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a b s t r a c t

Axial momentum carried by waves in a uniform waveguide is considered based on the
conservation laws and a kind of the causality principle. Specifically, we examine (without
resorting to constitutive data) steady-state waves of an arbitrary shape, periodic waves
which speed differs from the speed of its form and binary waves carrying self-equilibrated
momentum. The approach allows us to represent momentum as a product of the wave
mass and the wave speed. The propagating wave mass, positive or negative, is the excess
of that in the wave over its initial value. This general representation is valid for mechanical
waves of arbitrary nature and intensity. The finite-amplitude longitudinal and periodic
transverse waves are examined inmore detail. It is shown in particular, that the transverse
excitation of a string or an elastic beam results in the binary wave. The closed-form
expressions for the drift in these waves functionally reduce to the Stokes’ drift in surface
waterwaves (a half the latter by the value). Besides, based on the general representation an
energy–momentum relation is discussed and the physical meaning of the so-called ‘‘wave
momentum’’ is clarified.

© 2016 Elsevier B.V. All rights reserved.

1. Introduction

Along with energy, momentum plays a defining role in wave actions, and different related questions were debated since
Lord Rayleigh’s works on the theory [1,2]. Brillouin [3], McIntyre [4], Ostrovsky and Potapov [5], Peskin [6], Falkovich [7] and
Maugin and Rousseau [8] are among others who considered various aspects of this topic (a comprehensive list of references
can be found in the latter book by Maugin and Rousseau).

Note, however, that momentum, in contrast to the energy, generally is not a nonnegative value and it is very sensitive
to the formulation. In particular, it may be lost with linearization. By definition, momentum is the product of density and
the particle velocity, p = ϱv, and (possibly small) variations of both of them should be taken into account. The question is
whether it is possible to represent the quantity in a classical manner as the product of a mass and the wave velocity, where
only one of the multipliers, the mass can be variable. Below, we introduce such a representation.
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Most known results correspond to specific problems and low-intensity waves. The above-discussed representation
results in a straightforward way for determining the momentum of high-intensity waves. In dispersive sinusoidal waves,
the energy propagates with the group velocity. Does the latter play a similar role for momentum?We show that affirmative
reply is correct.

Under a linearized formulation where momentum is lost, could it be possible to extract it based on the simplified
description of the wave? We show that such a possibility does exist, and the lost momentum can be obtained considering
the mass distribution or even only the waveform (as, for example, in the case of the flexural wave considered below).

In the wave theory, along with the classical definition of momentum, the so-called ‘‘wave momentum’’ −ϱ0u′v is
considered (ϱ0 is the initial density, u′ and v are the derivative of the displacement and the particle speed). It is ‘‘... a
much debated notion’’ [8, p. 2]. ‘‘Of course, considering a ‘‘definition’’ of wave momentum... would be quite reasonable from
a strict mathematical viewpoint, but the physical meaning would be doubtful’’. (ibid, p.14). Below, based on the general
representation the physical meaning of the ‘‘wave momentum’’ is given.

In the present work, we show that the essence of the issue and useful relations immediately follow from the mass and
momentum conservation with the assumption that ahead of the wave the waveguide is in a uniform static state until the
wave arrives (this is a kind of the causality principle). Abstracting from constitutive relations and other particularities a
greater clarity can be retrieved, and the results obtained directly from these first principles are valid for mechanical waves
of any nature, form and intensity.

We consider a homogeneous straight-linewaveguide of an arbitrary cross-section and three types ofmechanicalwaves: a
steady-statewave of an arbitrary shape, a periodicwavewhich speed differs from the speed of its form (for a linear sinusoidal
wave these are the group and phase velocities, respectively) and a binary wave carrying a self-equilibrated momentum.

Themomentum follows as a product of thewavemass and thewave speed. Based on the general representation thewave-
induceddrift and the connection between themomentumand energy are discussed. Periodic longitudinal and flexuralwaves
are considered as nontrivial examples.

