alternatively, if we expand H (W}||W,qq|P) in terms

of differential entropy, this becomes

lim [h(Zp) — h(¥{|X)] =0
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where (X, Y}") are jointly distributed as W, Zp is a maximum entropy random variable independent
of X, and Ep(Y; — X) = D (equality here is due to the strict monotonicity of Amax(D) as a function
of D). Therefore,

h(Y{|X) = h(Zp) = hmax(D). (46)

We can also conclude from (44) that the relative entropy between the outputs vanishes
lim H(Q;[|Qy) =0,
s—0

where )y denotes the distribution of Y = X + Zp. Again by the semi-continuity of the divergence
this implies that
limsup h(Y,") < h(X + Zp); (47)

s—0

see [18]. Combining (46) and (47) we thus have

Iwy) = I(X;Y) (48)
h(YS) = h(Y|X) (49)
( (50)
( (51)

IN

MX + Zp) — h(Zp) + o(1)
= I(X;X + Zp)+o(1)

where o(1) — 0 as s — oo. This, together with (45), proves part (ii).
Finally, part (iii) follows from [30]. O
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