Along with the reference frame associated with this initial state, we use a frame moving with the wave. Eulerian (spatial)
variables are used, unless otherwise is specified. We denote the longitudinal coordinate by x. The mass and momentum
densities per unit x-length and the x-component of the particle velocity are denoted by m = m(x, t), p = p(x, t) and
v = v(x, t), respectively. In the initial state of the waveguide, ahead of the wave, m = m0, v = 0 (or asymptotically equal
to these quantities as x → ∞). As usual, the prime and dot mean the partial derivatives on the coordinate x and time t .

2. Steady-state wave

We are interested in axial momentum of a wave of a general form and intensity propagating along the x-axis with the
speed c (note that the wave can possess both the axial and angular momenta, see, e.g., [9]). In the frame moving with the
wave, the mass distribution is assumed to be fixed over the wave domain as well as ahead of the wave where the uniform
waveguide is in the initial static state (condition A).

2.1. The wave mass and momentum

As the first state consider the wave in the moving frame, where the waveguide medium flows through the wave domain,
and momentum in front of the wave is equal to −m0c. For such a steady movement, it follows from the mass conservation
and the above condition A that

∂p
∂x

=
∂

∂x


S
ϱv dS = −

∂m
∂t

= 0 H⇒ p = p− = −m0c, (1)

where ϱ and v are density and the x-component of the particle velocity, and S is the cross-section area. Now, adding the
corresponding right-directed rigidmomentum p+ = mc (to return to the reference frame)weobtain themomentumdensity

p = mwc, mw = m − m0. (2)

The excess of the mass in the wave mw can be called the wave mass (per unit length). It does not consist of the same
particles but propagates as the wave. Note that both these parameters, the wavemass andmomentum, can be positive, zero
or negative. In the latter case, the momentum directs opposite to the wave.

A step wave is the simplest example. The mass conservation reads as

ϱ(c − v) = ϱ0c H⇒ p = ϱv = (ϱ − ϱ0)c. (3)

Recall that v is the particle velocity and ϱ and ϱ0 are the actual and initial mass densities.
The advantage of the representation (2) as compared with the initial definition, p = mv, is that it contains only one

variable m. In certain cases, this allows immediately to indicate the presence of momentum and to determine it based on
the linearized expression of the wave, as in the case of a flexural wave considered below.

An arbitrary transverse wave in an inextensible string under a constant tensile force T is a simple example. The above
relations are valid for this case, and the wave mass corresponding to an x-segment is ϱ0(ℓs − ℓ), where ℓs is the arc length
and ℓ is the segment length.
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2.2. The momentum, energy and wave shift

Assuming the flow in the first state to be irrotational consider a stream filament. Let s, vs and ϱs be the curvilinear
coordinate, the speed along it and the mass per unit s-length, respectively. For brief, we now take the case where s(x)
is a single-valued function. In a similar manner as above, we call ϱ and ϱ0 the densities of the mass per unit x-length in
the actual and initial states of the filament. Now v is the x-projection of the velocity vs, and the mass conservation reads as
ϱsvs = −cϱ0. It is also convenient to introduce the stretch λ of the distance between (close) filamentmaterial cross-sections
normal to the x-axis, λ = ϱ0/ϱ.

The expressions (1) and (2) are also valid for the filament. Indeed
ϱ = ϱs ds/ dx, v− = vs dx/ ds, H⇒ ϱv− = ϱsvs = −ϱ0c, (4)

where v− is the particle speed in the first state, and
p− = ϱv− = −ϱ0c, p = p− + ϱc = ϱwc, ϱw = ϱ − ϱ0. (5)

The filament wave mass density (per unit x-length), ϱw , in Eulerian (E) and Lagrangian (L) description is

ϱw =


ϱ0(1/λ − 1) = −ϱ0u′ (E)
ϱ0(1 − λ) = −ϱ0u′ (L), (6)

where u is the longitudinal displacement (recall that here λ is the stretch of the distance but not of the medium element).
The value of λ is the same for both expressions, whereas u′ is different if λ ≠ 1.

The kinetic energy density is

K =
ϱ

2
[(c + vs cosα)2 + (vs sinα)2] =

ϱc2

2


1 +


ϱ0

ϱs

2

− 2
ϱ0

ϱ


, (7)

where α is the angle between the filament and the x-axis. In particular, if ϱs = ϱ0 this expression becomes

K = pc = ϱwc2. (8)
Note that the kinetic–potential energy partition is considered in [10].

Thewave passing can be accompanied by a progressive shift. In the stream filament, there is a one-to-one correspondence
between the shift and momentum density. Indeed, the shift per unit x-length

q =
1 − λ

λ
= −u′ (E), q = 1 − λ = −u′ (L) H⇒ q =

p
ϱ0c

(E and L). (9)

The wave shift is typical for solitary waves. The well-known Stokes’ drift in surface water waves [11] is also an example.

2.3. Physical meaning of the ‘‘wave momentum’’

The so-called ‘‘wavemomentum’’,−ϱ0u′v, can be treated as themomentumwithout a zero-mean term. Indeed, represent
the momentum density with a linear part separated. With refer to (6) we obtain

p = ϱv = p0 + pw, p0 = ϱ0v, pw = (ϱ − ϱ0)v = −ϱ0u′v, (10)
where ϱ − ϱ0 is the wave mass density. The separation makes sense for the case of a periodic wave with a zero mean v.
Here the first term vanishes on the averaged, and only the second one remains. Thus, in this case, the ‘‘wave momentum’’
coincides on the average with the original definition of this quantity.

3. Binary wave

A binary wave in a helical fiber was described by Krylov and Slepyan [12]. Caused by an axial force with no torque it was
a wave consisting of two parts rotating with opposite directed angular momenta of the same value. Similarly, a binary wave
with a self-equilibrated axial momentum can be emitted without axial action.

Consider the corresponding piecewise constant two-step wave consisting of a forerunner (the front part of the wave)
and the successive part (the wave excited transversely). Let the former be a longitudinal wave propagating with the speed
c+, the mass density m+ and particle velocity v+, whereas m and v be the corresponding values for the flexural wave, and
let D be the speed of the interface between these parts.

The mass conservation relations are
(c+ − v+)m+ = c+m0, (D − v)m = (D − v+)m+. (11)

The axial momentum per unit time in the flexural wave, P , and in the forerunner, P+, can be obtained in a similar way as
above for the single wave. However, the fact should be taken into account that in front of the former, the mass density and
speed are m+ and v+, not m0, c. In this problem, the energy densities E and CE+ as well as the energy flux speeds cg and
c+ (for the flexural wave and forerunner, respectively) are to be taken into account. Note that, in a true steady-state wave,
cg = c; however, for greater generality, we denote them as the group and phase speeds, respectively. In a linear longitudinal
wave, where the kinetic and potential energies are equal, E+ = m+v2

+
.
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With refer to the mass conservation relations (11) the momentum densities per unit time can be expressed as
P = mv(D − v) = [(m − m+)D + (m+ − m0)c+](D − v),

P+ = (m+ − m0)c+(c+ − D). (12)
For the four unknowns, v, v+,m+ and D (cg , c+,m0 and m = m0 + mw are the input data) there are four equations, two in
(11) plus the momentum and energy conservation relations

P + P+ = 0, E(cg − D) = E+(c+ − D). (13)
An explicit solution can be presented for a low-intensity wave where |mw/m0| ≪ 1. The corresponding asymptotic values
are

v ∼
cgc+

c+ + cg

mw

m0
, v+ ∼ −

c+c2g
c2+ − c2g

mw

m0
,

m+ − m0 ∼ −
c2g

c2+ − c2g
mw, cg − D ∼ (c+ − cg)

m0c2+c
4
g

(c2+ − c2g )2E


mw

m0

2

. (14)

The momentum densities per unit time follow as

P = −P+ = mv(D − v) ∼ m0cgv ∼
c+c2gmw

c+ + cg
. (15)

Thus, the densities per unit length asymptotically equal to

p ∼
P
cg

∼
c+cgmw

c+ + cg
, p+ ∼ −

P
c+ − cg

∼ −
c+c2gmw

c2+ − c2g
. (16)

In addition, we compare the energy densities of these parts of the binary wave. For the linearized formulation the potential
and kinetic energies should be equal. It follows that

E = mv2
∼

m0c2g c
2
+

(c+ + cg)2
m2

w

m2
0
, E+ = m+v2

+
∼

m0c4g c
2
+

(c2+ − c2g )2
m2

w

m2
0
, (17)

and the ratio is

E+

E
∼

c2g
(c+ − cg)2

. (18)

The binary wave arising under transverse harmonic excitation of an elastic beam is considered in Section 5.2.

4. Periodic waves

Herewe consider a periodicwavewhich speed cg differs from the speed c of its form. Usually, such awave is characterized
by a quasi-front which is considerable in a slowly expanding transition area in a vicinity of x = cg t . In the present study,
taking into account the fact that as thewave propagates the quasi-front area becomes asymptotically negligible, we consider
it as a periodic wave with the front at x = cg t .

We use the cg-moving frame where the wave does not propagate but the waveformmoves with the speed c − cg . In this
state, there is not a fixed but a periodic distribution of the mass and particle velocities, and the expressions for the mass
conservation and for p− (1) and p+ (2) are still valid being averaged over the period. We have

⟨p−⟩ = −m0cg , ⟨p+⟩ = ⟨m⟩cg , ⟨p⟩ = mwcg , mw = ⟨m − m0⟩. (19)
So, momentum propagates with the same speed cg as the energy.

The expressions in (6) can also be used for the filament

⟨p⟩ = −ϱ0⟨u′
⟩cg =

ϱ0cg
L

[⟨u(x) − u(x + L)⟩], (20)

where the value of the period L depends on what the formulation, Eulerian or Lagrangian, is used.
The period-averaged drift speed is

vd = −⟨u′
⟩cg =

⟨p⟩
ϱ0

. (21)

5. Longitudinal and flexural waves

5.1. Longitudinal oscillating wave

Here we consider a one-dimensional, longitudinal, periodic wave of a zero mean particle velocity. The latter condition
can be formulated concerning the velocity of fixed particles (as the wave excited by the Lagrangian emitter) or regarding
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the particle velocity detected at a fixed spatial point (the wave excited by the Eulerian emitter). The results corresponding to
these different formulations could be different (see [7, pp. 75–76]). In the former case considered byMcIntyre [4]momentum
is at zero regardless of thewave form and intensity. The latter casewas examined by iterations for a small ratio of the particle
displacements to the wavelength [7]. Below, based on the representation presented in (5) and (6) we express momentum
in a closed form valid for the oscillating wave of a finite amplitude. The only condition is assumed that the particle velocity
is below the wave speed.

Consider a 1D longitudinal wave where the particle velocity can be represented in the form

v =
dx(t)
dt

= v0f

t −

x(t)
c


H(ct − x(t)), (22)

where −1 ≤ f ≤ 1, 0 < v0 < c and for any x = x∗ fixed and period T
T
f (t − x∗/c) dt = 0. (23)

The displacement follows from this as

u = v0

 t

x/c
f

t −

x(t)
c


dt = v0c

 ζ

0

f (ζ ) dζ
c − v0f (ζ )

, ζ = t −
x(t)
c

. (24)

Thus

u′
= −

v0f (ζ )

c − v0f (ζ )
(25)

and

p =
ϱ0v0cf (ζ )

c − v0f (ζ )
. (26)

In particular, if v ≪ c

p ∼ ϱ0v0f (ζ ) +
ϱ0v

2
0

c
f 2(ζ ) + . . . , (27)

and if f (ζ ) = sin(ωt − kx) the averaged wave drift and momentum are

vd = −cu′
∼

v2
0

2c
=

a2ω2

2c
, ⟨p⟩ = ϱ0vd, (28)

where a = v0ω is the wave amplitude. Note that for a dispersive wave the phase speed c = ω/kmust be replaced by group
speed cg . In the case c = cg

vd ∼
1
2
a2ωk, ⟨p⟩ = ϱ0vd. (29)

Note that the drift speed induced by the 1D low-intensity longitudinal sinusoidal wave, that reflected by the expression in
(29), is functionally the same but twice as less as the Stokes’ drift on the surface of a 2D wave propagating on deep water
(see, e.g., [13]). In the next section, we show that the momentum of the flexural sinusoidal wave appears the same as for the
longitudinal one.

Also, note that the above results do not follow directly from the linearized formulation, which is incorrect for any value
turned out to be zero. So, if the linearized description evidences that the wave does not possess momentum, it does not
mean that the latter is absent. It should be added that the linearized mathematical theory can be perfect by itself but does
not necessarily reflect the corresponding physical applications correctly. In such a case, further analysis as done above is
required.

5.2. Flexural–longitudinal binary wave

Consider a semi-infinite string or an elastic beam, 0 < x < ∞. Let a flexural wave, be excited by a transverse periodic
action at x = 0, and the transverse displacements in the wave area be

w = af (x − ct). (30)

Here the representation of momentum through the wave mass is especially useful. Indeed, since no axial force is applied,
we may conclude that in the established regime, the string axis is not stretched, and the wave mass is

mw = m0


(1 + u′)2 + (w′)2, (31)
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and its value averaged over the period ℓ is

⟨mw⟩ =
1
ℓ


ℓ

mw dx =
L
ℓ

− 1, (32)

where L is the arc length corresponding to the chord length ℓ.
Thus, the axialmomentum appearedwithout axial action, whichmay happen if the flexural wave excites the longitudinal

one with the same but opposite directed momentum. That is, the transverse action results in a binary wave as discussed
above.

As an example consider a sinusoidal flexural wave in a linearly elastic beam. For a large wave-length-to-amplitude ratio,
the classical Bernoulli–Euler dynamic equation is valid, possiblywith a term corresponding to the tensile force. The equation
is written regarding the transverse displacements, and it may seem that there is no axial momentum; however, it is not so
as we already know.

To determine the momentum of the binary wave, using the results obtained in Section 3, we need the input parameters,
densities of the initial mass as well as the averaged wave mass and energy for the flexural wave, and also the wave speeds,
cg and c+.

In terms of the transverse and longitudinal displacements, w and u, respectively, with small derivatives w′ and u′, the
binary wave can be described as follows. Since there is no axial tensile force in the flexural wave region, we based on the
equation

c2
+
r2wIV

+ ẅ = 0, (33)

where r =
√
J/A is the radius of inertia moment J of the beam cross-section area A. The flexural wave is

w = a cos(ωt − kx), k =


ω

c+r
. (34)

The frequency as a function of k and the group speed cg are

ω = c+rk2, cg = 2c+rk = 2c+


ωr
c+

. (35)

The initial and actual mass densities can be expressed as

m0 = Aϱ0, m =
m0

λ
, λ =

1
1 − u′

. (36)

The derivative u′ can be found from the fact that the arc length of a beam material segment remains the same as its
corresponding initial length. This results in the equality

1 + (w′)2 = 1 − u′
H⇒ u′

= 1 −


1 + (w′)2 ∼ −

(w′)2

2
. (37)

Thus, the mass and the wave mass are

m = m0(1 − u′) ∼ m0


1 +

(w′)2

2


, mw = m − m0 ∼ m0

(w′)2

2
,

⟨mw⟩ =
m0a2k2

4
=

m0a2ω
4c+r

. (38)

Finally, the flexural wave energy density is

E = ϱ0(ẇ)2 = ϱ0a2ω2 sin2(ωt − kx), ⟨E⟩ =
1
2
ϱ0a2ω2. (39)

Now all the values presented in (14)–(16), except the expression for cg − D, can be calculated replacing the variable
values by their averaged representations. As to the cg −D difference, we note that the original equation (the second relation
in (11)) contains not negligible products of variable values, whereas the product averaged does not equal to the product of
the averaged factors. However, for the low-intensity wave considered here, the difference is very small; it is of the order of
(ak)4. So, with the accuracy adopted in the linearized formulation, it only evidences that D < cg with D ∼ cg .

In particular, the ratio of the energy densities defined in (18) now is

⟨E+⟩

⟨E⟩
∼

4r2k2

(1 − 2rk)2
∼ 4r2k2 ≪ 1. (40)
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Since |rk| ≪ 1 by the definition. This estimation of the energy ratio is also valid for the total energies. Indeed

E+(c+ − D)

E(D − v)
∼

E+c+
Ecg

∼ 2rk. (41)

Nevertheless, the longitudinal wave possesses the same momentum, by its value, as the much more powerful flexural
wave. However, the momentum is rather small. It asymptotic value coincides with that following directly from the mass
conservation (2)

P = −P+ = m+v+(c+ − D) ∼ m0c+v+ ∼ mwc2g , p = mwcg . (42)

So, the momentum carrying by the flexural wave can be found using the expression in (2), with c = cg , disregarding the
forerunner. Surprisingly, it is asymptotically the same as in the longitudinal wave. Namely, as follows from (38) with the
expression for the group speed in the beam, cg = 2ω/k, the averaged value of momentum is

⟨p⟩ ∼
m0a2k2cg

4
=

1
2
m0a2ωk, (43)

and the drift is also a half of that in the surface of the water waves

vd =
1
2
a2ωk. (44)

Thus, in this case, the flexural wave carries a momentum, while the associated longitudinal extensional wave has equal,
opposite directed momentum. At the same time, in such a problem but for the infinite beam, due to the symmetry, there is
no momentum in the flexural waves, while the associated longitudinal waves possess momenta directed to the origin.

6. Conclusions

Based on the mass conservation and the causality principle the axial momentum density per unit length (or its period-
averaged value) is represented by product, p = mwc , of the wave the wave mass and speed (the energy flux speed). The
latter is the (positive or negative) excess over its initial value. The wave mass does not consist of the same particles but
propagates together with the wave energy transmitting through the waveguide. In the case of inextensibility, the wave
energy E = mwc2.

The representation is valid for steady-state, periodic and binarymechanical waves of any nature, form and intensity.
Momentum propagates with the wave speed the same as the energy (in the case of a linear sinusoidal wave, it is the

group speed).
A physical meaning of the so-calledwavemomentum, −ϱ0u′v, is clarified for a periodic wave with a zero mean particle

speed v. It is the momentum without zero mean part.
Explicit expressions for the wave drift and momentum are presented for an arbitrary longitudinal wave of a finite

amplitude.
It is shown that momentum does exist in transverse waves. Under the transverse excitation of a string or a beam,

the flexural–longitudinal binary waveforms carrying self-equilibrated axial momentum. The longitudinal part of the wave,
excited in front of the flexural one, has a relatively low density in a relatively large region. Parameters of the wave are
presented (explicitly for a low-intensity wave).

As a rule, linearization eliminates the distinction between initial and current densities aswell as between the Lagrangian
and Eulerian formulations, the distinctions which should be taken into account in the momentum determination. Also,
some needed values are reduced to zero. The above considerations suggest that the approximate results can be used but
possibly with some additional data. In particular, the existence ofmomentum depends on the emitter type for a longitudinal
sinusoidal wave, and on the boundary conditions related to the axial motion, in the case of the flexural wave. In other words,
if the momentum based on linearized formulation is zero, to find its value the formulation should be properly expanded.

Finally, concerning the forceswith which a wave acts on an object, we note that irrespective of momentum, there exists
an energy release from thewave at amoving obstacle, and the corresponding configurational force remains nonzero at a zero
limit of the speed. Also, the wave reflection results in a (Newtonian) force corresponding to the change of the momentum,
if it exists. Both these factors take part in the action of a wave on the obstacle.
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